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INTRODUCTION 


1. Designation of the handbook. The purpose of this 
book is twofold: firstly, it is designed for quick reference 
to mathematical concepts (to find out what a tangent is, to 
compute percentages, to recall formulas for the roots of a 
quadratic equation, еќс.). All definitions, rules, formulas, 
and theorems are supplied with examples. Where required, 
hints and suggestions are given as to the use of a rule or 
how to avoid common mistakes, and so forth. 

Secondly, the author believes that this handbook can 
serve as a manual for reviewing the essentials of mathematics 
and even as a first introductory course in its practical ap- 
plications. 

2. Handbook and textbook. An attempt has been made to 
combine the merits of both books in one text. That this has 
been successful is evident from numerous letters from the rea- 
ders, most of whom used it as a textbook. True, this hand- 
book differs radically from an ordinary school textbook, 
where, especially in the senior classes, the emphasis is placed 
on reasoning: facts are subordinated to logic. This at any 
rate is how the student regards the process. In this book, 
the leading role is played by factual material. This does not 
in the least mean that the reasoning process is absent. Deri- 
vations of formulas are given, but only on occasion, as, 
for example, when it is necessary to stress the central idea 
of a given section ог to overcome any doubts as to the vali- 
dity of a result (say, when dealing with operations involving 
complex numbers). In deciding whether to keep a proof or 
omit it the author was guided by his own teaching experience. 

3. How to use the handbook. For quick reference, use 
the extensive index at the back of the book. If the user has 
forgotten the exact name of a rule, formula, or mode of solu- 
tion, he has a detailed table of contents at his disposal in 
the front. 

We strongly advise the user to follow up any additional 
references he may encounter when investigating a term. Also, 
much useful information can be gained by reading through 


the entire section containing the term or concept he is inte- 
rested in. 

It is wise to pay careful attention to the historical surveys 
contained in each division. They form an integral part of 
the book and contribute greatly to a deeper understanding 
of the subject. 

The reader who desires to use this manual as a textbook 
should pay particular attention to the worked examples. Any 
proofs that are omitted in the handbook can be filled out by 
reference to a textbook on the subject either at the same 
time or later. However, it is well to bear in mind that 
neither handbook nor textbook alone suffices to give the 
reader a knowledge of the subject: he must use pencil and 


paper and work through the examples and problems [ог 
himself. 
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8. Converslon of Degrees to Radians (See Sec. 181) 


Arc lengths of a circle of radius | 


0 [0.0000 0087 
110.0175 0090 
210.0349 0093 
310.0524 0096 
4 [0.0698 0099 
5 | 0.0873 0102 
6|0.1047 0105 
70.1222 0108 
8|0.1396 0111 
9|0.1571 0113 
10|0.1745 0116 
1110. 1920 

12 [0.2094 
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9. Conversion of Radlans to Degrees and Minutes (see Sec. 181) 


Deg. and 
min. 
57?18* 5944” 0.0001 
114235” 11928” 0 0002 
171953” 17911” 0.0003 
229911” 22955” 0.0004 
286929” 28939” 0.0005 
34923” 


343946” 


401504” 40906" 


45950” 


458922” 


51934” 


515940” 


0200” 


0°01* 


0°01" 


0°01" 


0902" 


0902" 


0902" 


0203" 
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ABI 


10. Table of Primes < 6000 


2 193 449 733 1031 1321 1637 1997 2333 
3 197 457 739 1033 1327 1657 1999 2339 
5 199 461 743 1039 1361 1663 2003 2341 
7 211! 463 751 1049 1367 1667 2011 2347 
Ti 9920) 467 757 1051 1373 1669 2017 2351 
13 227 479 761 1061 1381 1693 2027 2357 
17 229 487 769 1063 1399 1697 2029 2371 
19 233 491 773 1069 1409 1699 2039 2377 
23 239 499 787 1087 1423 1709 2053 2381 
29 241 503 797 1091 1427 1721 2063 2383 


31 251 509 809 1093 1429 1723 2069 2389 
37 257 $21 811 1097 1433 1733 2081 2393 


41 063 523 821 1103 1439 1741 2083 2399 
43 269 541 823 1109 1447 1747 2087 2411 
47 271 547 827 1117 1451 1753 2089 2417 
53 277 557 829 1123 1453 1759 2099 2423 
59 281 563 839 1129 1459 1777 9111 2437 
61 283 569 853 1151 1471 1783 2113 2441 
67 293 571 857 1153 1481 1787 2129 2447 
71 807 577 859 1163 1483 1780 2131 2459 
73 311 587 863 1171 1487 1801 2137 2467 
79 313 593 877 1181 1489 1811 2141 2473 
83 317 599 881 1187 1493 1823 2143 2477 
89 331 601 883 1193 1499 1831 2153 2503 


97 337 607 887 1201 1511 1847 2160 2521 
101 347 біз 907 1213 1593 1861 2179 2531 
103 349 617 911 1217 1531 1867 2203 2539 
107 353 619 919 1223 1543 1871 9907 2543 
109 359 631 929 1229 1549 1873 2913 2549 
113 367 641 937 1231 1553 1877 2221 2551 
127 373 643 941 1237 1559 1879 2937 2557 
131 379 647 947 1249 1567 1880 2239 9579 
137 383 653 953 1259 1571 1901 2243 2591 
139 389 659 967 1277 1579 1907 2251 2593 


149 397 661 971 1279 1583 1913 2267 2609 
151 401 673 977 1283 1597 1931 2269 2617 
157 409 677 983 1289 1601 1933 2273 2621 
163 419 683 991 1291 1607 1949 2281 2633 
167 421 691 997 1297 1609 1951 2287 2647 


173 431 701 1009 1301 1613 1973 2293 2657 
179 433 709 1013 1303 1619 1979 2297 2659 
181 439 719 1019 1307 1621 1987 2309 2663 
191 443 727 1021 1319 1627 1993 2311 2671 


3011 
3019 
3023 
3037 
3041 
3049 
3061 
3067 
3079 
3083 
3089 
3109 
3119 
3121 

3137 
3163 
3167 
3169 
3181 

3187 
3191 

3203 
3219 
3217 
3221 

3229 
3251 
3253 
3257 
3259 
3271 
3299 
3301 

3307 
3313 
3319 
3323 
3329 
3331 

3343 
3347 
3359 
3361 

3371 


3373 
3389 
3391 
3407 
3413 
3433 
3449 
3457 
3461 
3463 
3467 
3469 
3491 
3499 
3511 
3517 
3527 
3529 
3533 
3539 
3541 
3547 
3557 
3559 
3571 
3581 
3583 
3593 
3607 
3613 
3617 
3623 
3631 
3637 
3643 
3659 
3671 
3673 
3677 
3691 
3697 
3701 
3709 
3719 


3727 
3733 
3739 
3761 

3767 
3769 
3779 
3793 
3797 
3803 
3821 

3823 
3833 
3847 
3851 

3853 
3863 
3877 
3881 

3889 
3907 
3911 

3917 
3919 
3923 
3929 
3931 
3943 
3947 
3967 
3989 
4001 
4003 
4007 
4013 
4019 
4021 

4027 
4049 
4051 

4057 
4073 
4079 
4091 


4093 
4099 
4111 
4127 
4129 
4133 
4139 
4153 
4157 
4159 
4177 
4201 

4211 

4217 
4219 
4229 
4231 
4241 

4243 
4253 
4259 
4261 
4271 
4273 
4283 
4289 
4297 
4327 
4337 
4339 
4349 
4357 
4363 
4373 
4391 
4397 
4409 
4421 
4423 
4441 
4447 
4451 
4457 
4463 


4481 
4483 
4493 
4507 
4513 
4517 
4519 
4523 
4547 

4549 
4561 

4567 

4583 
4591 

4597 
4603 
4621 

4637 
4639 
4643 
4649 
4651 

4657 
4663 
4673 
4679 
4691 

4703 
4721 

4723 
4729 
4733 
4751 
4759 
4783 
4787 
4789 
4793 
4799 
4801 
4813 
4817 
4831 
4861 


4871 
4877 
4889 
4903 
4909 
4919 
4931 

4933 
4937 

4943 
4951 

4957 

4967 

4969 
4973 
4987 
4993 
4999 
5003 
5009 
5011 
5021 

5023 
5039 
5051 

5059 
5077 
5081 
5087 
5099 
5101 
5107 
5113 
5119 
5147 
5153 
5167 
5171 
5179 
5189 
5197 
5209 
5227 
5231 


Continued 


5233 
5237 
5261 
5273 
5279 
5281 
5297 
5303 
5309 
5323 
5333 
5347 
5351 
5381 
5387 
5393 
5399 
5407 
5413 
5417 
5419 
5431 
5437 
5441 
5443 
5449 
5471 
5477 
5479 
5483 
5501 
5503 
5507 
5519 
5521 
5527 
5531 
5557 
5563 
5569 
5573 
5581 
5591 
5623 


5639 
5641 
5647 
5651 
5653 
5667 
5659 
5669 
5683 
5689 
5693 
5701 
5711 
5717 
5737 
5741 
5743 
5749 
5779 
5783 
5791 
5801 
5807 
5813 
5821 
5827 
5839 
5843 
5849 
5851 
5857 
5861 
5867 
5869 
5879 
5881 
5897 
5903 
5923 
5927 
5939 
5953 
5981 
5987 


11. Mathematical Symbols 


Symbot 


2 
B EI 


logo 
102,0 (or log) 
In (or log.) 


lim 
const 


Ры 


cos 


tan 
cot 
sec 
esc 


arcsin 


arccos 


arctan 
arccot 
arcsec 
arccsc 


Meaning 


is equal to 

is not equal to 

is approximately equal to 
is greater than 

is less than 

is greater than or equal to 
is fe than or equal to 
absolute value 

ath root of (usually means 
the principal ath root) 
factorial 


logarithm to the base 5 
common logarithm (log а is 
used for log,;a when the con- 
text shows that the base is 10) 
natural (Napierian) logarithm 
(to the base e) 

limit 
constant 
summation of 
triangle 


angle 


arc 
is parallel to 

is perpendicular to 

is similar to 

ratio of the circumference of a 
circle to the diameter, equal 
to 3.1415926536... 

degree 

minute 

second 

sine 


cosine 


tangent 
cotangent 
secant 
cosecant 


arc sine 


arc cosine 


arc tangent 
arc cotangent 
are secant 
arc соѕесапі 


Example 


1 
(read: factorial 5, ог 
5 factorial) 
log,8=3 
log 100=2 


ДАВС 
(pl. AsABC and DEF) 
ZABC 
AB 


ABI CD 
ABLCD 


QABC~ADEF 


10° 30° 35" 


cot 25910” 
sec 60 
esc 90°=1 


1 
arcsin 522309 


л 
arccos 0--- 


arctan 0.8391 — 40? 
arccot 2.128 


arccsc 1-2 90? 


12. The Metric System of Measurement 


Linear Measure 

! kilometre (km)=1000 metres (m) 4 

| metre (т)=10 decimetres (dm)=100 centimetres (cm) 
] decimetre (dm)=10 centimetres (cm) 

1 centimetre (cm)=10 millimetres (mm) 


Square Measure (area) 


5 il km?)=1,000,000 square metres (т?) 

дш рете ЕЙ, square decimetres (dm?)=10,000 square 
centimetres (cm?) Ж 

hectare (ha)=100 ares 10,000 square metres (m?) 

аге=100 square metres (m1) 


Cubic Measure (volume) 
1 


cubic metre (тз)=1000 cubic decimetres (dm*)=1,000,000 cubic 
centimetres (cm? 
1 cubic ERES E 1000 cubic centimetres (cm?) 
litre (1) =1 cubic decimetre (dm?) 
hectolitre (Һ1)-100 litres (1) 


Metric Weight 

1 ton (metric)=1000 kilograms (kg) 
1 centner=100 kilograms (kg) 

1 kilogram (Кр) = 1000 grams (g) 

1 gram (1)= 1600 milligrams (mg) 


13. Somo Old Russlan Measures 


=16 verchoks=71.12 cm 

verchok=4.450 cm 

[got 7 12. inches=0.3048 m 

inchz2.540 c i i 

nautical milez 1852.2 m in USSR, 1853.18 m in Britain, 1853.25 m 


in USA 
Weight 
1 pood=40 pounds=16.380 kg 
1 pound=0.40951 kg 
14. The Greek Alphabet 
Aa alpha Nv пи 
ВВ beta = A ea 
г sms Oo omicri 
а delta Па Po 
oe i и 
о ne КИТ 
Hy eta Tr tau i 
ӨӨ theta Го арор 
n iota Фф i 
Kx kappa Xx cni 
АА lambda wp psi 


Ми mu бо omega 


ARITHMETIC 


15. The Subject of Arithmetic 


Arithmetic is the science of numbers, the name stemming 
from the Greek word “arithmos” which means “number”. 
It involves the most elementary properties of numbers and 
tules of calculation. Deeper Properties of numbers are stu- 
died in the theory of numbers. 


16. Whole Numbers (Natural Numbers) 


The first conceptions of number were acquired by man 
in remote antiquity (see Sec. 17). It began with the coun- 
ting of people, animals, and the various articles and posses- 
sions of primitive man. Counting produced the numbers one, 
two, three, etc., which are now called natural numbers. In 
arithmetic they are also referred lo as whole numbers or in- 
legers (the term "integer" has a broader meaning in mathe- 
matics; see Sec. 67). 

The concept of a natural number is one of the most 
elementary notions. The only way to explain it is by de- 
monstration. In the third century B. С., Euclid defined 
number (natural number) as a "collection made up of units"; 
similar definitions appear in textbooks even today. But the 
words "collection", or "group", or "aggregate", etc. do not 


rom to be any more comprehensible than the word "num- 
er 


The sequence of whole numbers 
1-2; Зей, 5; 2, 


poes on without end and is called the se? of natural num- 
ers. 


17. The Limits of Counting 


In primitive society, man could hardly count at all. He 
was able to distinguish groups of two and three objects, 
anything beyond that being thought of as “many”. This was 
y not counting, it was only a beginning. 


Gradually larger groups were distinguished, giving rise 
to the notions of “four”, "five", "six", “seven”. For a long 
time, the word “seven” was used in some languages to de- 
note an indefinitely large quantity. 

As man's activities became more intricate, the counting 
process developed and gave rise to a variety of reckoning 
devices: the making of notches on sticks and trees, knots in 
TOpes, groups of stones, etc.* 

The human hand with its five fingers was an invaluable 
natural tool for counting. It could not preserve the infor- 
mation it conveyed but it was ready at hand, so to speak, 
and very mobile. The language oí primitive man was poor; 
Besticulations often made up for lack of words, and numbers 
(for which there were no names) were demonstrated in finger 
counting (this is even done nowadays if two persons speaking 
different languages do not understand each other). 

И is quite natural that the newly originating names for 
"large" numbers were often constructed on the basis of the 
number 10 corresponding to the 10 fingers. Certain peoples 
developed a number system based on 5, the fingers of one 
hand, or on 20 which is the total number of fingers and toes 
(see Sec. 18). 

During the early stages of man’s development, the range 
of numbers expanded very slowly. Counting proceeded through 
the first tens and only much later reached one hundred. In 
тапу languages, the number 40 represented the limit and 
designated an indefinitely large quantity. 

When the counting process reached ten tens and a name 
was given to the number 100, it was also used to denote 
an indefinitely large number (in some languages, Tartar for 
instance, one and the same word is used to denote 40 and 
100). The very same process occurred again with the num- 
bers thousand, ten thousand, and million. 


18. The Decimal System of МитегаНоп 


In many modern languages, the names of all numbers up 
to a million are made up of 37 words denoting the numbers 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 
——— 

* Counting by means of stones (pebbles) served as the starting 
poni for more sophisticated Counting devices such as, for exam м 
the Russian abacus, the Chinese abacus (or suan phan), the anc len 
Egyptian abacus (a board divided into strips where counters yere 
placed). Other peoples had similar devices. In Latin, the idea of 
сошт па is expressed by the word “calculatio” (whence the Englis 
word calculation") coming from "calculus", which means pebble". 


19, 20, 30, 40, 50, 60, 70, 80, 90, 100, 200, 300, 400, 500, 
600, 700, 800, 900, 1000 (for example, 918,742: nine hundred 
eighteen thousand seven hundred forty-two). In turn, the 
names of these 37 numbers are, as a rule, built up from 
the names of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10, 
100, 1000. The underlying element of all these word forma- 
tions is the number 10; that is why the modern system of 
numbers is called the decimal system of numeration. The 
exceptional role of 10 is due to the fact that we have 10 
fingers on our two hands (see Sec. 17). қ 

That is the general rule, but а wide variety of exceptions 
are evident in various languages. These are due to historical 
peculiarities in the development of the counting process. 

In the Turkic languages (Azerbaijan, Uzbek, Turkmen, 
Kazakh, Tartar, Turkish, etc.) the exceptions are the names 
of the numbers 20, 30, 40, 50, whereas 60, 70, 80, 90 are 
formed on the basis of the names for 6, 7, 8 and 9. In Mon- 
golian, оп the contrary, the names of the numbers 20, 30, 
40, 50 follow the general rule, while 60, 70, 80 and 90 are 
exceptions. In Russian there is one exception, the name for 
"forty". In French the names {ог the numbers 20 and 80 
retain the nondecimal names, 80 is quatrevingt (four twen- 
ties), This is a remnant of the ancient vigesimal system of 
numbers (based on 20—the total number of fingers and toes). 
In Latin also the name for 20 is nondecimal (viginti), but 
that for 80 (octoginta) is decimal and comes from 8 (octo). 
On the other hand, the names for the numbers 18 and 19 are 
built up from 20 by subtraction: 20—2 and 20—1 (duode- 
viginti, undeviginti, that is to say, two from twenty and 
one from twenty). The names of the numbers 200, 300, 400, 


500, 600, 700, 800, and 900 in all modern languages are 
constructed on the decimal (scale-10) basis. 


19. Development of the Number Concept 


In the counting process, unity is the smallest number. 
There is no need to subdivide it, nor is it even possible at 
limes (adding half a stone to two stones yields three stones, 
not 2!/, and of course it is impossible to select a com- 
mittee made up of 21/, persons). However, unity often has 
to be broken up into parts when measuring lengths by 
means of steps (21/, Steps long, and the like). For this 
reason, the notion oí a fractional number (see Secs. 30 and 
45) was known in remote antiquity. Subsequent development 


saw the expansion of the concept of number to irrational 
numbers (Sec. 91), negative numbers (Sec. 67), and complex 
numbers (Secs. 92 and 98). 

Zero (null) was a long time in entering the family of 
numbers. At first, zero (null) had the meaning of absence 
of any number (the Latin “nullum” literally means “noth- 
ing”). If say 3 is taken away from 3 we have nothing. For 
that “nothing” to be considered a number, we had to wait 
for negative numbers to appear (see Sec. 67). 


20. Numerals 


A numeral is a written sign depicting a number. In the 
most ancient times, numbers were denoted by straight-line 
strokes (“rods”): one rod depicted unity, two rods, a two, 
and so forth. This notation originated from the use of not- 
ches. It still exists in the Roman numerals (see Sec. 21, 
Item 5) which denote the numbers 1, 2, 3. 

This notation is inconvenient for writing large numbers 
and so special symbols were used to depict the number 10 
(in accordance with the decimal system of numeration, see 
Sec. 18) and, in some languages, the number 5 as well (in 
accordance with quinary numeration which is based on the 
number of fingers of the human hand). Later, symbols were 
invented for still larger numbers. These symbols exhibited 
a variety of forms in the different languages: and underwent 
considerable modifications in the course of time. There was 
also considerable variety in the systems of numeration, that 
is, modes of combining digits to form large numbers. How- 
ever, in most number systems the l0-scale was pre-eminent 
and formed the basis of the decimal system of numeration 
(see Sec. 18). 


21. Systems of Numeratlon 


1. Ancient Greek numeration. The so-called Attic system 
of numeration was used in ancient Greece. The numbers 1, 


2, 3, 4 were denoted by vertical strokes 1, Il, Ill, Ш. Тһе 


number 5 had the symbol [? (the first letter "pi", in its 


ancient form, of the word “pente”, five); the numbers 6, 7, 


UTHME Fic 
8, 9 were written as PL, PU, Pill, ГІШ. The number 10 was 
depicted as Д (the first letter of “deca”, ten). Тһе num- 


bers 100, 1000, and 10,000 were denoted by Н, X,M_ the 


initial letters of the corresponding words. Тһе numbers 
50, 500, and 5000 were given as combinations of the signs 
for 5 and 10, 5 and 100, 5 and 1000, namely: P, M M, 


The remaining numbers, within the first ten thousand, 
were written as follows: 


ННРГ1=256, XXI^| 2051, 
HHHPAAAII-382, PXXPHHH-7800 


and so forth. 


In the third century B. C., the Attic numeration gave 
way to the so-called /onian system. Here, the numbers from 
1 to 9 were denoted by the first nine letters of the alphabet 


(the letters c, vau, С, koppa, and 3 sampi, are archaic; the 
Greek alphabet is given in Sec. 14): 


«=1, В=2, ү-3, 6=4, e=5, с--6, C=7, 
п=8, #=9 
the numbers from 10 to 90, by the next nine letters: 


'=10, х=20, 4=30, и =40, у--50, Е=60, 
0--70, л=80, (--90 
the numbers from 100 to 900, by the last nine letters: 
p=100, 0—200, т--300, v=400, p=500; 
Х=600, p=700, w=800, 3—900 


Thousands and tens of thousands were denoted by the 
same numerals preceded by a stroke or accent: 


‘a=1000, '8—2000, etc. 


А bar was placed over numerals in order to distinguish 
them from letters. For example, 


= 18; nt£—475 vE—407; дха-- 621, ух = 620, etc. 


SYSTEMS OF NUMERATION 


In ancient times, the same alphabetic numeration was 
used by the Jews, Arabs, and many other peoples of the 
Near East. It is not known what people used them first. 

2. Slavic numeration. The Slavic peoples of the south 
and east of Europe used the alphabetic system of notation 
for writing numbers. In some cases, the numerical values 
of the letters were established in the order of the Slavic 
alphabet, in others (including Russia) not all letters were 
used as numerals but only those found in the Greek alpha- 
bet. The letter used as a numeral was surmounted by a 
special symbol (see accompanying table), and the numerical 
values «d the letters increased in the order of the letters in 
the Greek alphabet (the sequence of letters in the Slavic 
alphabet was somewhat different). У ha Li 

This Slavic numeration persisted in Russia till the end 
of the 17th century. Under Peter the First, the dominant 
system of numeration was the Arabic (see ltem 6 below) 
Which is still in use today. The Slavic numeration persists, 
however, in clerical works. 


The Slavic Numerals 


3. The Ancient Armenian and Georgian systems of пите- 
ration. Both Armenians and Georgians used the alphabetic 
principle of numeration. But the ancient alphabets of these 
peoples had far more letters than did the Greeks. This enab- 


led them to use special symbols for the numbers 1000, 
2000, 3000, 4000, 5000, 6000, 7000, 8000, and 9000. The 
numerical values oí the letters followed the order oí the 
letters in the alphabets of these peoples. 

The alphabetic numeration persisted till the 18th century 
although the Arabic numeration was used occasionally much 
earlier (in the Georgian literature such instances go back 
to the 10 ог llth century; sources of Armenian mathemati- 
cal literature reveal such usage no earlier than the 15th 
century). In Armenia the alphabetic numeration is still used 
in designations of chapters, stanzas, and the like. In Geor- 
gia the alphabetic numeration has gone out of use alto- 
gether. 

4. Babylonian Positional System of Numeration. Appro- 
ximately 40 centuries prior to the Christian era, the ancient 
Babylonians developed a positional system of notation for 
their numeration. This is a mode of representing numbers in 
Which one and the same digit is capable of denoting different 
numbers depending on its position. Our present-day nume- 
Tation is also positional: in the number 52, the digit 5 de- 
notes 50, that is, 5.10, while in the number 576, ihe same 
digit stands for five hundred, or 5.10.10. In Babylonian 
notation the number 60 was used as we use 10 in our num- 
ber System, whence the name Sexagesimal by which the Ba- 
bylonian system is designated. Numbers less than 60 were 


denoted by two symbols: Y for unity and «C for ten. 
They were wedge-shaped (cuneiform) since the Babylonians 


wrote on clay tablets with a stylus having the form of a 


triangular prism. These signs were repeated as many times 
as needed, for example, à 


M= «cn KKH s 


«Wm. 
«m^ 


Numbers exceeding 60 were written in the following man- 


net Wy denoted 5.60-- 2 = 302, rather like our notation 


of 52 denotes 5-10--2. The notation 


KI CH 


denoted the number 21.60.35 = 1295. The following notation 


ҮТ 


stood for 1.60.60--2.60--5=3725; much like the modern 
notation 125 denotes 1.100--2.10--5. The sign = was 
used as a placeholder, playing the part of zero. Thus, the 


notation 
Yr TIT 


meant 2.60-60--0-60--3 = 7203. But the absence of any 
lower order digits was not indicated; for example, the num- 


ber 180—3.60 was denoted as ЇЙ. which is the same 


as the number 3. The same notation ЇЇ might mean 


10,800 =3.60.60, etc. Only the context could distinguish the 
numbers 3, 180. 10,800, etc. 
3 3 


ОРЕК = 
The notation ЇТ could also signify 50, 60:603600 ° 


3 3 ^ 
ETAT GTI we use the numeral 3 to denote 
80:60:60 216, 000 just as We 

3 3 


100, ж»-. 1000, <Сүь-., and 10,000, <<Сү»-. The num- 


UTHM 


bers 200, 300 and so on were written as 


Та e 


and so forth. The same method was used to write the num- 
bers 2000, 3000 etc. 20,000, 30,000 etc. The number 274 
looked like this: 


> «C 
Ti 7 
the number 2068, like this: 
Wy 97 


etc. 


The sexagesimal system originated at a later period than 
the decimal system because the numbers up to 60 were writ- 
ten on the basis of the decimal principle. It is still not known 
when and how the Babylonians developed the sexagesimal 
system. There are numerous hypotheses as to how this oc- 
curred but there is no firm proof for any of them. 

The sexagesimal notation of whole numbers did not spread 
beyond the Assyrian-Babylonian empire, but sexagesimal 
fractions spread far and wide to the countries of the Near 
East, Central Asia, Northern Aírica, and Western Europe. 
They found wide use, especially in astronomy, right up to 
the invention of decimal fractions (which was at the beginning 
of the 17th century). Traces of sexagesimal fractions are still 
found in the divisions of the degree of angle and arc (and 
also the hour) into 60 minutes, and of the minute into 60 
seconds. 

5. Roman numeration. The ancient Romans used a num- 
ber system that is still in use and is called the Roman sys- 
tem of numeration. We use it for designating congresses and 
conferences, for numbering the introductory pages of books, 
chapter headings, etc. d 

In their latest form, the Roman numerals looked like this: 
1=1, V—5, X=10, L=50, C—100, D—500, М — 1000 


The earlier forms were somewhat different. Thus, the num- 
ber 1000 was denoted by the symbol (|), 500 by the symbol |). 

here is no reliable information on the origin of the Ro- 
man numerals. The numeral V might have originally depict- 
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ed the human hand, the numeral X could have been built up 
out of two fives. In the same way, the symbol for 1000 could 
have developed out of doubling the sign for 500 (or vice 
versa). 

The Roman system of numeration exhibits evident traces 

of the quinary system of numbers. But Latin (the language 
of the Romans) does not have a trace of the quinary number 
system. This must mean that these numerals were borrowed 
by the Romans from another people (most likely from the 
Etruscans). 
__ All whole numbers (up to 5000) are written by means of 
iteration of the numerals listed above. If a large numeral 
precedes a smaller one, they are added, if the smaller one 
comes first (in which case the symbol is not repeated), then 
it is subtracted from the larger numeral (in Latin, the sub- 
tractive principle—see Sec. 18—15 preserved in the names 
of two cardinal numbers: 18 and 19). For example, VI —6, 
or 5+1, ТУ =4, ог 5—1, XL=40, ог 50—10, LX = 60, ог 
50--10. No digit is repeated more than three times: LXX = 70, 
LXXX = 80; the number 90 is written as XC (and not LXXX X). 
i КЕҢЕ first 12 numbers аге written in Roman numerals as 
ollows: 


І, П, III, IV, V, VI, VII, МП, IX, X, XI, ХИ 


Examples: XXVIII = 28, XXXIX =39, CCCXCVII = 397, 
MDCCCXVIII = 1818 Аз» 

Performing arithmetical operations with multidigit num- 
bers is an arduous task when done in Roman numerals. Ne- 
vertheless, Roman numerals were still the dominant number 
system in Italy up to the 13th century, and in other countries 
of Western Europe they persisted till the 16th century. | 

6. The positional numeration of India. The various regions 
of India had different number systems, one of which spread 
to other parts of the world and is today the generally accepted 
system of numeration. In this system, the numerals had the 
forms of the initial letters of the appropriate cardinal_num- 
bers in the ancient Indian language of Sanskrit (the Devan- 
agari alphabet). 

Originally, these symbols denoted the numbers 1, 2, 3, ..., 
9, 10, 20, 30, ..., 90, 100, 1000, which in turn were used to 
write the other numbers. Later, a special sign (a heavy dot, 
circle) was introduced to indicate an empty position in a 
number. The signs for numbers exceeding 9 ceased to be used 
at a later period, and the Devanagari system of numeration 


е the decimal positional system of numeration. It is 
ay tae how and Shen this conversion took place, but by 
the middle of the 8th century, the positional system of nu- 
meration was in wide use in India. It was about this time 
that it began tospread toother countries (Indochina, China, Tibet, 
into the territory of the present-day Central-Asian republics 
of the Soviet Union, Iran, and elsewhere). A decisive role in 
the spread of the Hindu numeration in the Arabic countries 
was played by a manual written at the beginning of the 9th 
century by Mohammed ibn-Musa al-Khowarizmi (from Kho- 
tesm—the present-day Khoresm Oblast of the Uzbek Republic 
of the USSR).* It was translated into Latin in Western 
Europe in the 12th century. In the 13th century, the Hindu 
system of numeration became dominant in Italy, and by the 
16th century it spread to the other countries of Western 
Europe. The Europeans borrowed the Hindu number sys- 
tem from the Arabs and called it the Arabic system of nume- 
ration. Historically, this is not correct, but the name persists. 

The Arabs also gave us the word “cipher” (“зИг” іп Ara- 
bic) which literally means “empty position” (this is a trans- 
lation of the Sanskrit “sunia” which has the same meaning). 
. The word was originally used to denote the empty posi- 
tion (as a Placeholder) in a number and that meaning was 
Still current in the 18th century, although in the 15th century 


the Latin term for "zero", “пи” (nullum— nothing), had ap- 
peared. 


The shapes of the Hindu numerals underwent a variety 


of modifications over the centuries; the form that we have 
today was established in the 16th century. 


22. Names of Large Numbers 


. To facilitate reading and remembering large numbers, the 
digits are ordinarily grouped into 


* This remarkable Scholar was also the founder of algebra (see 
Sec. 66). Mohammed wrote dn Works in Arabic, which in the East 
nguage of learning, just as Latin was at one time 
in Western Europe, i jM name al-Khowarizmi (which 
ne er of Khoresm) by which Mohammed is known in his- 
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Each digit has place value. From right to left we have: 8 is 
the units digit, 9 the tens digit, 2 the hundreds digit, 1 the 
thousands digit, 6 the ten thousands digit, etc. 

The first period yields units, tens, hundreds, the second 
period, thousands, and the third period, millions. 

The American system of numeration for denominations 
above one million is the same as the French system and the 
Russian system, and the British system corresponds to the 
German. In the American system each of the denominations 
above 1000 millions (the American billion) is 1000 times the 
one preceding (one trillion=1000 billions; one quadrillion 
= 1000 trillions, one quintillion = 1000 quadrillions, one 
sextillion = 1000 quintillions, and so on for septillions, octil- 
lions, nonillions, etc.). In the British system the first de- 
nomination above 1000 millions (the British milliard) is 
1000 times the preceding one, but each of the denomina- 
tions above 1000 milliards (the British billion) is 1,000,000 
times the preceding one (one trillion — 1,000,000 billions; one 
quadrillion — 1,000,000 trillions, etc.). 


23. Arithmetic Operations 


1. Addition. The concept of adding stems from such fun- 
damentally elementary facts that it does not require a defi- 
nition and cannot be defined in formal fashion. We can use 
synonymous expressions, if one so desires, and say it is the 
Process of combining, and the like. К 

Notation: 8--3--11; 8 and 3 are the addends, 11 is the 
sum. 
2. Subtraction. When one number is subtracted from 
another the result is called the difference or remainder, The 
number subtracted is termed the subtrahend, and the number 
from which the subtrahend is subtracted is called the minuend. 

Notation: 15—7=8; 15 is the minuend, 7 is the’ subtra- 
hend, and 8 is the remainder. Subtraction may be checked 
by addition: 8+7 = 15. + 

3. Multiplication. Multiplication is the process of taking 
one number (called the тиш рисапа) a given number of ti- 
mes (this is the multiplier, which tells us how many times 
the multiplicand is to be taken). The result is called the 
product. The numbers multiplied together are called the 
factors of the product. (For multiplication by a fraction see 
Sec. 34). 
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Notation: 12х5= 60 ог 12-5=60; 12 is the multiplicand, 
5 the multiplier, and 60 the product (here, 12 and 5 are the 
factors of the product). 12x5—12-- 12+ 12+ 12+ 12. 

Nothing changes if we call 5 the multiplicand and 12 
the multiplier. To take another example, 2Х5--2--2--2--2 
+2=10 and 5x2=5+5=10. It is therefore more common 
to use the generic term “factor” for the multiplier and the 
multiplicand. у 

4. Division. Division is the process of finding one of two 
factors from the product and the other factor. It is the pro- 
cess of determining how many times one number is contained 
in another. The number divided by another is called the di- 
vidend. The number divided into the dividend is called the 
divisor, and the answer obtained by division is called the 
quotient . j un 

Notation: 48:6—8 (or 48 <-6--8). Here, 48 is the divi- 
dend, 6 the divisor, and 8 the quotient. Division may be 
checked by multiplication: the product of the divisor (6) and 
the quotient (8) yields the dividend. Division may also be 
written as Bug (see Sec. 36). 


The quotient obtained by the division of one whole пит- 
ber by another one may not ђе a whole number, іп which 
case the quotient may be indicated as fraction’ (Sec. 30). 
If the quotient is a whole number, we say that the 
first number is exactly divisible (ог, simply, divisible) 
by the second number. For example, 35 is exactly divisible 
by 5 since the quotient is a whole number, 7. 

In this case, the second number (5) is called the divisor 
of the first one, and the first number (35) is termed the 
multiple of the second one. 

Example 1. 5 is a divisor of the numbers 25, 60, 80 and 
is not a divisor of 4, 13, 42, or 61. 

Example 2. 60 is a multiple of 15, 20, 30 and is not a 
multiple of 17, 40, or 90. 

In many cases it is possible to determine whether one 
number is divisible by another without actually performing 
the division (see Sec. 25). 

In most cases there is a remainder after the division. In 
the process of division with a remainder we seek the largest 
whole number which, when multiplied by the divisor, yields 
а number that does not exceed the dividend. The desired 
number is a partial quotient. The difference between the di- 
vidend and the product of divisor by the partial quotient is 
termed the remainder, which is always less than the divisor. 
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Example. i9 is not divisible exactly by 5. The numbers 
1, 2, 3 when multiplied by 5 yield 5, 10, 15, none of which 
exceeds 19, whereas 4 by 5 yields 20, which exceeds 19. 
Hence, the partial quotient is 3. The difference between 19 
and the product 3.5= 15 is 19—15=4. The remainder is 4. 

For division by zero, see Sec. 37. 

5. Involution (raising а number to a power). To raise а 
number to an integral power (second, third, fourth, etc.) we 
multiply the quantity by itself two, three, four, etc. times 
(ior raising a number to a negative, zero or fractional po- 
wer, see Sec. 125). The number repeated as a factor is called 
the base; the number which indicates how many times the 
base is to be used as a factor is called the exponent of the 
power. The result is called the puwer. 

Notation: 3!—81. Here, 3 is the base, 4 is the exponent, 
and 8l is the power; 33 =3.3.3.3. 4 

The second power is also called the square, the third 
power is also called the cube (of a number). The first power 
of a number is the number itself. 

6. Evolution (finding the root of a number). Finding (or 
extracting) the root of a number is a process by which we 
find the base of a power from the power and the exponent. 
The power here is termed the radicand, the exponent is here 
the index of the rooí, and the desired base of the power is 
termed the root. 


Notation: У 81 =3. Неге, 81 is the radicand, 4 the in- 
dex, and 3 the root. Raising 3 to the fourth power yields 81; 
34=81 (evolution can be checked by involution). 

The second root is usually called the square root, the 
third root the cube roof. When taking square roots the in- 


2 
dex 2 is usually omitted: V 16=4 means 16-4. 

Addition and subtraction, multiplication and division, 
involution and evolution are pairs of inverse operations. 

It is assumed that the reader is acquainted with the rules 
of the first four operations with whole numbers. Raising to 
a power is performed by means of repeated multiplication. 
For extraction of roots (evolution), see Secs. 58, 58a. 


24. Order of Operations. Brackets 
If several operations are performed one after another, the 


Tesult, generally speaking, depends on the sequence (order) 
of the operations. For example, 4—2 -- 1 —3 if the operations 


5* 


are performed as indicated; but И we first add 2 and 1 and 
then subtract the sum from 4, we get 1. Brackets are used 
to indicate the sequence in which the operations are to be 
performed (in cases when the result depends on the order of 
the operations). Operations indicated in brackets are to be 
performed first. In our case, (4—2)+-1=3, or 4 (2+1)=1. 


Example 1. (2--4)Х5--6х5--30; 24-(4х5)-2 1-20-22. 


In erder to avoid too many brackets, we agree not to 
indicate brackets: (1) when the operations of addition and 
subtraction are to be performed in the sequence in which 
they are indicated; for instance, in place of (4—2)-- 1 —3 
we write 4—2--1—3; (2) when multiplication or division 
would be indicated in brackets; for instance, in place of 
2--(4x5) = 22 we write 2--4x5—22. 

In computing expressions which either have no brackets 
or contain only one set oi brackets, perform the operations 
in the following order: (1) first the operations in the brackets; 
multiplication and division in the sequence in which they 
are given but before addition and subtraction; (2) then the 
remaining operations, again multiplication and division being 
accomplished in the order in which they are indicated but 
prior to addition and subtraction. 


Example 2. 2.5 —3.3. First multiply, 2-510, 3-3=9, 
then subtract 10— 9 = 1. 


Example 3. 9--16:4—2-(16—2.7--4)--6-(2--5). First 
perform the operations indicated in the brackets: 
16—2.7--4—16— 144.4 —6; 2+5=7 
Now handle the remaining operations: 


9+ 16:4—2-6--6-7 —9--4— 124 49 — 43 


It often happens that bracketed expressions themselves 
have to be enclosed in brackets, and the latter once more 
in brackets. In such cases, the round brackets (parentheses) 
аге used first, then square brackets, [ ], and finally curly 
brackets (braces), { }. The sequence of operations then is as 
follows: perform al! operations in the round brackets in the 
indicated order; then all computations in the square brackets 
by the same rules, and all the computations in the curly 


died etc.; finally, the remaining operations аге per- 


Example 4. 54-2x[l4—3-(8— 6)] + 32:(10—2.3). We car- 
гу out the operations in the round brackets: this yields 
8—6=2; 10—2-3=10—6=4 
the operations in the square brackets, yield 14—3.2=8, and 
then the remaining operations 
5--2.8 4+ 32:4=5-- 16+8=29 
which give us our answer. 
Example 5. {100— [35 — (30 — 20)]) -2. The sequence of 


operations is: 30—20=10; 35—10=25; 100—25=75; 
75:2--150, 


25. Criteria for Divistbility 


Divisibility by 2. A number divisible by 2 is called an 
even number, otherwise it is odd. A number is divisible by 
two if its last digit is even or zero, otherwise it is not. 

Example. The number 52,738 is divisible by 2 since the 
last digit is 8 (even); 7691 is not divisible by 2 because the 
last digit, 1, is odd; 1250 is divisible by 2 because the last 
digit is zero. 

Divisibility by 4. A number is divisible by 4 if the last 
two digits are zeros or form a number divisible by 4, other- 
wise it is not so divisible. ) 

Examples. 31,700 is divisible by 4 since the last two di- 
gits are zeros; 215,634 is not divisible by 4 because the last 
two digits form the number 34, which is not divisible by 4; 
16,608 is divisible by 4 since the last two digits 08 yield 
the number 8 which is divisible by 4. 

Divisibility by 8. A number is divisible by 8 if the last 
three digits are zeros or form a number divisible by 8. 
Otherwise it is not divisible by 8. DE: 

Examples. 125,000 is divisible by 8 (the last three digits 
аге zeros); 170,004 is not divisible by 8 (the last three digits 
form the number 4, which cannot be divided by 8); 
111,120 is divisible by 8 since the last three digits form 120, 
Which is divisible by 8. 442! 

Similar criteria could be indicated (for division by 16, 
32, 64, etc., but they are of no practical value. Қ 

_, Divisibility by 3 and Бу 9. Only such numbers are divi- 
sible by 3 the sum of whose digits is divisible by 3; the 


same for 9—the sum of the digits must be divisible 
by 9. А 
V ings: The number 17,835 is divisible by 3 but 3 
not divisible by 9 since the sum of the digits 1+7+8-+ 
+5=24 is divisible by 3 but is not divisible by 9. The 
number 106,499 is not divisible either by 3 or by 9 since 
the sum of the digits (29) is not divisible by 3 or 9. The 
number 52,632 is divisible by 9 because the sum of the di- 
gits (18) is divisible by 9. МАМЕ 
Divisibility by 6. А number is divisible by 6 if it is 
simultaneously divisible by 2 and by 3, otherwise it is not. 
Example. 126 is divisible by 6 since it can be divided by 


Divisibility by 5. Numbers ending in 0 or 5 are divisible 


Example. 240 is divisible by 5 (the last digit is zero); 
554 is not divisible by 5 (the last digit is 4). И 

Divisibility by 25. A number is divisible by 25 if the 
last two digits are zeros or form a number that is divisible 
50, or 75), otherwise it is not divi- 


Divisibility by "10, Бу 100 апа Бу 1000. Only numbers 
by 10, only those ending in two 
and only those ending in three 


, Examples. 8200 is divisible by 10 and by 100; 542,000 is 
divisible by 10, 100 and 1000. 


digits in even positions is 1--3--2 —6; the difference between 
m M | i i by Il. The unites 

ible by 11 since the numbers 4--14-2- 
and 6--0--5-- П are not equal and their difference 11—7= 4 
is not divisible by 11. 


here exist divisibility criteria for other numbers besides 
those given above but they are more complicated. 


HD 
26. Prime and Composite Numbers 


All whole numbers (integers) other than 1 have at least 
two divisors: unity (one) and the number itself. Numbers 
that do not have any other divisors are called prime numbers. 
For example, 7, 41, 53 are prime numbers. Numbers which 
have other divisors besides | and the number itself are called 
composite numbers. An example is 21 with its divisors 1, 3, 
7, 21 and 81 with its divisors 1, 3, 9, 27, 81. The number 
one (unity) could be classed as a prime, but it is better to 
put it іп а separate class outside the prime and composite 
numbers (this convention stems from the fact that many of 
the rules which hold true for all other primes are invalid 
when applied to unity). 

There exist infinitely many prime numbers. 

The primes not exceeding 200 are (see pages 50-51 for 
the Table of Primes < 6000): 


2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 
47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, (A) 
103, 107, 109, 113, 127, 131, 137, 139, 149, 151, 
157, 163, 167, 173, 179, 181, 191, 193, 197, 199 


21. Factorization into Prime Factors 


Every composite number can be represented uniquely as 
a product of prime factors. For example, 36 =2-2-3-3 = 22-33; 
45=3.3.5=33.5 (ог 37.51), 150=2-3-5-5=2-3.5? (ог 
21.31.52). For small numbers, factorization can be accomp- 
lished by mere guesswork. For large numbers the following 
technique can be used. ч 

Example 1. Suppose we have а number 1421. Taking the 
primes, one after the other, out of Table of Primes (A), we 
stop at the prime which is a divisor of the given number. 
Using the divisibility criteria we see that the numbers 2, 3, 
5 cannot be divisors of 1421; we attempt to divide by 7 and 
we see that 1421 is divisible by 7 yielding a quotient of 203. 
To the left of the line we write 1421; on the right the divi- 
sor; under the number we write the quotient 203. Then we 


Work: 1421 7 test 203 in the same manner. We ignore the 
203 | 7 numbers 2, 3,5 that proved ineffective in 
29 | 29 the first trial and begin 


with 7. It turns out that 7 is a divisor of 203. Write it down 
to the right of 203. Under 203 write the quotient 29, which 


is prime. This completes the factorization. We have: 
1421 =7 -7-29 — 72-29 


The general technique may be simplified in a number of 
cases. В 

Example 2. Let us factor the number 1,237,600 into prime 
factors. Noting that 1,237,600 = 12,376 х 100, we factor these 
two factors separately. The latter is readily decomposable 
into 100—10-10—2-5.2.5.— 22.52, Then we factor the first 
one as follows. 


Work: 12,376 | 2 From Table (A) we take the first pri- 
6188| 2 me, 2; we immediately see that it is a 

2 divisor of 12,376. Finding the quotient 

1547 | 7 6188, we again take 2 from Table (А). 
221 | 13 The second quotient 3094 is also even, 
17 | 17 so we divide it by 2. The result 1547 


is no longer divisible by 2. The divisibility criteria show 
that it is not divisible by 3 or by 5 either. Let us try 7. 
We get the quotient 221. Try 7 again. It is not divisible. 
Then try the following primes. 221 is not divisible by 11 but 
it is divisible by 13 with the quotient 17, which is prime. 


Тһе final result is: — 1,237,600 —22.7- 13. 17-22-52 
= 25.52.7-13.17. 


28. Greatest Common Divisor 


A several numbers is a divisor (see 
Sec. 23, Пет 4) of each of them. For example, the numbers 
as a common divisor; 2 is also а common 


ly. 
Example 1. Fin the G. 80. 
Factor into prime factors. CD. of 252, 441, and 10 


252=22.32.7, 441 =3?-72, 1080 = 23.33.5 


We have only one common factor, the prime factor 3. 
ale smallest exponent of this factor is 2. The G.C.D. is 
1-0; 

Example 2. Find the G.C.D. of the numbers 234, 1080, 
and 8100. 234 = 2.32.13, 1080 = 23.33.5, 8100 = 22. 38. 52 


G. С. D. 22-3? —18 


It may happen that there are no prime factors common 
io all the numbers. Then the greatest common divisor is 1. 
For instance, for 15 —3-5, 10=2.5, 6=2.3 the G.C.D. is 1. 
If the G.C.D. of two numbers is 1, then these numbers are 
called relatively prime. To illustrate, 15 and 22 are relati- 
vely prime numbers. 


29. Least Common Multiple 


А common multiple oí several numbers is a multiple of 
each of them (Sec. 23, Item 4). The numbers 15, 6, and 10 
have 180 as a common multiple. The number 90 is also a 
common multiple of these numbers. The set of common 
multiples has a least common multiple (30 in our case), or 
L.C.M. When dealing with small numbers, the L.C.M. сап 
be seen at once. If the number is large, do as follows: 
factor the given numbers into prime factors; write out all 
prime factors of at least one of the given numbers; then 
take each factor and raise it to the highest power that it is 
contained in the given numbers. Then multiply. 

Example 1. Find the L.C.M. of 252, 441, 1080. des 

Factor into prime factors: 252 —2?.3?.7, 441—3?.7, 
1080—23.33.5. Multiply out 23.33.72.5 and we find the 
L.C.M. to be 52,990. 

Example 2. Find the L.C.M. of 234, 1080, 8100 (see 
Sec. 28, Example 2). The L.C.M. =23-34-5?-13= 210,600. 


30. Common Fractions 


А common fraction (or, simply, a fraction) is a part of 
unity or several equal parts of unity. The number which 
indicates how many parts a unit is divided into is called 
the denominator of the fraction; the number indicating how 
many parts are taken is the numerator of the fraction. 


Notation: ES or 3/5 (three fifths): here, 3 is the numera- 
tor and 5 is the denominator. А Е 
lf the numerator is less than the denominator, the frac- 
tion is less than unity and is called а proper fraction: 
4 is a proper fraction. И the numerator is equal to the 
denominator, the fraction is equal to unity. If the numera- 
ior is greater than the denominator, the fraction exceeds 
unity. In these latter two cases it is called an improper frac- 
5 


tion. For example, =, ы are improper fractions. Іп order 


to take out the largest whole number contained in an impro- 
per fraction, divide the numerator by the denominator. И the 
division is exact, then the improper fraction is equal to the 


quotient. Say, B= 45:5=9, If the division is not exact, 
the (partial) quotient yields the desired integer, while the 
remainder becomes the numerator of the fractional part, and 
the denominator of the fractional part remains unchanged. 


Example. Given the fraction 48. Divide 48 by 5 to get 
the quotient 9 and a Temainder of 3; Fao, 

gral part (whole number) 
is called a mixed number 


А number consisting of an inte 
and a fractional part (fraction) 


95 for instance ) The fractional part of a mixed number 


may be an improper fraction (like 743) - It is then possible 
to take out the largest whole number (see above) and repre- 
sent the mixed number so that 


Ы the fraction becomes proper 
(or disappears altogether). For example, 


LUN 13 4 3 
7575 =7+23 93 


Mixed num 

If агу (in multiplying fractions, say) to 
| ге - Siven a mixed number, it is required to 
represent it іп the [о fraction (improper traction). 
0 do this, (1) multiply the integer іп the mixed number 
by the denominator of the fractional part; (2) add the nu- 
merator {о the product. The resulting number will be the 
numerator of the desired fraction, and the denominator re- 
mains unchanged 
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Example. Given the mixed number 92°. (1)9-5=45; 


(2) 45-3 = 48; (394 =% 


31. Reducing Fractions 


The value of a fraction is not changed if the numerator 
and denominator are multiplied by the same number. For 
example 

3. 2845. 48 1 


1 4 
5" ЖУ Ugo vm 2 


8.8 | 154 
a ла 57 9:4 
This is called reducing (changing) the fraction to higher 
terms. 

The value of a fraction remains unchanged if the nume- 
rator and denominator are divided by one and the same 
number. For example 

18 18:6 3 d. DE dr 

807 30:6 5’ 8 8:4 2 
This is called reducing the fraction to lower terms, or simply 
reducing the fraction. We say that ES is obtained from zg 
by dividing out 6. 

A fraction can only be reduced if the numerator and de- 
nominator have the same divisors (that is, if they are not 
relatively prime). The reduction may be accomplished gra- 
dually or at once using the G.C.D. : 

Ехатр!е. Reduce the fraction E to lower terms. Using 
the divisibility-by-4 criterion (see Sec. 25 above), we see 
that 4 is a common divisor of the numerator and denomina- 
tor. Dividing out 4 we have И-И =: Noting that 
d and 36 have 9 as a common divisor, we divide 9 out of 

2 А 
36^ ==. Further reduction is impossible since 3 and 
4 are relatively prime. 
. We get the same result if we find the greatest. common 
divisor of the numbers 108 and 144. It is 36. Dividing out 
36 we obtain 


Dividing by the greatest common divisor we have the 
fraction in lowest terms. 


32. Comparing ЕгасНопз. 


Finding a Common Denominator 


i tor, the larger 
If two fractions have the same numerator, : : 
fraction is that with the smaller denominator. For ехатріе, 


Stay hos. 5. И two fractions have the same denomi- 
= ‚+ a : 
Еге : the greater íraction is that with the greater numer 

ME 
ator: tae ae у 

In order to compare two fractions with а: We 

rators and denominators, either one or both of the fracti 


7 
Example. Compare the fractions E and ту. Change m 
3 
first by a factor of 12, the second by 8. This yields 325, 
=}. Now the denominators are the same. Comparing 


the numerators we see that the second fraction is ereater 
than the first. 


This process of changing íractions is called finding a com- 
mon denominator. 

0 reduce several frac 
We can change the denomi 
to the product of the othe: 


order to reduce the fractions pe = 


minator, change the first denominator by 5-6 =30, the second 
by 8-5=40, the third by 8-6 — 49, Weget 3.40, 5,2200, 
еб. Тһе соттоп denominator is the product of the 
denominators of all the given fractions: 8-6-5 = 240. 

This method of findin i 
simplest and, in many cases, the most practical. The sole 
inconvenience is that the common denominator may turn 
out to be too big, 


multiple by the denominator of the given fraction (this 
quotient will be called the additional factor). 

Example. Given the fractions = я 5, =. The least com- 
mon multiple of the denominators 8, 6, 5 is 120. The addi- 
tional factors аге: 120:8=15, 120:6--20, 120:5 = 24. Change 
(multi ly) the first fraction by 15, the second by 20, the 
third у 24: 


DERE 
1207 5120 
Most arithmetics give only this technique for reducing 
to a common denominator. Actually, it is of practical use 
only when the L.C.M. is seen by inspection, otherwise a great 
deal of time is needed to find the L.C.M. and the additio- 
nal factors. What is more, it often happens that the L.C.M. 
15 not much less than the product oí the denominators or 
not less at all. But then a lot of time is spent for no good 
reason. 


33. Adding and Subtracting Fractions 


If the denominators of the fractions are the same, the 
fractions may be added by adding their numerators; to sub- 
tract them, subtract the numerator of the subtrahend from 
the numerator of the minuend. This sum or difference will 
be the numerator of the answer, the denominator remaining 
unchanged. If the denominators differ, first reduce the frac- 
tions to a common denominator. 


Bete ы ae AN 
Example 1 str s~! 


Example 2. $ E 
. To add mixed numbers, separately find the sum of the 
integral parts and the fractional parts. 

5 А ENS 19 
Example 3. 73443 = (7+ + (+ 6)= 1 
о 
810 1 


When subtracting mixed numbers, the fractional part of 
he subtrahend may be larger than the fractional part of the 


ARITHMETIC 


minuend. In that case, borrow unity from the minuend and 
change to an improper fraction. 


1 ео 4 15 4 n 
Example 4. 7----4 7=715—415=615—4 2 


А 7 5 
Example 5. 11—10 7-—10 7 —10 5 


н 
> 
[S 


34. Multiplication of Fractions. Definition 


For multiplication and division of a fraction by a V 
number (integer), the definitions given above in Sec. 
(Items 3 and 4) hold true. For example, 


3 3 3 За 
2281 

Сопуегзе!у, 83-22. 
tation are given below. 


The definition oi Sec. 23 is not valid for multiplication 
by a íraction. For example, the operation 2- . + cannot be 
carried out if it is understood that 24 is to be taken as 
а factor E times. 

To multiply a given number (integer or fraction) by 
а Íraction means to divide the number by the denominator 
of the fraction and multiply the result by the numerator. 


800:4--200 200-3--600 so that 
800--— 600. The se 


quence of operations (division and mul- 
tiplication) may be reversed and th It will be the same: 
800-3— 2400 and 2400:4 = 600. АЯ 


The above definition is not a 
the necessity t 


The practical rules of compu- 


Example. 800.2, 


litre of igi . What 
is the Weight of 4 kerosene weighs 800 grams 


litres? Solution: 800.4 — 3200(g) 
=3 kg 200 g. The Tesult is found by multiplying by 4. 
3 
wee does > litre of kerosene weigh? Solution: 
800 · = = ceding example), 


оға 
600 (g) (see рге 


MULTIPLICATION OF FRACTIONS 9 


If we define multiplication by а fraction differently, the 
answer will not be correct. If we proceeded from the defi- 
mikron given in Sec. 23 and regarded multiplication by 
-y 2$ impossible, then we would have to solve the problem 
of the weight of the kerosene by different operations: multi- 
plication for an integral number of litres, and via a diffe- 
tent operation for a fractional number of litres.* 

In the multiplication of whole numbers, the product 
remains the same no matter what the order of the factors: 
3-4=4-3=12. This property is preserved in multiplication 

› 2 В 
by a fraction as well. For example, = Зе Ра а ==. 
This result is obtained on the basis of the carlier definition 


2 
(see Sec. 23). Interchange the factors: 3-—. The latter defi- 
nition of multiplication no longer holds true, but the new 
definition yields 3. =2. 

_ Generally speaking, it turns out that under the new defi- 
nition of multiplication, all earlier properties and rules re- 
main valid, with the exception of one: in the earlier defini- 
tion of multiplication, a number increased in value, whence 
the name “multiplication” (“multus” = тапу). Now we have 
to say that in multiplication by a number exceeding unity the 
multiplicand increases, and in multiplication by a number 
less than unity (a proper fraction), the multiplicand decrea- 
ses. This discrepancy between the latter fact and the name 
of the operation is due to the fact that the term "multipli- 
cation” originated at so remote a time that the concept of 
multiplication referred solely to whole numbers. 


35. Multiplication of Fractions. Rule 


To multiply a fraction by a fraction, multiply the nume- 
rators together for the numerator of the product and multiply 
the denominators together for the denominator of the product. 

Ё there are mixed numbers, convert them to improper frac- 
tions before multiplying. Also, before multiplying, divide 


—— 


* The question naturally arises аз to whether it is possible to 
give a definition suitable for multiplication by an integer and by 
а fraction. This appears to be impossible: when defining multipli- 
cation by a fraction we unavoidably have to assume as known multi- 
РИсаНоп by a whole number (see definition of this section). 


out (cancel) any common factors in the numerator and the 
denominator. 


7 37 5 в 45 13 А 
Example L?jg-H ete 15-527; (9 18 
divided out of 25 and 20, 3 out of 12 and 27). 
The foregoing is extended to the case when the number 
of factors exceeds two. 


TE ‚2.2 
Example 2. 4754423 25 8 


эз === = 12 
7 2.7.3 1 
(3 is divided ош of 9 and 3, 2 out of 4 and 2, 7 out of 
14 and 7). 


If some of the factors are whole numbers, then each one 
is regarded as a fraction with denominator 1. 


Example 3. 8.7.24... 52724 FIO. 


1 
1878.11873--3 7 $ ^l y 


(5 is divided out of 5 and 15, 4 out of 4 and 8). 


36 Division of Fractions 


The definition of division given earlier in Sec. 23 holds 
true for the division of fractions as well. From it follows 
the rule: 

To divide а number by а fraction, 
the reciprocal of the fraction (the reciprocal is the fraction 
formed by interchanging the numerator and denominator: 
the reciprocal of + is + 


multiply the number by 


е 3:18: The reciprocal of 5 is 5, Hence 
Sud O 
ЖА =2> 
Example 2. 1 2:31 _ 8 . б Bebe e Та Re dr 
This rule is albo а. 5 57516712 27 - 
5 rule is also applicable when the dividend and divi- 
Sor are whole numbers. For example, 2:5=2.1=2 . Thus, 
the fraction bar is equivalent to the division sign. 


37. Operations Involving Zero 


g zero 
unchanged: 5+0=5; 3 ES +0=35. 
Subtraction. Subtracti 


ng zero from any number leaves the 
number unchanged: 5—0 


NC: 5 
=5; 37—0=35. 


Multiplication. Zero: times any number is always zero: 
5-0=0; 0-32 =0; 0-0-0. 

Division. 1. The quotient obtained by the division of zero 
by any nonzero number is zero: 0:7 =0; 0:---0. 

2. The quotient resulting from the division of zero by 
zero is indeterminate. Here, any number satisfies the defini- 


tion of a quotient (see Sec. 23, Item 4). For example, we 
could set 0:0=5 because 5-0=0, but we could also put 


0:0—3 = because 32.0=0. Thus, the problem of dividing 


zero by zero has infinitely many solutions and is meaningless 
without further information, which has to indicate how the 
dividend and divisor varied before they became zero. If this 
is known, then in most cases it is possible to give meaning 


to the expression 0:0. For instance, if we know that the di- 
4 Р 3 3 3 
vidend took on the successive values T00’ 1000: T0.000 ' 


МК 7 7 
etc., and the divisor assumed the values Too’ 1000, 64. 
4 " $ . 7 
then the quotient, meantime, assumed the values 755 : Too 


3 3 T 3 e н 
7; Tooo: 10009 ^ 7, ete which is to say, remained equal 
to +, and so the quotient of 0:0 can, here, be taken equal 
3 
to т. 


In such cases, one speaks of evaluating the indeterminate 
expression 0:0 (see Sec. 217, Example 2). Higher mathe- 
matics. offers a number of techniques for evaluating the in- 
determinate expression 0:0, but in certain cases the tools of 
elementary mathematics suffice. — 

3. The quotient obtained by dividing some nonzero num- 
ber by zero does not exist because in this case no number 
can satisfy the definition of a quotient (see Sec. 23, Item 4). 

As an example, take 7:0. No matter what number we 
take to test this out (say, 2, 3, 7) we get the same unsatis- 
factory answer (2:020, 3-0--0, 7-0=0) whereas what we 
need is 7. We can say that the problem of dividing a non- 
zero number by zero has no solution. ү, 

On the other hand, а nonzero number may be divided by 
a number arbitrarily close to zero, and the closer the _divi- 
Sor is to zero, the greater will be the quotient. Thus, if we 

ivige d 1 1 А e 
divide 10% Too: Tooo 10:000" etc., Бу 7, we obtain the qu 


6-1303 


TEC 5 t 
lients 70, 700, 7000, 70,000, etc., which её a 
bound. For this reason, we say that the quotien ai te ratis 
by dividing 7 by 0 is "infinitely great or is 908 БАР. 
nity”, and we write: 7:0-- о. The meaning o apelin 
sion is that if the divisor approaches zero and the 


7 i ill 
remains equal to 7 (or approaches 7), then the quotient wi 
increase without bound. 


38. The Whole and a Part 


1. Finding a part from the whole. To find some ee 
а number, multiply it by the fraction expressing "us Tess 
Example. A committee of 120 members meets for elec ni 
Two thirds of the body must be present, How many, m 
bers must be present for the meeting to take place? 
Solution: 120-2. — go, 


2. Finding the whole from a part. To find a number 
when one of its parts is known, divide the number by 
fraction expressin the given part. Е E 

Example. The ваш weight of ап ох is 3/5 iie Jive Же 
What is the live weight of an ox whose dead weight is foun 
to be 420 kg? 

Solution: 420: -3. — 700 (ке). 


3. Expressing a part as a fraction of the whole. To nod 
peus Part as a fraction of the whole, divide by the whole 
number. 


Example. Four students ar 
Part of the class is absent? 


Solution: 4:30— 4 


50 
80-15: 


е absent іп а class of 30. What 


39. Decimal Fractions 


Computations involving com 
unwieldy if the denominators а 
difficulty lies in reducing the fraction to a common deno- 
minator. This is because there is no system in the choice of 
denominator, any number will do. That is why even іп ап- 
tiquity the idea arose of choosing regularly (not arbitrarily) 
certain parts of a unit (in common fractions they play the 


mon fractions become very 
те big numbers. The main 


part of denominators). The most ancient systematic fractions 
which were used in Babylonia some 4000 years B.C. and 
were passed on by the ancient Greek astronomers to the ast- 
ronomers of Western Europe were the sexagesimal fractions 
(see Sec. 21, Item 4). At the end of the 16 century when 
intricate computations involving fractions were widely used 
in all spheres of life, systematic fractions of a different kind 
came into use: decimal fractions (see Sec. 45). Here, the 
unit is divided into ten equal parts (tenths), each tenth into 
tenths (hundredths), and so on. The advantage of decimal 
fractions over other systematic fractions Нез in the fact that 
they are based on the same number scale (of ten) as are the 
whole numbers. As a result, both notation and rules of hand- 
ling decimals are essentially the same as those used when 
dealing with whole numbers (integers). 4 

When writing decimals there is no need to indicate the 
name of the parts (denominator); it is clear from the posi- 
tion of the appropriate digit. We first write the integral part, 
then a dot (decimal point),* then the first digit after the 
decimal point represents tenths, the second digit, hundredths, 
the third, thousandths, etc. The digits which come after the 
decimal point on the right are termed decimals (decimal 
places). 

Example. 7.305 signifies seven units, 3 tenths, 5 thou- 
sandths (the zero indicates that there are no hundredths), or 


2,23 5 
7.305 =7 + 15 + 95 1999 - ; 
One of the advantages of decimal fractions is that the 


expression of the fractional part is given directly in a form 
тедисед to a common denominator: 


305 
7.305 —7 тоб 


the number following the decimal point (305) is the nume- 
rator of the fractional part and the denominator of the frac- 
tion is the number which shows how many parts аге indi- 
cated by the last decimal place (in our case it is 1000). 

If a decimal fraction does not have an integral part, then 
the best usage recommends a zero to be placed before the 


decimal point; for example: 35, = 0.35. 


Á 


* in some countries, a comma is used {о separate the whole 
number from the decimal fraction. 


40. Properties of Decimal Fractions 


1. Annexing zeros to the right of a decimal fraction does 
not change the value. 

Example. 12.7 = 12.70 = 12.700, etc. 

(for the difference that is made between 12.7 and 12.70 see 
Sec. 48). | 

2. Dropping the zeros at the end of a decimal fraction 
does not change the value of the fraction. 

Example. 0.00830 -- 0.0083. (Zeros that do not come at 
the end of the fraction cannot be omitted). 

3. A decimal fraction is increased (multiplied by) 10, 
100, 1000, etc. times if the decimal point is moved one 
place, two places, three places, etc. to the right. р 

Example. The number 13.058 becomes 100 times larger if 
we write 1305.8. 

4. A decimal fraction is reduced dy 10, 100, 1000, etc. 
times if the decimal point is moved leftwards one, two, 
three, etc. places. 

Example. 176.24 decreases 10 times if we write 17.624; it 
will be 1000 times less if we write 0.17624. 

These properties enable us to perform rapid multiplication 
and division by the numbers 10, 100, 1000, etc. 

Examples. 12.08. 100 = 1208, 12.08.10,000 = 120,800 (first 
write 12.08 as 12.0800 and then move the decimal point to 


the right four places); 42.03:10— 4.203, 42.03:1000 — 0.04203 
(first write 42.03 as 0042.03 


r and then move the decimal 
point three places to the left). 


41. Addition, Subtraction and Multiplication of Declmal Fractlons 
Addition and subtraction of decimal fractions are per- 
Work: forme 


d in the same way as the addition and 

j subtraction of whole numbers; take care to write 

+ 0.02 each digit in its proper place (tenths under tenths, 
14:96 hundredths under hundredths, and the like). 


17.28 


___ Example. 2.3+0.02 + 14.96 = 17.28. 
Multiplication of decimal fractions. Multiply the given 
равен as whole numbers disregarding the decimal point. 
en insert the decimal point using the following rule: 
take the sum of the decimal places in all factors and point 
off that number of decimal places in the product . 


Example 1. 2.064-0.05. Multiply the whole numbers 
2064-5 = 10,320. The first factor had three decimal places, 
the second two, and so the product must have five places 
set off after the decimal point. This yields 0.10320. The 
zero at the end of the fraction is dropped and we have 
2.064-0.05 =0. 1032. 

In this method, do not drop zeros before pointing off 
the decimal places (when multiplying by the method given 
іп Sec. 55, the zeros may be dropped). 

Example 2. 1.125-0.08; 1125-8— 9000. The number of 
decimal places is 34-2 =5. Annexing zeros to the left of 
9000 (009000) we point off five decimal places to get 
0.09000 == 0.09. 


42. Division of a Decimal Fraction by an Integer 


. l. If the dividend is less than the divisor, write a zero 
in the integrai part of the quotient and then the decimal point. 
Then, disregarding the decimal point, annex to the integral 
part of the dividend the first digit of its fractional part; if 
the resulting number is less than the divisor, put a zero 
after the decimal point and annex another digit of the 
dividend; if we still have a number less than the divisor, 
put down another zero, etc., until we get a number exceeding 
the divisor. The division is then performed in the same 
way as for whole numbers (integers). Note that the dividend 
may be "expanded" without bound rightwards тот the 
decimal point by adding zeros. 

Note. The process of division, as described above, may 
never end. In that case, the quotient cannot be expressed 
exactly by means of a decimal fraction. But we can termi- 
nate the process at any point and obtain an approximate 
result (see Sec. 44 below). 

Example 1. 13.28:64. 

Work: Here the number 132 exceeds the divisor as 
13.28 soon as we shift the decimal point one place 
2 64 to the right, and so there is no zero directly 


12.8 |0.2075 after the decimal point. But after we bring 


48 down the next digit the first remainder (48) 
480 is less than the divisor, so we put a zero 
448 in the dividend (expanded, the dividend 
Eo becomes 13.280). This zero is then brought 
320 down and we can continue the division 


process. We get a remainder of 32 and again have io bring 
down a zero (the dividend then becomes 13.2800). 


Example 2. 0.48:75. 


Work: Here, moving the decimal point one place 
0.480 75 to the right we get 4, which is less than 15; 
450 "0.0084 Write zero in the quotient after the decimal 
——— 7C point; move the decimal point one more 
300 place to the right in the dividend to get 48, 
which is still less than 75. Put a second zero in the quotient 


to the right of the decimal point. Adding one zero to the 
fraction we get 0.480, etc. 


2. И the dividend is larger than the divisor, first divide 
the integral part; write down the result in the quotient and 
place the decimal point. The division process then proceeds 
as in the preceding case. 


Example 3. 542.8:16. 


Work: Dividing the integral part, we get a quotient 
542.8 16 oí 33 and a remainder (the second 
` |= Геташаег) of 14. Put the decimal point 
48 _ [33.925 after 33 and bring down the next digit, 8. 
62 Divide 16 into 148 to get 9, which is the 
48_ first digit after the decimal point, etc. _ 
148 The same procedure is used in dividing 
144 а whole number by a whole number if it 
76 is desired to give the quotient as a decimal 
32 fraction. 
80 


Example 4. 417:15, 
Work: 


Here, the decimal point is inserted after the 
417 15 last integral remainder (12) is obtained. The 
30 [27.8 dividend 417 may be written as 417.0; it is 
">" then represented as a decimal. 
105 
120 


Alternative method of division. 
е process of division can be written differently: 


Example 5: Divide 45, 837 Бу. 312 

14691 

312| 45837 
312 
1463 

12 

2157 

1872 

2850 

2808 

420 

312 

108 (remainder) 


43. Division Involving Decimal Fractions 


To divide a decimal fraction (or a whole number) by a 
decimal fraction, drop the decimal point in the divisor and 
move the decimal point rightwards in the dividend the same 
number of places as in the fractional part of the divisor 
(if necessary, annex zeros at the end of the dividend). 
Division can now be performed as indicated in the preceding 
section. 


Example. 0.04569:0.0012. 


Work: There аге four decimal places іп the 
456.9 12 fractional part of the divisor, and so we 
36 38 075 move the decimal point four places to the 
"gc ‘ right in the dividend to get 456.9. Now 
m divide 496.9 by 12. 

790 

E 

60 


a Changing a Decimal Fraction to a Common Fraction and Vice 
ersa 


To change a decimal fraction to а common fraction, drop 
the decimal point and make the resulting number the 
Numerator of the fraction; the denominator is the number 
indicated by the last decimal place. И is desirable, И 
Possible, to reduce the fraction to lowest terms. 


If the decimal exceeds unity, it is best to change only 
the decimal part to a common fraction and leave the integral 
part unchanged. А 

Example 1. Change 0.0125 to а common fraction. The 
last decimal, 5, is in the ten-thousandths place, and so the 


5 1 
denominator will be 10,000 We have 0.0125 = тл = 
75 3 275: ГІЛ 
Example 2. 2.75 —2155 =27, or 2.75 = = 7 Тће 


former procedure is to be preferred; that is, leave unchanged 
the 2 to the left of the decimal point and change 0.75 to 
a common fraction. 

In order to change a common fraction to a decimal, 


divide the numerator by the denominator using the rule in 
Sec. 42 (see Example 4). 


Example 3. Change the fraction + to а decimal. Divide 
7 by 8 to get 0.875. 

In most cases the division Process goes on without end. 
Then the common fraction cannot be changed into a decimal 
fraction exactly, which is actually never required in practice. 
The division is terminated when the quotient has as many 
decimal places as required in a given practical situation. 

Example 4. It is required to divide 1 kilogram of coffee 


t ; weight of each is 1/3 kg. To weigh 
this quantity, we have to express it in tenths of a kilogram 


Dividing І by 3, we get: 1:3—0.333 ... 
be continued endlesly with new threes appearing in the 
quotient. But small weights (say, less than 1 gram) are not 

65; what is more, the coffee beans 
themselves weigh more than a gram each. Only hundredths 
of a kilogram (10 grams) are of practical interest in this 
case. And so we take + kg = 0.33 kg. 

For greater accuracy, it is accepted usage to make al- 
lowance for the value of the last rejected digit. If it 
exceeds 5, the retained digit is increased by unity. 

Note. Even when a common fraction can be expressed 
exactly as a decimal, this is noi done in most cases. The 


division process is terminated as soon as the required degree 
of accuracy is attained. 


Example 5. Change the fraction 3 lo a decimal. The 
exact value is 0.21875, Depending on the accuracy required, 


the division process is terminated with the second, third, 
etc. digit of the quotient, and we take те 0.22, 5 $0,219; 
and so on. 


45. Historical Survey of Fractlons 


The notion of a fraction could develop only after definite 
conceptions concerning whole numbers had been firmly 
established. Like the concept of an integer, the concept of 
a fraction developed gradually. The idea of “one half” * 
originated much before that of thirds or fourths, and the 
latter two appeared much earlier than fractions with other 
denominators. The first notion of a whole number evolved 
out of the process of counting, the first conception of 
fractions, out of the process of measuring (lengths, areas, 
weights, and so on). Many languages have traces of the 
historical connection between fractions and the existing 
system of measures. For example, in the Babylonian system 
of measures and money, | talent is composed of 60 minas, 
one mina making 60 shekels. Accordingly, Babylonian 
mathematics made extensive use of sexagesimal fractions 
(see Sec. 21). In the weight and monetary system of ancient 
Rome, | as consisted of 12 ounces (uncia); the Romans 
accordingly made use of duodecimal fractions. The fraction 
we call 5 was called ап "uncia" by the Romans even when 
it was used for measuring lengths or other quantities. The 


Romans called T one and a half ounces, and so forth. 


Our common fractions were widely used by the ancient 
Greeks and Hindus. The rules for handling fractions given 
by the Hindu scholar Brahmagupta (8th century) differ but 
slightly from our own rules. Our way of writing fractions 
Coincides with the Hindu custom. True, the Hindus did 
not use a fraction bar. The Greeks wrote the denominator 
above the numerator, although other forms of notation were 
used more often. For example, they wrote (using other 
Symbols, naturally) 35* (three fifths). ы 

The Hindu symbolism for fractions and rules for handling 
fractions spread into the Muslim world in the 9th century 


т---------- 

* In all languages, the concept “half” has a special name not 
Connected with the word "two". Originally “half” meant опе of two 
Parts (which were not necessarily equal). 


] | 


due to al-Khowarizmi (see Sec. 21), and thence to Western 
Europe in the 13th century thanks to the Italian merchant 
and scholar Leonardo of Pisa (also known аз Fibonacci). 

Besides common fractions, sexagesimal fractions were in 
use, especially in astronomy. The latter subsequently gave 
way to decimal fractions, which were first introduced by 
the celebrated Samarkand scholar al-Kashi (14th to 15th 
century). In Europe, decimal fractions were introduced by 
the Flemish mathematician and engineer (he was also a 
merchant) Simon Stevin (1548—1620). 


46. Percentage 


The expression “per cent” (from the Latin “per centum”, 
“by the hundred”) means a hundredth part. Symbolically, 
1% stands for 0.01; 27% for 0.27; 100% for 1; 150% for 
1.5, etc. (the symbol for percentage, 96, is a distortion of 
the notation со, which is a contraction of the word "cento" ). 

1% of a sum means 0.01 of it; to fulfil a plan means 
to complete 100% of it; whereas fulfillment by 150% would 
mean that one and a half quotas of the planned amount 
had been completed, and so forth. 

To find the percentage expression of a given number, 
multiply the number by 100 (or, what is the same, move 
the decimal point two places to the right). 

Examples. Expressed as a percentage, 2 is 200%; the num- 
ber 0.357 is 35.7%, the number 1.753 is 175.3%. 


To change а percent to a number, divide the percent by 
100 (or, what is the same, move the decimal point two pla- 
ces to the left). 


Examples. 13.5% =0.135, 2.3% — 0.023 145% = 1.45, 
2/5% = 0.4% = 0.004. ч | У 

The three Principal problems involving percentage are: 

Problem 1. Find the indicated percent of a given number. 
(сі. Sec. 38, Rule 1). Multiply the number by the percent 
and divide by 100 (or, what is the same, move the decimal 
En two places to the left: in other words, the given num- 
eu multiplied by the fraction expressing the given per- 

Example. A planned quota in coal roduction is 2860 
tons per day. A mine pledges to do 115% of the plan. How 
many tons of coal will it mine per day? 

Solution. (1) 2860.1 15 — 328,900. 

DM (2) 328,900:100 — 3289 tons 
(which is equivalent to 2860- 1.15 = 3289). 


AGI Л] 


Problem 2. Find a number on the basis of a given percent 
(cf. Sec. 38, Rule 2). The given quantity is divided by the 
percent and then multiplied by 100 (or the decimal point 
is moved two places to the right, which is to say the given 
number is divided by the fraction expressing the given 
percent). 

Example. In processing sugar beets, 12.5% of the weight 
of the beets is granulated sugar. What quantity of beets 
has to be processed to produce 3000 centners of granulated 
sugar? 

Solution. (1) 3000:12.5 =240. (2) 240.100 = 24,000 (cent- 
ners) (which is tantamount to writing 3000:0.125 = 24,000). 

Problem 3. Find what percent one number is of another 
(cf. Sec. 38, Rule 3). Multiply the first number by 100 and 
divide by the second number. A 

Example 1. A new burning process for brick manufacture 
made it possible to increase the output of bricks per cubic 
metre of furnace from 1200 to 2300 bricks. What was the 
increase in brick output in percentage? 

Solution. 

(1) 2300 — 1200 = 1100, 

(2) 1100-100 = 110,000, 

(3) 110,000: 1200 = 91.67. 

Brick output increased by 91.67%. 

Example 2. According to the seven-year plan, the petro- 
leum output in the USSR was to reach 161 million tons in 
1961. Actually, 166 million tons were produced. Give the 
fulfillment of the 1961 plan in percentage. 

Solution. 

(1) 166.100 = 16,600, 

(2) 16,600:161 = 103.1. 

Petroleum output in 1961 was 103.1% of the planned 
amount, 

Note 1. In all three types of problems, the sequence of 
operations can be changed (say, in the last problem, we 
could first divide and then multiply by 100). 

Note 2. The example which follows is to serve as a war- 
ning against a mistake that is very frequently made. 

It is required to find out the price of a metre of cloth 
prior to a price reduction if after а price reduction of 15% 
the price is 12 roubles per metre. Sometimes, 15% of 12 
roubles is found, that is, 12.0.15 = 1.8. This is followed by 
the addition 12--1.8— 13.8, and it is taken that the old 
price was 13.8 roubles per metre. This is not so because the 
percent of reduction is established with respect to the earlier 


i and 1.8 roubles is not 15% of 13.8 roubles but about 
130 (see Problem 3). The correct solution is this: after the 
price reduction, the cloth cost 100% — 15% =85% of the 
earlier price. And so the old price (see Problem 2) was 
12:0.85 = 14.12 roubles per metre. 3 

Note 3. In working percentage problems it is best to take 


advantage of the methods of approximate computations (see 
the sections which follow). 


47. Approximate Calculations 


The numbers we deal with in everyday affairs are of two 
kinds. Some state exact magnitudes, others give only appro- 
ximate values. Thus, we have exact numbers and approximate 
numbers. We often take an approximate value in place of an 
exact value simply because the latter is not required. In 
many cases it is simply impossible to find a number exactly. 

Example 1. The number of pages in a book is exact. 
This book has 423 pages. 


Example 2. A hexagon has 9 diagonals, which is an exact 
number. 

Example 3. A salesman weighs 50 grams of butter. 50 is 
an approximate number because the scales are not sensitive 
lo an increase or decrease oí 0.5 gram. 

Example 4, The d W 
grad is 651 К 


number because our measuring instruments are not exact. 
Operations | 


nvolving approximate values yield approximate 
values. What 15 more, inexact digits may result from opera- 
tions on the exact digi 


Example 5. In multi 
and 80.1 let 


th digits 
But even the units digits y the hundredths and tenths ig 
Pose that the factors we; btai i ff (see 
Sec. 49) ihe ин num Te obtained by rounding off ( 


with the desired degree of accuracy so as to ensure the ге- 
quired accuracy of the result without involving the computor 
in extra needless computations, (3) to rationalize the very 
process of computation by omitting computations that do not 
affect the final exact figures of the result. 


48. Notation of Approximate Numbers 


Іп approximate calculations we distinguish between 2.4 
and 2.40, between 0.02 and 0.0200 and so on. The notation 
2.4 means that only the units and tenths are correct; the 
true value of the number may be, say, 2.43 or 2.38 (when 
the digit 8 is dropped, we round the preceding digit upwards; 
see Sec. 49). The notation 2.40 means that the hundredths 
are correct; the true number may be 2.403 or 2.398 but not 
2.421 or 2.382. 

This distinction also holds true for whole numbers. The 
notation 382 means that all digits are correct; now if there 
is any doubt about the last digit, the number is rounded 
off and is written as 38-10 and not 380. If we write 380 this 
means that the last digit (0) is true. If in the number 4720 
only the first two digits are correct, then it must be written 
as 47.102; this number can also be written іп the form 
4.7.103, etc. 

. The significant digits of a number are all the correct 
digits (except for zeros) which stand at the beginning of the 
number. For example, in 0.00385 there are three significant 
digits; in the number 0.03085 there are four significant digits; 
in 2500 there are four, and in 2.5.103 there are two. 


49. Rules for Rounding Off Numbers 


In approximate computations it is frequently necessary 
10 round off numbers (both approximate and exact), which 
means dropping one or more of the last digits. To ensure 
that. the rounded number is as close as possible to the 
original number, use the following rules: 

Rule 1. If the first of the discarded digits exceeds 5» 
then the last digit kept is increased by unity. The increase 
is also made when the first digit kept is equal to 5 and is 


or more significant digits (for the case 
Mien dio tected 5 is not followed by any digits, see 
elow). БА us 
ja bus 4 Rounding the number 27.874 to three МЕШ 
cant digits, we write 27.9. The third digit 8 is ЦЕ е 
to 9 since the first discarded digit, 7, exceeds 5. АЕ 
Бег 27.9 is closer to us orginal number than the ro 
t not increased) number 27.8. ^ T 
i eta 2. pe ue the number 36.251 to € De 
decimal, we write 36.3. The tenths digit 2 is i ne 
because the first discarded digit is equal to 5 and bu 
followed by one significant digit, 1. The number ӘНЕ 
closer to the initial number (though only slightly) than 
unincreased number 36.2. 


Rule 2. If the first digit dropped is less than 5, по 
increase is made. 

Example 3. Rounding 27.48 to the nearest whole nümber, 
we write 27. This number is closer to the given one ШАЛ ant 

Rule 3. If the digit 5 is dropped, and по signific et 
digits come after it, the rounding is done to the closest ex i 
number; that is, the last retained digit is left gaenang z 
it is even and is increased if it is odd. The reason for th 
rule is given below (see note). р a 

Example 4. Rounding 0.0465 to the third decimal place, 


we write 0.046. We do not increase the last digit kept me 
it is even. The number 0.046 is just as close to the give 
one as is 0.047. 


Example 5. Rounding 0.935 to the second decimal place, 


we write 0.94. The last retained digit 3 is increased because 
it is odd. 
Example 6. Rounding the numbers 


-527, 0.456, 


» 2.195, 1.450, 0.950, 4.851, 0.850, 0.05 to the 
first decimal Place, we get 


65, 0.5, 2.2, 1.4, 1.0, 4.9, 0.8, 0.0 


Note. When a 
number do not 


Rule 3 can be 
off to the cl curacy will be the same 
but even di 


than odd digits. 


50. Absolute and Relative Errors 


The absolute error (or, simply, error) of an approximate 
number is the difference between the number and its exact 
value (the small number is subtracted from the greater).* 

Example 1. There are 1284 employees in a given insti- 
tution. Rounding this number off to 1300, we get an abso- 
lute error of 1300--1284-- 16. Rounding off to 1280, we have 
an absolute error of 1284— 1280 — 4. 

The relative error oí an approximate number is the ratio 
(see Sec. 62) of the absolute error of the approximate num- 
ber to the number itself. у 

Example 2. А school has а student body of 197. Rounding 
this number to 200, we obtain an absolute error of 
200 — 197 —3. The relative error is equal to ЕЕ or, rounded, 
3 
500 = 1-596. 

In most cases it is impossible to determine the exact 
value of an approximate number and, hence, the exact value 
of the error. However, it is almost always possible to es- 
tablish that the error (absolute or relative) does not exceed 
а certain number. 

Example 3. A salesman weighs a watermelon on pan scales. 
The smallest of the set of weights is 50 grams. The resuit 
is 3600 grams. This is an approximate number. The exact 
weight of the watermelon is not known. However, the absolute 
error does not exceed 50 grams, and the relative error does 


а 
not exceed 3555 ~ 1.4%. 


A number which definitely exceeds the absolute error 
(or, at worst, is equal to it) is called the limiting absolute 
error. A number which definitely exceeds the relative error 
(or, at worst, is equal to it) is called the limiting relative 
error. ТАСА» 

Іп Example 3, we сап take 50 grams for the limiting 
absolute error and 1.4% for the limiting relative error. — 

The magnitude of a limiting error is not quite definite. 
Thus, in Example 3 we can take 100, 150 and generally any 
number over 50 grams for the limiting absolute error. In 
Practical cases the smallest possible value of the limiting 


* In other words, If a 15 an approximate number and x Its exact 
value, then the absolute error is the absolute value (Sec. 69) of the 
difference a—x. In some manuals, the absolute error is defined as 
the difference itself a—x (or the difference x—a). This quantity can 
be positive or negative. 


is taken. When the exact magnitude of the error 15 

pou this serves, at the same time, as the limiting “то 

For every approximate number, we must know ды Р 
error (absolute or relative). When it is not directly indica mi 
it is assumed that the limiting absolute error represents 0 е 
half of one unit of the last written digit. For instance, i МЕ 
have the approximate number 4.78 without the limiting FIIO 
indicated, then the limiting absolute error is assumed to d 
0.005. With this convention, we can always do without ave 
cating the limiting error of a number rounded off by 
rules of Sec. 49. as 

The limiting absolute error is denoted by the Greek le ү 
delta (A); the Timiting relative error, by the lower-case Greek 
delta (ô). If an approximate number is denoted by a, the 
9=А. 

а 


Example 4. A pencil is measured with a ruler eal tivated 
in millimetres and yields a result of 17.9.cm. What is the 
limiting relative error of this measurement? 

Here, a— 17.9 cm; we сап take A to be equal to 0.1 cm, 
since it is not difficult to measure a pencil to within 1 mm, 
yet it will not be Possible to reduce substantially the D 
ting error (with practice, it is possible to read 0.02 cm, an 
even 0.01 cm, on a good ruler but at the very edge of the 
ruler the discrepancy may be greater). The relative error is 


Б. Rounding off, we get $c? ~ 0.6%. 


Example 5. A cylindrical piston is about 35 mm in dia- 
meter. To what degree of accuracy must a measurement be 
made with a micrometer so that the limiting relative error 
is 0.05%? 


Solution, It is given that the limiting relative error must 
constitute 0.05% of 35 mm. Consequently (Sec. 46, Problem 1), 
the limiting absolute error is 25-005 0.0175 (mm) or, roun- 
ding upwards, 0.02 (mm). 


We can use formula д = 


4. Substituting а = 35, б 0.0005, 
we get 0.0005 =. Thus, 


А=35-0.0005 = 0.0175 (mm) 
51. Preliminary Rounding Off in Addition and Subtraction 


А If the given numbers. do not all end in the same digit 
De (order), round off before performing the addition or 
Subtraction. In other words. retain only those digit places 


| ND SUBTR 


that are good for all addends, the others being dropped as 
useless. For a small number of addends, all digits of the sum, 
except the last, will be correct. The last digit may not be 
quite exact. This inexactness can be reduced to a minimum 
if we take into account the digits of the next digit place 
(extra digits). 

Example 1. Find the sum of 25.3-1- 0.442 4- 2.741. 

Without rounding ofi the terms, we get 28.483. The last 
two digits are useless since there is a possible inaccuracy of 
several hundredths in the first addend. Rounding the sum to 
exact digits (that is, to tenths), we get 28.5. If we first round 
off to exact digits, then we readily get 25.3-1- 0.4 4- 2.7 = 28.4. 
The tenths digit is less by 1. Taking the hundredths digits 
as well, we get 25.3-1- 0.44 4-2.74 = 28.48, which, rounded, is 
28.5. The digit 5 is more reliable than 4, though it might 
very well be that the true figure is precisely 4. * d 

When using extra digits, arrange the computation as indi- 
cated in the accompanying scheme with the extra digits sepa- 
rated by a vertical line: 


Work: 25. 


Example 2, Find the sum of 52.861 -- 0.2563 - 8.1 


+ 57.35 + 0.0087. | 

Without using any extra digits (we retain only rounded 
tenths; see rules for rounding, Sec. 49), we get 118.7. With 
extra digits, we have 118.6. In the latter result, the tenths 
digit may prove to be incorrect due to the inaccuracy of the 
third addend; a 5 may appear іп place of 6 (if the third 
addend has been rounded off from 8.06). But 6 is much more 
reliable. At any rate 7 cannot be correct. Extra digits yield 
an improvement, but only a slight one. Compare the two 
schemes: on the left without extra digits, on the right using 


—————— 


* If we assume the first addend to be 25.26 rounded, then the 
sum to hundredths would be 28.44, or approximately 28.4. However, 
if 25.3 is the rounded number 25.27 or 23.28. еіс., then the sum 
will be 28.5 after rounding. 


7-1303 


extra digits: 


52. Error of a Sum and a Difference 


i m 
The limiting absolute error of a sum is cuu to the su 

of the limiting absolute errors of the separate a em ақ 

xample 1. The approximate numbers 265 an ТЕ 

added. Let the limiting error of the former be 5, о о 

ter, 1. Then the limiting error of the sum is oe 9 

5--1--6. Thus, if the true value of the former aie 
270, of the latter, 33, then the approximate sum 

= 297) is 6 less than the true value (270 + 33 = 30 ae 
Example 2. Find the sum of the approximate n 


8 
0:0309 + 0.0833 -- 0.0769 +. 0.0714 +-0.06674.0.0625 +. 0.058 
+ 0.0556 -- 0.0526. 


Addition yields 0.6 
is 0.00005; the limiting 
Thus, there is a ро 


d 
187. The limiting error of each adden 
error of the sum is 0.00005 x 9 = ogee 
ssible error of up to 5 units His off 
last (fourth) decimal Place of the sum, and so we ПЕ 
he sum to the third decimal place (thousandths). This y 
0.619; where all the decimal places are correct. for a 
ote. large number oi addends usually makes aces 
balancing of errors; for this reason, only in exceptional c or 
does the true error of a sum coincide with the limiting formi 
97 Соте close to it. That these cases are rare is seen Sach 
Example 2 where We had 9 addends. The true value of San 
of them can differ in the fifth decimal place from the giv 


› 3, 4 or even 5 units either way. 
For example, the first adden 


у one unit, etc. Calculations show 


Possible cases of the distribution of 
Million, B 


| 
by 0.00005, and (2) the true value о 
each addend is less than the approximate value by 010005: 
Thus, the cases when the error of а sum coincides with 


MEN 


limiting error constitute only 0.0000002% of all possible 
cases. 

Further calculations show that cases when the error of а 
sum of nine addends can exceed three units of the last de- 
cimal place are also very rare. They amount to only 0.0796 
of all possible cases. Ап error can exceed two units of the 
last decimal place in 2% of all possible cases, one unit, in 
roughly 25%. In the remaining 75% of the cases, the error 
oi nine addends does not exceed one unit of the last deci- 
mal place. 

Example 3. Assuming the addends of Example 2 to be 
exact numbers, * let us round them off to thousandths and 
add. The limiting error of the sum will be 9-0.0005 — 0.0045. 
Yet we have 


0.091 -+ 0.083 + 0.077 + 0.071 + 0.067 + 0.062 + 0.059 
+-0.056 + 0.053 = 0.619 


That is to say, the approximate sum differs from the true 
sum by 0.0003, which is a third of a unit of the last deci- 
mal place of the approximate numbers. All three decimals 
of the approximate sum are correct, although theoretically the 
last decimal might be glaringly inexact. 

Let us round off to hundredths in our addends. Now the 
limiting error of the sum is 9.0.005 =0.045. Yet we get 
0.09 4- 0.08-+ 0.08- 0.07 + 0.07 + 0.06 + 0.06-- 0.06- 0.05 
=0.62. The true error comes out to only 0.0013, which is 


+ of a unit of the last decimal of the approximate numbers. 


The limiting absolute error of a difference is equal to the 
sum of the limiting absolute errors of the minuend and the 
subtrahend. 

Example 4. Let the limiting error of the approximate 
minuend 85 be 2, and the limiting error of the subtrahend 
32 be 3. The limiting error of the difference 85—32 =53 15 
2--3=5. Indeed, the true values of the minuend and sub- 
trahend may be equal to 85--2—87 and 32—3= 29. Then 
the true difference is 87—29 = 58. It differs from the appro- 
ximate difference 53 bv 5. 


* These addends are obtained by changing the common fractions 
ae -L to decimals to within the fourth decimal 


1 
11% To" 14" 7 i9 
place. The reader can take other numbers at random. 


100 ARITHMETIC 


е limiting relative error of a sum and a difference can 
m. be me by first computing the limiting absolute 
ггог (see Sec. 50). fas 
T T limiting relative error of a sum (but not of a ame 
rence) lies between the smallest and largest of the relati я 
errors of the addends. If all the addends have the same (сі 
roughly the same) limiting relative error, then the sum als 
has the same (or roughly the same) limiting relative error. 
In other words, in this case the accuracy of the sum gl 
sed as a percentage) is not inferior to the accuracy of е 
addends. Рог a large number of addends, the sum (as a rule) 
is much more accurate than the addends (for the reason 
explained in the note of Example 2). 

ие 5. In each addend of the sum ич 
+ 24.7=74.3 {һе limiting relative error is approximately 
the same, namely, 0.05:25=0.2%. It is the same for pi 
sum as well. Here, the limiting absolute error is equal to 
0.15, the relative error 0.15:74.3 ~ 0.15:75 =0.2%. 

In contradistinction to the sum, the difference between 
two approximate numbers may be less exact than the mi- 
nuend and subtrahend. The "loss of accuracy" is particularly 
great when the minuend and subtrahend differ only slightly. 

Example 6, Measurements of the outer and inner diame- 
ters of a thin-walled Pipe yielded 28.7 mm and 28.3 mm, 
respectively, Using these figures, we find the wall thickness: 


> (28.7—28.3)=0.2 (mm). The limiting relative error of 


the minuend (28.7) and the subtrahend (28.3) is the same: 
8--0.2%. The limiting relative error of the difference 0.4 
(and also of half the difference, 0.2) comes out to 25%. 

f follows, from the foregoing, that whenever possible one 
should avoid co 


mputing a desired quantity by subtracting 
nearly equal numbers. Cf. Sec. 90, Example 9. 


53. Errors In a Product 


The limiting relative error of a product is approximately 
equal to the sum of the limiting relative errors of the fac- 
tors. (For the exact value 


xam WO approximate numbers, 50 and 20, are 
multiplied together. Let the limiting relative error of the 
us у » Of the second factor, 0.5%. Then the 
imiting relative error of the product 50x 20 = 1000 is appro- 


3 ERRORS IN А PRODUCT 101 


Aimately 0,9%. Indeed, the limiting absolute error of the 
first factor is 50-0.004 =0.2, of the second, 20-0.005 — 0.1. 
Therefore, the true value of the product does not exceed 
(50 --0.2)-(20 + 0.1) = 1009.02, and is not less than (50— 0.2) 
X(20—0.1)--991.02. li the true value of the product is 
1009.02, then the error oi the product is equal to 
1009.02— 1000 =9.02 and if it is 991.02, then the error of 
the product is 1000— 991.02 = 8.98. These two cases are the 
most unfavourable ones. Hence the limiting absolute error of 
the product is 9.02. The limiting relative error is equal to 
9.02: 1000 = 0.902%, which is approximately 0.9%. 

Note. Denote the limiting relative error of a product by 
the letter бф, the limiting relative error of the factors by б, 
and б, (in Example 1, 0; —0.004, 6,— 0.005, ô= 0.00902). 

Our rule (for two factors) then looks like this: 


ô x ô 4-0; 
The exact expression of 6 is 
6 —0; +ô, 4-010. 


That is, the limiting relative error of a product is always 
greater than the sum of the limiting relative errors of the 
factors; it exceeds this sum by the product of the relative 
errors of the factors. The excess is ordinarily so small that 
it can be ignored. Taking Example 1, we have ô= 0.004 
+ 0.005 +-0.004-0.005 = 0.00902. The excess here is 0.00902 
— 0.009 = 0.00002, which is about 0.2% of the approximate 
value of the limiting relative error. This excess is so small 
that it can be disregarded. 
_ Example 2. Suppose the approximate numbers 53.2 and 
25.0 are multiplied together. The limiting absolute error of 
each is 0.05. Therefore, 6, =0.05:53.2 =0.0009, 6,--0.05:25.0 
= 0.002. The limiting relative error of the product 
53,2.25.0 = 1330 is approximately equal to 0.0009 +- 0.0020 
= 0.0029. The quantity 6,6,— 0.0009 -0.002 = 0.0000018 15 so 
small that it is meaningless to take it into account. The 
limiting absolute error of the product 1330 is 1330-0.0029 = 4, 
so that the last digit of the product (zero) may be incorrect. 
Example 3. Find the volume of a room, given the mea- 
Surements: length 4.57 m, width 3.37 m, height 3.18 m 
(the limiting absolute errors are 0.005 m). Multiplying these 
numbers together we find the volume to be 48.974862 т. 
But only two digits are definitely correct here, the third 
тау already have a slight error. Indeed, the limiting rela- 


tive errors of the factors are: 


8, =0.005:4.57 = 0.0011, 8, = 0.005:3.37 = 0.0015, 
да = 0.005:3.18 = 0.0016 
The limiting relative error of the product is 
6 =0.001! + 0.0015 + 0.0016 = 0.0042 


The limiting absolute error of the product А = 49.0.0.0042 
z 0.21. Thus the third significant digit of the product is 


unreliable. Hence we take the volume of the room to be 
19.0 тз. 


54. Counting Exact Digits in Multiplication 


The error in a 


product may be estimated more simply 
(more crudely, 


true) than by the procedure given in Sec. 53. 
This estimate is based on the following rule. i 

Let two approximate numbers be multiplied togeier апр 
let each have & significant digits. Then the (k— 1)5 digit o 
the product is definitely correct, while the kth digit may not 
be quite exact. However, the error oi a product does not 
exceed 51/ units of the kth digit and only in exceptional 
Cases is close to this limit. Now if the first digits of the 
factors in a product yield a number exceeding ten (either 
taking into account or disregarding the effect of the subse- 
quent digits), the error of the product does not exceed one 
unit of the kth digit. 


Example 1. Let us mul 


the first two digits are definitely 
of the factors (with account 
yield 13 in the product (the 
131.130), it follows that the 
finitely does not exceed unity. In this 

г of the product is only 0.37; 


the true error will, as а rule, be less. So the third digit must 
be retained. It is advisable to retain the fourth digit (which 
is not quite exact) as an extra digit only when other opera- 
tions are to follow. 

When multiplying together three, four or more approxi- 
mate numbers, the limiting error increases proportionally 
(that is to say, it increases over that given above by 11/;, 
two, etc. times). However, in most cases, the true error for 
а small number of factors remains within the same limits 
(due to a compensation of errors; cf. Sec. 52). 


Practical Advice 


1. If approximate numbers with the same number of signi- 
ficant digits are being multiplied together, retain the same 
number of significant digits in the product. The last retained 
digit will be in doubt. {4 

2. If some of the factors have more significant digits than 
others, then, prior to multiplication, round off the longer 
numbers retaining as many digits as the least exact factor, 
or one more digit (as an extra digit). There is mo sense in 
keeping any more digits. 

3. If it is required that the product of two numbers have 
a prescribed number of reliable digits, then the number of 
exact digits in each factor (found via computation or теаѕи- 
rement) must be one more. If the number of factors is greater 
than two but less than ten, then the number of exact digits 
in each factor must, for complete assurance, ђе two units 
more than the required number of exact digits. In most 
Practical situations only one extra digit is quite sufficient. 
. To verify these conclusions, let us consider an example 
in which we oy know the exact values of the approximate 


Qd Lene Ұй 


1 1 
y = 0.33333, + =0.14286, = =0.09091, ту =0.07692 


and it is required to find the product to. two significant 
digits. To be on the safe side we have to take all factors to 


four significant digits, that is, we multiply 0.3333-0.1429 
х 0.09091 -0.07692 

(1) We find 0.3333 -0.1429 = 0.04762857. 

Retaining four significant digits, we get 0.04763. 

(2) Perform the following multiplication: 


0.04763 -0.0909 = 0.0043300433 


(3) Retaining four significant digits (three would have 
sufficed) and performing the last multiplication, we get 


0.004330 - 0.07692 = 0.0003331 


The first two significant digits are definitely correct, so 
that the desired number is 0.00023. We cannot, beforehand, 
be certain of the correctness of the third significant digit. 
It proves correct however. The fourth significant digit is not 
quite exact, but the error does not exceed unity of the сог- 
responding decimal place. 

И we carry our answer to six decimal places, then we 
cannot beforehand be certain of the fifth digit. Actually, 


however, even the Sixth digit is correct. Namely, 
(1) 0.333-0.143 = 0.047619, 


(2) 0.0476.0.0909 = 0.00432684, 
(3) 0.00433-0.0769 = 0.000333 
We carry the computation to five decimals, then for 


the product we have 0.00032, i.e., th or is 1.3 units of 
the fifth decimal place. dvds 


55. Short-Cut Multiplication 


rounded product of the gi ipli ДЕ 
discarded digit of the Біуеп Place of the multiplier by t 


LTIPLICATION 105 


(3) Before multiplying by the third (from the beginning) 
place of the multiplier, cross-line one more digit of the mul- 
tiplicand (the second from the end); perform the multiplication 
by the remaining digits of the multiplier and take into account 
the effect of the digit that was just discarded and so on. 

(4) The resulting products are arranged so that all the, 
lower digit-orders are aligned one under another. 

. (5) There are special rules for setting the decimal point 
in the product, but it is a good practical rule to make a 
rough preliminary guess about the magnitude of the product. 
To avoid errors, it is advisable to cross-line each digit of 


ы 6,743 6743 by 2; write out the result in full: 13486; as 
23.25 usual, begin to multiply with 2.3—6 (write the 
13486 6 under the lowest digit-orders of the factors). 
2023 (2) Cross-line the digit of the multiplier that 

+ 135 was used (2) and the last digit of the multipli- 


7156.78 Plier (3) by the shortened multiplicand 674, noting 


duct. 

(4) Finally, crossing out 2 in the multiplier and 7 in the 
multiplicand; multiply 5 by 6, noting first that 5.7 =35, 
50 that to the product 5-6=30 we add 4 (which is better 
than 3 since we would have had to multiply not only the 
digit 7 but also the discarded digits that follow it). 

(5) Add all the products thus obtained to get 15,678. 

In order to set the decimal point, we round the factors 
crudely taking, say, 6 in place of the first and 20 instead of 
the second. This gives us a rough product of 120, which 


hat the integral part of our answer is a three-digit 
ha ah this means p ber point off the first three digits 
and take 156.78 and not 15.678 or 1567.8. This answer у 
correct only to the first four digits. We use the last дш 
(which may contain an error of up to three units) to roun 
off the result to 156.8. р 4 4 
Example 2. 674.3.230.5. The multiplication is perite 

as in the preceding example. We get 15,678 and to point o 
the decimal place we carry out the rough computation 
600-200 = 120,000, which is а six-digit number. Since the 
integral part of our answer must contain six digits, and rd 
number, 15,678, contains five, we annex a zero on the right; 
the decimal point lies outside the figures we obtained, i.e., 
the result of our multiplication yields the whole number 
156,780. Since the last digit (zero) is definitely false, we 
write the answer as 15,678-10 or 1568-102 (see Sec. 48). 


56. Division of Approximate Numbers 


Rule 1. The limiting relative error of a quotient is appro- 
ximately equal to the 


sum of the limiting relative errors of 
the dividend and divi Des 


и . е approximate number 50.0 by the 
approximate number 20. i 


and the limiting relative error of 
la divisor is 20-5 —0.259],. The limiting relative error of 
he quotient of 50.0 by 20.0— imatel 
0-1, -0.250/, 0.350 2.50 must be approximately 


Indeed, the tru | 
(50.0 + 0.05): (20.0 (уше 


=, 7. But if the + lue is 2.49127, 

then the absolute error comes to 2.50— 249137 =: 224010) 

и Я e most unf ble. Hence, the 

limiting relative error ig 0.00877:2.50 0.00381. or, approxi- 
Note. The ex 


е exact limiting relative error always exceeds the 
approximate RIOT аз computed by Rule 1. The percent of 
cess is roughly equal to the limiting relative error of the 


divisor. In our example, the excess is 0.00001, which is 0.29% 
of 0.0035, whereas the relative error of the divisor is 0.25%. 
Example 2. Find the limiting absolute error of the quo- 
tient of 2.81 by 0.571. a " 

Solution. The limiting relative error of the dividend is 
0.005:2.81 = 0.295; of the divisor, 0.0005:0.571 --0.1%; of the 
quotient, 0.2% --0.1% — 0.396. The limiting absolute error 
of the quotient is approximately equal to 57r x 0.003 
= 0.015. Hence, we are already uncertain about the third 
significant digit in the quotient 2.81:0.571 = 4.92. 

A simpler but more crude estimate of the accuracy of the 
quotient is based on a count of the exact digits (cf. Sec. 54). 
The estimate is as follows. г 

Rule 2. Suppose the dividend and the divisor each have k 
significant digits. Then the absolute error of the quotient is 
worst close to 1.05 units of the (k—1)st place (this va- 
ue will never be attained). E $ 

As we see, the аш error of а quotient is theoretically 
twice the limiting error of a product (see Sec, 54). Actually, 
however, the error of a quotient exceeds by 5 units the At 
digit only in exceptional cases (once in a thousand). There- 
fore, one should take as many significant digits in the quo- 
tient as there are in the dividend and divisor. А, 

If one of the given numbers (dividend or divisor) has 
more significant digits than the other, then drop all ше 
superfluous digits or retain only the first one (as an extra 


B | к 
If it is required that the quotient have a prescribed num- 
ber of Со АШ, take one extra significant digit in the 
dividend and divisor. 


57. Short Division 


а In order to avoid superfluous boi dua carry out the 
ivision of approximate numbers as follows. р 

(1) Ое аар the position of the decimal points, obtain 
the first digit of the quotient in the same manner. аз ог 
whole numbers, If the significant digits of the dividend orm 
a number that exceeds the significant digits of the poet 
(both are regarded as whole numbers), then the west ШЕ 

of the quotient is multiplied by the entire divisor. ) er- 
wise cross out the last digit in the divisor and mu ply by 
the shortened divisor, but take into account the effect of the 


discarded digit. Thus, if we divide 2262 by 7646, the fits 
digit of the quotient 2(22:7=3 with a remainder. but 
is not suitable and so we take 2). It is then multiplied 
into 764 and | is added to the result (this is the first digit 
of the product 2-6=12). This is done immediately upon 
multiplication by the last digit of the shortened divisor. 
(2) The result of multiplying the first digit of the quo- 
tient by the divisor (or by the shortened divisor) is written 
under the dividend, aligning digit place under digit place. 
Then we find the remainder. А 
(3) Instead of bringing down a zero to the remainder, we 
shorten the divisor by cross-lining the last digit (if the shor- 
tening has already been done, then drop the last of the re- 
maining digits). Choosing the second digit of the quotient, 
multiply it by the shortened divisor taking into account the 
digit just discarded у 
(4) Write the result of the multiplication under the first 
remainder and align the digit places. We then find the se- 
cond remainder. с 
(5) Instead of bringing down a zero we shorten the divi- 
sor by one more digit, etc. 
6) Having obtained the quotient, we set off the decimal 
point by a rough estimate. 
Example 1. 58.83:9.658. 
Work: (1) Since 5883 is less than 9658, cross 
— 58.83 9.658 оці the last digit of the divisor, 8, from 
57.95 6099 the very start. The first digit of the quo- 
7788 tient is 6. Multiply by 965, noting that the 


— 86 discarded digit gives 5 units (6-8= 48; drop 
> 8 and round 4 to 5). 
—5 (2) Write the product 5795 under the 
= dividend, digit place under digit place. The 
remainder is 88, 


(3) Cross out the Second from the last digit of the divi- 
Sor, 5. The shortened divisor, 96, is not contained even once 
о the dividend 88; put a zero in the quotient, * do not mul- 
iply. 


(4) There is 


so the thing di pes Кете in the remainder 9 ит, and 
ir igit o e tient is 9. iplyi 

Shortened divisor with о еі Ad 

НЕВЫ 


writing tee Carell note of this: a frequent mistake is made by not 


9 and dropping the next digit of the divisor. 
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Cep lined digit, we have 86 and a remainder of 2. This is 
10 Tus end of the operation. Dropping the last remaining 
(18) Я but taking into account its effect on the result, we 
d in the quotient another digit 2 (2-9— 18, the 8 is drop- 
pe and the | is rounded to 2). The last digit is obtained 
n simplest fashion by mentally bringing down zero to the 
ast remainder 2; this yields 20:9 ~ 2. 

(6) A rough calculation gives the position of the decimal 
points In the dividend and divisor we retain only the inte- 
ange it is clear that 58:9 = 6, that is, the integral part 
ІЛЕ quotient is а one-digit number. The result is therefore 
equal to 6.092, and not 60.92 or 6092, etc. 

All digits of the answer are correct. 

У Example 2. 98.10:0.3216. 

ork: (1) 9810 is greater than 3216. Multiply 
. 98.10 [0.3216 the first digit of the quotient, 3, by 3216 

96.48 | 305.0. to get 9648. 


__162 (2) The remainder is 162. 
161 (3) Cross-line the last digit, 6, of the 
n divisor. The shortened divisor, 321, does not 


1 
go even once into the remainder; the second 


digit of the result is zero. 
rere) and (5) Cross-line another digit of the divisor, 1; the 
thi ander 162 is divided by the shortened divisor 32; for the 
teke digit of the quotient we have 5. Multiply it by 32 and 
dive into account the effect of the discarded digit of the 
divisor to get 161. Subtract it from the remainder to get 1. 
arose the digit 2 in the divisor. The shortened divisor 3 
(pes not go into the remainder |, and so the last digit of 
€ quotient is zero. 
di (6) Set the decimal point on the basis of a rough roun- 
an ОП of the given figures: taking 100 in place of 98.10 
int 3 in place of 0.3216, we get 100:0.3 = 300; hence the 
egral part of the quotient is а three-digit number. The 
quotient therefore is 305.0. 


58. Involution and Evolution of Approximate Numbers 


te eee a number to an integral power (involution) 18 
ted Кү чей multiplication, and therefore everything sta- 
small ecs. 54, 55 holds true. When raising à number toa 
origi power, the result has as many correct digits as the 

ginal number or it contains a slight error in the last di- 


git. If the degree is large, then the accumulation of small 
errors may affect higher digit places. | 

When extracting a root (evolution), the result has at Ys 
as many correct digits as the radicand. Thus, taking the 
Square root of the approximate number 40.00, we can obtain 


four correct digits (У 40.00 ~ 6.324). * hat 

The method for finding the square root of a number t У 
is frequently taught in school is cumbersome and hard to 
remember, and its theoretical justification remains rather 
obscure to most students. Below we give a simple and easy- 
to-remember procedure for taking the square root of a number 
(to any required degree of accuracy). This method was desc- 
ribed bv the ancient Greek scholar Heron roughly two thou- 
sand years ago (Heron used common fractions, but we, natu- 
rally, will use decimals). The same method can be used to 
extract third and higher roots (see Sec. 58a below). 

Rule for taking the square root. To find the square roots, 
make a reasonable guess as a first approximation and do as 
ollows. 

(1) Divide the tadicand by the first approximation of the 
root; if it turns out that the quotient differs from the first 
approximation by a quantity that does not exceed the рег- 
missible error, the root is found. 

‚ (2) Otherwise we find the arithmetic mean (Sec. 59) of the 
divisor and quotient. This arithmetic mean yields a conside- 
rably more exact value (second approximation) of the root. 
If the choice of the first approximation has been felicitous, 
the second approximation yields three correct digits, ordina- 
Шу not less than four correct digits. Generally speaking, the 
number of Correct digits is doubled in each new approximation. 

(3) Subject the second approximation to the same test as 
the first: divide the Tadicand by the second approximation. 

е accuracy of the result is not sufficient, then find the 
and proceed as before, etc. В 
oing Method is “not afraid” of Ls gies 
А У corrects апу error made in the ргесе- 
ding stage. The sole drawback ва slowing down of the com- 


————— 


* If we employ the u 

Procedure of extractin uare root usually 

заа i School. then we will have to annex four zeros to the radi- 

will be f ise 45000000, In order to obtain 6.324. The annexed zeros 

be correct, The Gest i е Corresponding digits of the answer Ш 
we annex four arbitrary mun the same if іп place of four ze 


Example 1. У 40.00. The radicand has four significant 
digits. There is no sence in finding more than four digits of 
the root, and so we will take four. 

For the first approximation we need a number between 6 
and 7 (since 62—36 is less than the radicand, and 7*=49 
exceeds it). Within these limits we can take any number, 
but if we want to save time and effort, we have to take 
a number less than 6.5 (since the radicand is much closer to 
6? than to 72). Let us take 6.4 (we could have taken 6.3 or 
6.2, but 6.1 is no good because 6.1 is too close to 6). Now 
do as follows. ғ 

(1) Divide the radicand 40.00 by the first approximation 
6.4. We һауе 40.00:6.4 =6.25. It is already evident that the 
second digit of the quotient 6.25 differs from the dividend 
6.4. This accuracy does not suffice. 

(2) For the second approximation we take the arithmetic 
mean of the dividend 6.40 and the quotient 6.25 to get 
(6.40--6.25):2 = 6.325. We may expect that if not all four 
digits are correct in this second approximation, then at least 
the first three are. 

(3) To check, divide the radicand 40.00 by the second 
approximation 6.325 (carry the division to the fourth digit): 
40.00:6.325 = 6.324. The quotient, 6.324, diífers from the 
divisor, 6.325 by only one unit in the third decimal place, 
which means that the root has been found (to the required 
accuracy). 

Indeed, squaring 6.324 (that is, multiplying that number 
by itself) We gel Т, less than the product of 6.324 
X6.325, which is 40.00 (approximately). Now if we square 
6.325, we get a number greater than 6.325-6.324~/40.00. 
Hence, the desired square root lies between 6.324 and 6.325, 
Which means that it differs from 6.324 (or from 6.325) by 
less than one unit in the third decimal place: V 40.00 26.324 
(all four digits are correct). 

Example 2. )/23.5. The desired root lies between 4 and 
5 and is much closer to 5 than to 4 (since 23.5 is much 
Closer to 25 than to 16). For the first approximation let us 
take the round number 5.0. 

(1) Divide the radicand 23.5 by the first approximation 
5.00 (carrying the quotient to the third digit): 23.5:5.0—4.70. 

(2) For the second approximation we take the arithmetic 
mean (5.002-4.70):2—4.85. We may expect that all three 
digits are correct. 


ARITHMETIC 


(3) To check, divide the second approximation 4.85 inte 
the radicand 23.5 to get 23.5:4.85 =4.85. Since the quotien 
is equal (to within the second decimal place) to the divisor, 
the root is found (to the highest possible degree of accuracy): 

23.5=4.85. é 
PASE 2. If the radicand is a decimal fraction with are 
significant digit or zero in the integral part, then to find t 5 
first approximation it is advisable to move the decimal Di 
to the right two, four, six, etc. digits so that the integra: 
part has а small number of places. Then proceed as in Em 
les | and 2, and in the answer move the decimal point bac 
one, two, three, etc. digits. The procedure is similar when 
the radicand has a multidigit whole-number portion; but then 
the decimal point is first moved to the left two, four, six 
etc. digits. " 

In the radicand, the decimal point can only be move 
an even number of digits. 


Example 3. V 0.008732. Move the decimal point 4 digits 
to the right: 87.32. In choosing the first approximation, we 
will ae into account only the integral part. Let us take, 
say, 9.3. 

(1) Divide 9.3 into 87.32. Carrying the division to the 
fourth significant digit, we get 87.32:9.32:9.389. 

(2) Find the arithmetic mean (9.300 + 9.389): 2 ~ 9.344. 

(3) To check, perform the division 87.32 :9.344 9.345. 
In either of the two numbers 9.344 and 9.345 all four digits 
are correct (the first number yields a deficit, the second, an 
excess). А 

(4) Since, at the beginning, we moved the decimal point 


tightwards 4 places, we now move it to the left (back) 2 pla- 
ces, and we have 


V 0.008732 ~ 0.09344 


Example 4. У 8732000. Move the decimal point to the 
left 6 digits to get 8.732 (if we move it 4 digits, we get 


873.2 and not 87.32 as in the previous example!). Take 3 as 
the first approximation. 


(1) 8.732:3=2.911. 

(2) (3.000 + 2.911):2~ 2.955. 

From the first operation it is clear that there were two 
correct digits in the first approximation (3.000). We therefore 


expect to have 4 correct digits in the second approximation. 
A check confirms this, 


(3) Since we started by moving the decimal point 6 places 
to a left, we now come back three places: И 8732000 


58a. Rulo for Extracting a Cubo Root 


_ To extract the cube root of a number, make a plausible 
first estimate and proceed as follows. 

(1) Divide by the first estimate (cf. rule of Sec. 58) twice: 
the dividend is first the radicand and then the number obtai- 
ned by the first division. If the quotient (obtained by the 
second division) differs from the Tirst estimate (approxima- 
tion), that is to say, from the divisor, by а quantity not 
exceeding the permissible error, then the process is complete. 

(2) Otherwise, average three numbers, namely the quotient 
(of two divisions) and the divisor taken twice (see Example | 
for an illustration of this second operation). We get a second 
approximation; which, if the first estimate was plausible 
enough, is correct to three digits, the fourth digit at worst 
Tequires a correction by unity. 

(3) The second estimate can be tested in the same man- 
ner as the first, but this is a tiring procedure. 

Example 1. 3/785.0. The desired root lies between 9 and 
10. Take 9.2 as a first estimate (since the radicand is roughly 
four times closer to 93 than to 103). 

(1) Divide 9.2 into the radicand 785.0 and then into the 
quotient of 785.0:9.2. Instead, we can divide 785 by 9.2? to 


get 84.64. This yields 
785.0:9.2:9.2 =785.0:84.64 = 9.275 


We see that the first estimate yields two correct digits. 
The best way to make the second estimate is to note that 
the radicand 785.0 is a product of three unequal factors: 
785.0 =9.2 х9.2 9.275, whereas we have to represent it as 
the product of three equal factors: 785.0=x-x-x (where 
х= }/ 785.0). It is natural to assume that each of these 


equal factors should, approximately, be equal to the average 


of the factors 9.2, 9.2 and 9.275. 
(2) Thus, for the second estimate we take the average 


(9.275 4- 9.900 + 9.200):3 = 9.225. Compute by the short-cut 


method (see Sec. 60). 
(3) For a check, divide the radicand 785.0 by the second 


estimate 9.225 and then divide the result again by 9.225 (or 


8-1303 


divide the radicand by 9.225? = 85.09). We get 9.225 (if an 
extra digit is not retained in the computations, we get 


9.224): 
y 785.0 = 9.225 (correct to 4 figures) 


Note. In making the first estimate it is sometimes advan- 
tageous to move the decimal point in the radicand to the 
right (or to the leít) 3, 6, 9, etc. places (cf. Sec. 58, Note 2). 
In the final result, move the decimal point back 1, 2, 3, 
etc. places. The decimal point may be moved only by as 
many digits as is divisible by 3. 

Example 2. и 1835.10. In the radicand, 18,350, move 
the decimal point three places to the left to get 18.35. This 
number is roughly midway between 23—8 and 33—97. So 
for the first approximation we take 2.5. 

(1) Divide twice by 2.5 or, what is the same, once by 
2.5%. We get 18.35:2.5:2.5 —18.35:6.95 ~ 2.94. кк 

We see that in this first approximation only one digit 
is correct. Thus, we must expect that in the second appro- 
ximation there will only be two correct digits. Therefore, in 
the next operation we carry the answer only to two places. 

(2) Еог (ће second estimate take the average (2.5+2.5 
+2.9):3 ~ 2.6. 


(3) To make the result more Precise we divide twice by 
to get 


18.35:2.6:2.6 = 18.35:6.76 ~ 2.715 


We see that the second estimate furnished two correct 


digits, and so the third most likely will yield 4 correct 
digits. 


(4) For the third estimate, average 
(2.715 + 2.600 + 2.600): 3 = 2.638 


А check (which we omit) would show that the result is 
correct to four significant digits: 


j/ 1835-10 a 26.38 


59. Mean Quantities 


If we have a sequence of 
between the smallest and gi 
frequently used mean 
the geometric mean, 


quantities (numbers), any one 
Teatest is a mean. The most 
quantities are the arithmetic mean and 
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The arithmetic mean (arithmetic average, or, simply, ауе- 
rage) is obtained by adding the given quantities and divi- 
ding the sum by the number of quantities: 


a. m. = tlt +n 
n 
(ау, à, ..., а, are the given quantities, n is the total 


number of quantities). 
Example. Given the numbers 83, 87, 81, 90. 


1 
83+87+81+90 _ 85 - 


а. т. = 7 


The geometric mean is obtained by multiplying the given 
quantities and taking the nth root of the product (where п 
is the index of the root and is equal to the number of quan- 


tities taken): 
g- m. = аа... ба 


(аһ, ay, ..., а, are the given quantities, n is the total 
number of them). 
Example. Given the numbers 40, 50, 82. 


g. т. = }/ 40-50-82 = $/ 164,000 ~ 54.74 


The geometric mean is always less than the arithmetic 
mean (average) except for the case when all numbers are 
equal. Then the arithmetic mean is equal to the geometric 
mean. When there are only small fractional differences bet- 
ween the numbers, the difference between the arithmetic 
mean and the geometric mean is small compared to the 
numbers. : 

Averaging (computing arithmetic means) is of great impor- 
lance in all branches of practical work. { 

Example 1. The distance between two points is measured 
with a 10-metre tape measure having centimetre divisions. 
Ten measurements are taken, which, in metres, are: 62.36, 
62.30, 62.32, 62.31, 62.36, 62.35, 62.33, 62.32, 62.38, 62.37. 
The diversity of results is due to accidental inaccuracies in 
he measuring process. These findings are then averaged: 


а. т. = (62.36 + 62.30 + 62.32. + 62.31 + 62.36 + 62.35 
+62.33-+ 62.32 + 62.38 - 62.37): 10 = 62.34 


This number is a more reliable value of the distance than 
the numbers obtained in the measurements because random 


(accidental) errors an nearly фо balanced: when comput: 
i ee Sec. elow). б 
ие. И ЖЕ ae ши” 
К ese are averaged. The result is the “ d 
m pedes M ue t does. not, бел Е 
ignify the actual height of a given s 
pon dE. are taken of a large number of other pri 
the average height will again be just about the same. ге 
naturally, it may happen that either giants or jemi E 
dominate in a sample of 1000. However, out of a eo ee 
vable cases these exceptional ones constitute an insigni каны 
small percent. Hence, for all practical purposes we can ani 
it that the average height of any group of 1000 persons ce 
be almost the same. The arithmetic means obtained in m im 
measurements are termed statistical means. Statistical ШЕЛІ 
are of considerable practical importance. For example, шо 1 
ing the average milk yield of а cow of a чейре. тер 
under specific feeding conditions, etc., it is possible 


compute the yield of a herd by multiplying the average 
yield by the number of cows in the herd. 


60. Abridged Calculation of 
the Arithmetic Mean 


mputing an arithmetic ‚ теап 
close together. If such is the 
rithmetic mean) can be greatly 


ose to the given numbers. 
one another in the last 
Preferable to make the last digit of the 
selected number ze given numbers differ in the last 
о take a number ending in two 
zeros, and so on. 
(2) Subtract this number in succession from each of the 
given ones.* 
(3) Take the arithmetic mean of the differences thus found. 
(4) Add the mea t 


n to the chosen number. 
сы 


* Both positive and negative number: 
67 on negative numbers). Т. 


of the given ones. Howe 
simpller if the chosen 
of the given numbers, 


MEAN 


Example. Find the arithmetic mean of ten numbers: 62.36, 
62.30, 62.32, 62.31, 62.36, 62.35, 62.33, 62.32, 62.38, 62.37 
(cf. with the preceding example). 

(1) Choose the number 62.30. 

‚ (2) Subtract 62.30 from the given numbers; we find the 
differences (in hundredths) to be 6, 0, 2, 1, 6, 5, 3, 2, 8, 7. 

(3) Now take the average of these differences, which is 4 
(hundredths). 

.(4) Add 0.04 to 62.30 to get 62.34. This is the desired 
arithmetic mean (average). 


61. Accuracy of the Arithmetic Moan 


If the arithmetic mean is obtained from a comparatively 
small sequence of measurements (say, 10, like in Example 1, 
Sec. 59), it might well be that the actual value is somewhat 
different from the computed average. Then it is important 
to know how great this deviation can ђе. We are not speak- 
ing of the theoretically conceivable deviation (which can be 
arbitrarily great) but of the practically possible deviation 
(cf. Example 2, Sec. 59). The magnitude of the latter depends 
on the magnitude of the so-called roof mean square deviation. 

. The root mean square deviation is the square root of the 
arithmetic mean of the squares of the deviations from the 
mean. It is denoted generally by the Greek letter о (sigma): 


Жала БОЛДЫ амды айы SE: 
= у аата t nt (A) 
Where a = (a, +а, + ... + ар):п (here ај, аз, +++, ап are the 


given numbers, n is the total number of them, a is their 
arithmetic mean, and c is the root mean square deviation). 

Note. In formula (A) any one of the differences may be 
Teplaced by its reciprocal; this enables one to dispense with 
negative numbers (see Sec. 67 on negative numbers). Namely, 
when one of the given numbers is less than the mean, we 
take it for the subtrahend, and the mean for the minuend. 

Example. Compute the root mean square deviation for the 
numbers of the preceding section. There, we found the mean 
to be 62.34. The deviations from the numbers 62.36, 62.30, 
etc. and their arithmetic mean are (in hundredths): 2, 4, 2, 
3, 2, 1, 1, 2, 4, 3. The squares of these deviations are 4, 
16, 4, 9, 4, 1, 1, 4, 16, 9. The arithmetic mean of the 
Squares of the deviations is 


4+16+4+9+4+1+1+4+16+9 268 
10 P 
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(hundredths). The Square root of this number, VY 6.853 
uM pom г КЕЗКА is у equa to 
the pha mete hs Аша the rot теп ов x 
hiec HIE a ud the number db tomt 
mE ur Ты. on tae Salue , гш! 8 practically 
TP ereire es "рю бе qus 6234 by more than 0,09, 
wee of measurements is substantially greater 
than ten, then the maximum practically possible deviation 
of the true value from the arithmetic mean will be less than c. 


3с е 
Namely, the deviation will not exceed the value үт (wher 


r 
n is the number of measurements). Thus, when the numbe 


of measurements is roughly 1000, the only practically possible 
deviations are those that do not exceed 0.10. 


62. Ratlo and Ргорог оп 


The quotient of { 
term “ratio” 


по longer made; for instance, we speak 
of the ratio of попћото 


Ty has 10,000 books, of which 8000 are 

in Russian, What is the ratio i 96 

number? 8000:10,000 == 0.8. The desired ratio is 0.8, or 80 12 

, The dividend is called the antecedent of the ratio, thi 

divisor, the consequent. In our example, 8000 is the antece- 
dent, and 10,000 the consequent, 2 

Wo equal ratios form a Proportion. Thus, if one library 

has 10,000 books, of which 8000 are Russian and another 


library has 12,000 books, of which 9600 are Russian, then 
the ratio of Russian books to the total number of books in 
both libraries is the same: 8000: 10,000 = 0.8; 9600: 12,000 =0.8. 
What we have is a proportion, which we write as follows: 
8000 : 10,000 = 9600:12,000. In words, we say that 8000 is to 
10,000 as 9600 is to 12,000. 8000 and 12,000 are the extremes 
of the proportion, and 10,000 and 9600 are the means, of the 
proportion. 

The product of the means equals the product of the extre- 
mes. In our example, 8000 · 12,000 = 96,000,000; 10,000-9600 
=96,000,000. One of the extremes is equal to the product 
of the means divided by the other extreme. In the same 
way, one of the means is equal to the product of the extremes 
divided by the other mean. If 


a:b=c:d 
then 
bc . ad 
qos ӛ-- 
and so оп. In our example 
10,000-9600 
8000 =— 5000 — 


This property is always used to compute the missing term 
of a proportion when the three other terms are known. 

Example. 12:х--6:5 (x is the missing term, the unknown). 
x= 128 10, 

For practical applications of proportions see Sec. 64. 

A proportion in which the means are equal is termed a 
continued proportion; for example, 18:6=6:2. The mean term 
of a continued proportion is the geometric mean (see Sec. 59) 


of the extreme terms. in our example, 6— V 18-2. 


63. Proportlonallty (Varlatlon) 


The values of two different quantities can be interde- 
pendent. Thus, the area of a square depends on the length 
of the side, and conversely, the length of the side of a square 
is dependent on the area of the square. A 
.. Two mutually dependent quantities are termed proportional 
if the ratio of their values remains constant. t 

Example. The weight of kerosene is proportional to its 
volume; 2 litres of kerosene weigh 1.6 kg, 5 litres weigh 


4 Ке, 7 litres weigh 5.6 kg. The Tatio of the weight to the 
volume is 58 о, +=08, 22-08, etc. 


The constant ratio of Proportional quantities is called 
the constant ој proportionality (ог constant of variation, or 
proportionality factor). It shows how many units of one 
quantity there are for every unit of another quantity; in our 
example, the number of kilograms that 1 litre of kerosene 
weighs (the specific weight of kerosene). 

two quantities are Proportional, then any pair of va- 
lues of one quantity forms a Proportion with a pair of the 
Corresponding values of the other take 
In our example, 1.6:4=2:5, 1.6:5.6 =2:7, etc. Accordingly, 


" е of two quantities is such that one 
Increases as the other. decreases (in the seme ratio) then we 


Е i Ў 13 
е ѕреей increases in the ratio $$ — 18 


50 10" 


А inversely Proportional, then any 
ped af ae Жа vi quantity forms a proportion with a 
reverse order. [E P ding values of the other taken in the 


antiti "anged. In our exam le, 50-13 = 650; 
65-10--650 (650 km is the distance between! Moscow and 


64. Uses of Proportions, Interpolation 


‹ ке Y Problems іпуо! tional 
quantities, Application of the rules given in Sec 62 mecha- 
solution of such Problems, Teducing them to а 
а еей in the examples given below. 
s consumption at а factor was at 1.8 
tons per 24 hours and at a cost of 3000 rouble per year. 


Efficiency proposals reduced daily consumption to 1.5 tons. 
What should the budget plan of the next year be with 
тезресі to fuel consumption at this factory? 

An unsophisticated solution to this problem would be: 

(1) find the annual fuel consumption prior to the effici- 
ency proposals: 1.8-365 = 657 (tons); 
ы! find the cost of опе ton of fuel: 3000:657--4.57 (го- 
ubles); 

(3) find the annual cost of the fuel following the intro- 
duction of the efficiency suggestion: 


4.57-1.5-365 = 2500 (roubles) 


A much faster and easier solution can be found by no- 
ting that the daily consumption of fuel and the annual cost 
are proportional quantities (this is evident from the fact 
that an increase in the daily consumption produces a propor- 
tionate increase in the yearly cost; see Sec. 63). 

Scheme of solution: 


1.8 tons 3000 roubles, 
1.5 tons x roubles, 
х:3000 = 1.5:1.8, 
x= 3000 i -5 = 9500 roubles 

Although roportional relationships are encountered very 
often, most of the relationships in practical situations do 
not obey the law of proportionality. It is therefore all the 
More important to note that even for such quantities the 
procedure of computation using proportions is still meaning- 
ul. For instance, if we consider the variations of nonpro- 
portional quantities within a certain rather narrow range, 
these changes will, for all practical purposes, be proportional. 

To illustrate, take a square. А side is not proportional 
to the area; for instance, a side of 2 mr is associated vith 
ап area of 4 m?; a side of 2.01 m, with ап area of (2.01) 
= 4.0401 ду 4.040 (п); a side of 2.02 m, with an area of 
4.0804 as 4.080 (m3), and so on. We thus see that the ratio 
of the sides (for instance, 2.01:1) is not equal to the ratio 
Of the corresponding areas (4.040:1). However, the ratio of 
the changes in the side within the range we confine oursel- 
Ves to is, for all practical purposes, equal to the ratio of the 
changes in the area. 

Indeed, when the side increases from 2 m to 2.01 m, the 
change is 0.01 m, when it increases from 2 to 2.02 m, the 
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: is 2. 
is 0.02 m. The ratio of the changes ge ae fe 
i ге5 onding changes in the area will (to ES asennad 
ia en be: in the first case, 0.030; am ithe secon 
0.080. The ratio of the changes, 0.080:0.040, i s ed 
the change in length is proportional to the x ДОН te а 
if the quantities are taken to three places о и 
fourth decimal is taken, а slight deviation from P ҮГЕ CUR 
lity will be noted. To avoid any deviation even ІП ЕЕ 
decimal place, regard he ae m A e е 
y from m {о 1. ВЕ 
Ha pe) dom Work, we always have eon 
a definite number of decimals (three, four, and m Saath 
For this reason we can consider the changes in P STE is 
area of a square as proportional quantities. The si в 
{Пе зате т ап overwhelming majority of other ines x is 
circumstance is utilized in reading between the lines, 


j eri elatively 
speak, when we have to do with tables covering a re а 
small number of data. We are able to pick out values whic 
lie between the tabulated values. 17). 

i Example 2. Take а table of Square roots (see pages ees 
Suppose we wish to find У 63.2. The table does not ha 
the number 63.2, but only 63, 64, 65, etc. 


Radicand 


Change in Square Root 


We calculate (see third co 
of the root when the radic. 
64 and from 64 
changes occurs on 
Actually this diff 
fourth decimal pl 
Tise to j 


ecimal place (by one ши. 
егепсе is still less; И occurs only in ave 
асе and rounding off to three decimals g 
t in the third decimal place. ill 
three decimals, all our changes W е 
be just about the Same, that is to say, within the гап 
he changes in square roots Ho 
Proportional to the changes in the га 
cands. We therefore i 


nd У 632 using the following scheme: 


2POLATION 
Change in Radicand Change in Square Root 
0.06: 


0.2 x 
x:0.062 =0.2:1, 


x 2.95193 0.012 
Now we find V 63.2 by adding to V 63 = 7.937 the 
number 0.012. This yields 


V 63.2 ~ 7.949 


Check by extracting the root to three decimals and you 
will see that all the decimals of our result are correct. 

The procedure we have just discussed is called interpo- 
lation (an inserting between). In mathematics, interpolation 
signifies any procedure by means of which it is possible, in 
a table with a given number of tabulated values, to find 
certain intermediate numerical values not directly given in 
the table. The elementary kind of interpolation which we 
discussed above is termed /inear interpolation. А 

Interpolation is extensively used when dealing with tables 
of almost any kind. 
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65. The Subject of Algebra 


The subject of algebra 
(Secs. 79-81) and a number 
out of the theory of equati 


involves the study of equations 
of other probJems that developed 
ons. At the present time, when 
mathematics has split up into a number of specialized ac 
the field of algebra includes only equations oí a special kind, 


the so-called algebraic equations (see Sec. 83).* On the origin 
of the name “algebra” see Sec. 66, 


66. Historical Survey of the Development of Algebra 


Babylonia. The roots of algebra go deep into antiquity. 
About 4000 years ago, Babylonian scholars were already sol- 
ving quadratic equations (Sec. 93) and systems of two equa- 
fons, one of which was of Second degree (бес. 97). These 
equations were used in solving a diversity of problems in 


and measurement, construction of buildings and in military 
affairs, 


The literal designations 
were unknown to the 
tions rhetorical] 

Greece. The 

ntiti 


which we use today in algebra 
Babylonians who formulated their equa- 


( ), the Second power of the unknown was denoted by 
dunamis" (the worg had many meanings: power, property, 


ird power, Diophantus used the term 


chool со s areas that 
are only remotely related to the theory ета Include Such, for 
metla th as progressions and logarithms, which belong more to arith- 
h inclusion in the course of algebra is 
** "Dunar dagogical grounds. 
ty. In the amis” Was translated into Arabic as “mal” meaning proper- 
d athematicians in Western Europe transla- 
Census", which has the same méaning. 
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“kubos” (cube), for the fourth power we find (translated into 
English) square-square, for the fifth, square-cube, for the 
sixth, cube-cube. He denoted these quantities by the first 
letters of the corresponding names (we give them in Latin 
letters): аг, du, си, ddu, аса, ccu. То distinguish the un- 
knowns from known quantities, the latter were accompanied 
by the designation “mo” (monades for “units”). Addition 
was not indicated in any way, an abbreviation was used for 
subtraction, equality was shown by "15" ("1505" means equal). 
_ Neither the Babylonians nor the Greeks considered nega- 
tive numbers. An equation like 3 ar 6 mo is 2 ar 1 mo 
(3x-+6=2x-+1) Diophantus called "inappropriate". When 
Diophantus transposed terms from one side of the equation 
to the other, he said that an addend becomes a subtrahend, 
and a subtrahend becomes an addend. 

China, Chinese scholars were solving first-degree equations 
and systems of them and also quadratic equations 2000 years 
prior to the Christian era. They were acquainted with nega- 
tive numbers and irrational numbers. Since each symbol in 
Chinese writing stands for a concept, there could be no syn- 
copations in Chinese algebra. A 

At later periods, Chinese mathematics was enriched with 
new attainments. At the end of the 13th century, the Chi- 
nese were fully acquainted with the law of formation of bi- 
nomial coefficients which today goes by the name of “Pas- 
cal’s triangle" (see Sec. 136). Іп Western Europe this law 
was discovered by Stifel, 250 years later. 

India. Hindu scholars made extensive use of syncopated 
Notation for unknown quantities and their powers. These 
notations were the initial letters of the corresponding names 
(an unknown was called "so-much"; the names of various со- 
lours—black, blue, yellow, etc.— were used for a second, 
third, etc. unknown). Hindu scholars made much use of ir- 
rational and negative numbers (Greek mathematicians knew 
how to find approximate values of roots but eschewed irra- 
tionalities in algebra). A new addition to the family of num- 
bers was zero, which came in with the negative numbers. 
Formerly it had been used solely for the absence of a num- 


ber, as a placeholder. А ^ 
Arab-language countries. Uzbekistan, Tajikistan. The Hindu 
authors wrote on algebraic problems in their astronomical 
works. It was in Arabic writings— the international language 
of the Muslim world—that algebra emerged as an indepen- 
dent discipline. The founder of algebra as a special branch of 
learning was the Central Asian scholar Mohammad оі Kho- 
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;arizmi 'eller of 
i, more generally known as al-Khow arizmi (еї 
Khorezmi). His algebraic work, composed in the 9th SUY 
A. D., bears the name "the science of the reunion an PS 
sition”, or, more freely, “the science of transposition ү 
cancellation”. “Transposition” denoted the transfer ae БЫ? 
trahend from one side of the equation to the other where p 
becomes an addend; the "opposition" (or cancellation) w А 
the gathering of unknowns оп опе side of the equation апр 
the unknowns оп the other side. The Arabic for “transpos 
tion” is “al-jabr”, Whence the name “algebra . iem 
Al-Khowarizmi and those that followed him made ex o. 
sive use of algebra in commercial and monetary о 
tions. Neither he пог any of the other ee > н 
wrote in Arabic made any use of abbreviations.* Neit 5i 
did they recognize negative numbers. From Hindu source 
negative numbers but considered their aa 
insufficiently justified, This was true, but whereas the Hindu 
scholars were able to confine the а 
lete quadratic equation, al-Khowarizmi and his successors 
h (+ pr=g, х24- 9 = px. 
X"— px--q, where р and 4 are positive numbers). | А 4 
ian, Persian and Arabic mathematicians en- 
i ariety of ways. In higher-degree Cd ots 
lo find approximate values of the гора 
9 а very high degree of accuracy. Thus, the celebrate 
Central Asian Philosopher, astronomer and mathematician 
al-Biruni (973—1048), also of Khorezmi, reduced the problem 
of computing the side of a regular nonagon inscribed in a 
given circle to the cubic equation 23--14-3х and found 
(іп sexagesimal fractions) {һе approximate value x 


= L5249'47"13"" to within soe Which in decimal frac- 


У seven decimal places. (Тһе sexagesimal 
fraction can be read as one unit, 52 sixtieths, 45 three thou- 
sand six hundredths, eic. The scholar Omar Khayyam 

ч ishapur, the famous classic of Iranian and 
Tajik poetry (known in the West for his celebrated Rubaiyat) 

ү Study of equations of the third degree. 
Neither he nor any other of the mathematicians of the Mus- 
lim world were able to find expressions for the roots of 8 
cubic equation in terms of th i 


————— 
* Abbreviations were hardi riting Is 
brief: vowels are not written, CORDE ERA ig nies 


simple letters ang often 


Khayyam developed a method by which it is possible (geo- 
metrically) to find the number of real roots of a cubic equa- 
tion (he himself was only interested in positive roots). 
Medieval Europe. In the 12th century, the “Algebra” of 
al-Khowarizmi was translated into Latin and studied in 
Europe. It marked the beginning of the development of al- 
gebra in European countries, at first under the strong in- 
fluence of the science of the East. Syncopated notation ар- 
peared for unknowns and new problems involved in trading 
were solved, but no essential advances were made until the 
first third of the 16th century when the Italians del Ferro 
and Tartaglia found rules for solving cubic equations of the 
type 8=pr+q, Х2--рх--4, 24-9 = px, and Cardano, in 
1545, demonstrated that any cubic equation can be reduced 
to one of these three types. At the same time, Ferrari, a 
pupil of Cardano, solved a quartic (fourth-degree) equation. 
The rules for solving such equations were so complicated 
that improvements had to be made in notation. These took 
place gradually during a whole century. At the end of the 
l6th century, the French mathematician Viète introduced 
literal symbols for unknowns and for known quantities as 
well (the unknowns were denoted by capital vowels, the 
known quantities by capital consonants). Syncopated nota- 
tion was introduced for operations as well. Different authors 
used diíferent kinds. By the middle of the 17th century, 
algebraic symbolism, thanks to the efforts of the French 
scholar Descartes (1596—1650), took on the general outlines 
that it has today. " 
Negative numbers. During the l3th to 16th centuries, 
negative numbers were considered by Europeans only in 
exceptional cases. After the discovery of the solution of the 
cubic equation, negative numbers gradually came to be ac- 
cepted in algebra, although they were called "false" пшт- 
bers. In 1629 Girard (France) gave a geometric depiction of 
negative numbers that we still use today. About twenty 
years later, negative numbers were accepted generally. 
Complex numbers. The introduction of complex numbers 
(Secs. 92, 98) was also connected with the discovery of the 
solution to the cubic equation. 
Even before this discovery, in the solution of the quad- 
танс equation х2--4 — px one encountered a case when it 


2 
was required to find ihe square root of (+) —q, where 


the quantity (=) was less than 9. It was concluded in 


that the equation does not have any solutions. 
oe it is hard to imagine that ihe new (complex) 
numbers would be introduced at a time when even negative 
numbers were considered “false”. Yet when solving 2206 
equation by the Tartaglia rule it turned out that withou 


operations involving imaginary numbers it is impossible to 
obtain a real root. 


Let us go into this in more detail. By Tartaglia's rule 
a root of the equation 


= pxtq (1) 
is given by the expression 


r= Yate a 


where u and v are Solutions of the system 
u+u=q, w= (y (3) 
For example, for the equation x? = 9х +28 (p —9, q =28) 
we have 


и+о=98, цо--97 
27, 0=1 ог и=1, v=27, Іп both cases 


x= VT 4- Wi-4 


This equation does not 


whence either u= 


have any other real roots. 
But, as Cardano had noted, the system (3) may not have 
any real solutions, whereas equation (1) has a real root and; 


What is more, a positive root. Thus, the equation x3 = 15х- 4 
has the root X—4, but the System 


0+0=4, w= 195 

has the complex Toots: u= =9—11; =2—11, 
v—2-L11). т и=2+11, v=2— 11: (or и 
г. Bombelli (1572) was the first to shed light on this myste- 
Tious Phenomenon. He Pointed out that 2-- 11i is the cube 
be and zeli is the cube of 2—i; hence we can write 

uio qu. И formula (2) 
унш x—(2- i) E (92) 4. i and then form 

the thes. Possible to ignore complex numbers. How- 
um he theory of Complex numbers а slowly. As 
је as the 18th. Century, famous mathematicians argued 

out how to find the logarithms of complex numbers. 


Although complex numbers helped to obtain а wide range 
of important facts involving real numbers, their very existence 
seemed doubtful. Exhaustive rules for operating with comp- 
lex numbers were given in the middle of the 18th century 
by Euler, one of the greatest mathematicians in the history 
of science. At the turn of the 19th century, Wessel of Den- 
mark and Argand of France gave a geometrical representation 
of complex numbers (Sec. 104; the first steps in this direc- 
tion were taken by Wallis of England in 1685). But the 
work of Wessel and Argand was disregarded and only in 1831, 
when this method was developed by the great German ma- 
thematician Gauss, was it accepted generally. 

After solutions had been found for equations of the third 
and fourth degree, mathematicians strenuously sought the 
formula for solving the quintic (fifth-degree) equation. 
However, Ruffini (Italy) proved, at the turn of the 19th 
century, that the literal fifth-degree equation x5- axt + bx? 
+ex*-dx+-e=0 cannot be solved algebraically; more preci- 
sely, it is impossible to express any root of it in terms of 
the literal quantities а, b, c, d, е using the six algebraic 
operations of addition, subtraction, multiplication, division, 
involution and evolution (Ruffini's proof was not without 
fault, and in 1824 Abel of Norway gave a flawless proof). 

In 1830 Galois (France) demonstrated that no general 
equation whose degree exceeds 4 can be solved algebraically. 

Nevertheless, every nth-degree equation has (if we consider 
complex numbers as well) п roots, some of which may be 
equal. This was known to mathematicians as early as the 
l7th century (it stemmed from the analysis of numerous 
particular cases), but only at the end of the 18th century 
was the theorem mentioned above proved by Gauss. 

The problems that engaged algebraists in the 19th and 
20th centuries for the most part go beyond the range of 
elementary mathematics. Suffice it to поје that in the 19th 
century many methods were developed for approximate solu- 
tion of equations. In this direction, important results were 
obtained by the great Russian mathematician М. 1. Loba- 
сћеузку. 


67. Negatlve Numbers 


The first numbers known to man were the natural num- 
bers (Sec. 16). But these numbers do not suffice even in the 
Simplest cases. Indeed, in the general case, one natural num- 
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ber cannot be divided by another if we confine ourselves to 
natural numbers alone. Yet situations arise in which we have 
to divide, say, 3 by 4, 5 by 12, and the like. Without the 
introduction of fractions, the division of natural numbers is 
impossible; fractions make this operation possible. у 

But the operation of subtraction. still Temains impossible 
in certain cases even after the introduction of fractions: we 
cannot subtract a larger number from a smaller number, 
say 5 from 3. In everyday life we do not need to perform 
such subtraction and so for a very long time that operation 
was considered not only impossible but even senseless. 

The development ol algebra demonstrated that such an 
operation is necessary (see Sec. 68 below) and it was put to 
use by scholars of India іп about the 7th century, by 
Chinese scholars earlier still. Hindu scholars, seeking to find 
instances of such subtraction, came to an interpretation of 


it from the point of view of trade transactions. If a merchant 
has 5000 roubles and buys 3000 roubles worth of goods, he 
has 5000—3000 =2000 roubles. But if he has 3000 and buys 
5000 roubles worth of goods, then he is 2000 roubles in 
debt. It was considered, accordingly that we subtract 


5000 from 3000, the result being a dotted 2000, which meant 
“two thousand in debt”, 


This interpretation was artificial 
never found the sum of 


he always performed the 
15 more, this could зе 


because a merchant 
his debt by subtracting 3000 — 5000, 
subtraction thus: 5000—3000. What 
5 Tve—with a stretch of the imagina- 
tion—only to explain the rules of addition and subtraction 
of “dotted numbers”, but it could not account for the rules 
of multiplication and division (see Sec. 69 on rules of ope- 
rations). Still and all, this interpretation remained for a long 
time in textbooks and Manuals, and even today it occasio- 
nally appears. 


4 of subtracting a number from а smal- 
ler one is due to the fact that the d numbers ap inia 
an infinite sequence in only one direc- 
d we subtract successively | Ton. say, the number 7, 


6, 5, 4, 3, Qi] 
One more subtraction vi d 
yields an absence of any number, an 
de үке on there is nothing to subtract Кош. If we want 
sider the eq action Possible in all cases, we must: (1) con- 
sen " А =: 
Sider it possible te о а number" as a number (zero); (2) con 


© subtract another unit from this number, etc. 
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We thus generate new numbers which today look like this: 
—1, —2, —3, etc. 


These numbers are termed negative integers (or negative whole 
numbers). The minus sign reminds us of the origin of a ne- 
gative number from the successive subtraction of unity. 
This sign is called a sign of quantity to distinguish it from 
the subtraction sign, which is called an operational sign. 

The introduction of negative integers implies the need 


for negative fractional numbers. If we take it that 0-25-20, 
then we must also accept the fact that 0—7=—-7. The 
number -2 is a negative fractional number. 


In contradistinction to negative numbers (integral and 
fractional), the numbers (integral and fractional) which are 
studied in arithmetic are called positive numbers. To bring 
out this distinction still more, we can affix a plus sign to 
any positive number, in which case this is a sign of quantity 
(and not the sign of an operation). For example, the number 
2 can be written as +2. * А 

Together, negative and positive numbers аге called signed 
numbers in school textbooks. The generic term in scientific 
terminology for these numbers, together with zero, is rational 
numbers. The meaning of this term will become clear when 
we discuss the concept of an irrational number (see Sec. 91). 
Just as, prior to the introduction of negative numbers, there 


152 3 Р 
жеге no positive numbers and the number - was simply a 


fraction and not a positive fraction, so prior to the intro- 
duction of irrational numbers, the numbers +5, —5, 


3 у М 
DEC WU +, etc., were simply positive and negative num- 
bers and fractions, and not rational numbers. 


68. Negative Numbers (History and Rules of Operation) 


For the student, probably the most difficult item in 
algebra is that devoted to operations involving negative 
numbers. This is not because the rules are complicated. 


* The fact that the signs of operations and the signs of quantity 
are the same (+ and —) is an advantage with respect to com; utations, 
but the beginner finds this rather complicated. It is therefore advi- 
sable, at the beginning, to distinguish ‘between the operational sign 
and the sign of quantity, and write 2 for a negative two instead 
of —2. This is done іп logarithmic computations (see Sec. 129 et seq.). 


9* 


i i ' is twofold: 
ite the contrary, they are simple. The difficulty is two : 
e wir introduce negative numbers? (2) Why are Ine. 
rations involving them what they are and not sonay ПЕ 
else? For instance, it is often hard to grasp why mu [у 
cation and division of а negative number by а negati 
umber yields a positive number. у 
у These questions usually arise because negative ADM 
are usually introduced before equations, and the ru © И 
operating with negative numbers are not re-examined. 5 { 
aly, it is in connection with the solution of equations "na 
both questions can be answered. Historically speaking, hed 
is exactly how the negative numbers arose. If ШО шг 
been по equations, there would not have been any nee 
negative numbers. А id 
For a long time equations were studied without the ah 
of negative numbers. This was extremely inconvenient. 
It was to overcome these inconveniences that negative пит- 
bers were introduced. It is worth noting that for a long 
time many outstanding mathematicians refused to use them 
and only grudgingly gave way to the inevitable. Even Des- 
cartes was still calling them “false numbers". f 
А simple example will serve to illustrate the nature о 


these inconveniences. When solving an equation of the first 
degree in one unknown, say, 


7x—5=10x—11 


we transpose the terms 
and the unknowns are о 
the signs are reversed. 
right member of the e 
left member, we get 


50 that the knowns are on one side 
n the other. In such an operation, 
Collecting unknown quantities in the 
quation and known quantities in the 


1—5=10Х—7Х, 6=3x, х=2 


: d negative numbers. But then we have 
to think over the Question of which side to move the un- 
known terms, because 


7х--10х--5--П 


Without negative numbers, we cannot subtract 11 from 5, 
neither can we subtract 10x from 7x, which means we can- 
not get ahead with the solution. Now it is not always so 
easy to see, beforehand, how to avoid this situation, espe- 
cially if there are a large number of terms. A computor has 
to be ready to do a double amount of work in transposing 
terms to the proper side. It was to make the computational 
process more efficient that negative numbers were introduced. 
Indeed, if we agree to consider “possible” the “impossible” 


subtraction 5—11, and denote the result by —6, and make 
the subtraction 7х— 10х yield —3x, then we obtain 
—3x=—6 


Whence x= —6:—3. Е 

Now it turns out that when introducing negative num- 

bers, we have to set up the rule that in the division of a 
negative number (—6) by a negative number (—3), the quo- 
tient is a positive number (2). This is so because the quotient 
must yield the value of the unknown quantity x, which was 
found earlier in a different manner (without using negative 
numbers) and proved to be equal to 2. 
. That, in rough outline, was how negative numbers were 
first introduced: the aim was to rationalize the process of 
computation. The rules involving negative numbers emerged 
from the introduction of this more efficient technique into 
computational procedures. 

Numberless tests and years of using negative numbers have 
demonstrated the extreme effectiveness of this technique 
which has found brilliant applications in all spheres of sci- 
ence and engineering. Everywhere, the introduction of nega- 
tive numbers permits embracing, in a single rule, pheno- 
mena that would require dozens of rules if we confined 
ourselves to positive numbers. 

To summarize, the two questions posed above may be 
answered as follows: (1) negative numbers were introduced 
50 as to dispose of certain difficulties arising principally in 
the solution of equations; (2) the rules involving them fol- 
low from the necessity to coordinate the results obtained 
" means of negative numbers with those obtained without 

em. 

All these rules (see Sec. 69) can be established when 
considering the most elementary kinds of equations, in the 
Same way that we set up a rule for the division of negative 
numbers. 
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69. Operations with Negative 
and Positive Numbers 


The absolute value of a negative number is the positive 
number obtained simply by reversing the sign. The absolute 
value of —5 is +5, that is, 5. The absolute value of a po- 
sitive number (zero included) is the number itself. i 

The absolute-value sign consists of two vertical bars tha 
enclose the number whose absolute value is being taken. 
For example, | —5|=5, |--5|-5, 101=0. | ) : 

1. Addition. (a) To add two numbers with like signs, 
combine their absolute values and prefix the common sign. 

Examples. (4-8)-- (--11) = 19, (—7) + (—3) = —10. " 

(b) To add two numbers with unlike signs, find the Г 
ference between their absolute values and prefix the sign 0 
the number whose absolute value is greater. 

Examples. (—3)-- (4-12) « 9, (—3)-- (2-1) 2 —2. 

2. Subtraction. The subtraction of one number from 
another can be replaced by addition; in this case, the mi- 


nuend retains its Sign, and the sign of the subtrahend is 
reversed. 


Examples. 


(+)—(+4)=(+7)4(—4)=3, 

CF 7)—(—4) (4-7) H- (4-4) = 11 

(—7—(—4)=(—7)4+(+4)= 

(—4)—(—4)— (—4)4-(4-4)—0 
. Note. When Performing addition and subtraction, espe- 
cially when th 


| е operation involves several numbers, it is 
advisable to do as follows: 


this, affix a Plus sign И t 


(1) remove all brackets; to do 

he earlier sign in front of the 
brackets was the same as that inside the brackets, and a mi- 
qus sign if it was Opposite to that inside the brackets; 
(2) add the absolute values of all the numbers which now 
have (һе plus sign; (3) add the absolute values ol all the 
numbers which 


џ now have the minus sign; (4) find their 
difference and affix the Sign of the greater sum. 


per (730) (17) + (—6)— (412) + (4-2); 
)-(-17)--(-6)- =—30 
177—6 12 yt) 412) + 42) 


татр 
12 =48, 
(4) 48— l9. 29 


SETH NEG AND POS. NUMBERS 

The result is the negative number —29 since the greater 
sum (48) was obtained by combining the absolute values 
of those numbers which had minus signs in the expression 
—30 + 17—6— 124-2. 

This expression тау be regarded both as a sum of the 
numbers —30, +17, —6, —12, +2 and as the result of the 
following successive operations: the addition of 17 to —30, 
the subtraction of 6, the subtraction of 12 and, finally, 
the addition of 2. Generally, the expression a—b+c—d 
and so on may be regarded as the sum of the numbers (+a), 
(—5), (+c), (—d) and also as the result of the following 
successive operations: the subtraction of (+b) from (+a), 
the addition of (+c), the subtraction of (+d), and so оп. 

3. Multiplication. To multiply two numbers, multiply 
their absolute values and to the product affix a plus sign 
if the signs of the factors are the same, and a minus sign 
if they are different. 

Scheme (rule of signs in multiplication): 


Examples. (4-2.4)-(—5) = —12, (—2.4).(—5) = 12, (—82) 
X (+2) = —16.4. à 
When multiplying several factors together, the sign of 
the product is positive if the number of negative factors 
is even, and negative if the number of negative factors is odd. 
Example. 


(-1)-e3-c—9—n»:(77)-7-* 
(three negative factors) 
(—)e2c2» c» (+7)=7 
(two negative factors) 


4. Division. To divide one number by another, divide 
the absolute value of the former by the absolute value of 
the latter and place a plus sign in front of the quotient 
if the signs of the dividend and divisor are the same, and 
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a minus sign if they are different (the scheme is the same 
as for multiplication). 

Examples. (—6): (+3) = —2, (+8):(—2) = —4, 
(—12):(—12) 2 4-1. 


70. Operations with Monomlals. Addition 
and Subtraction of Polynomials 


A monomial is a product of two or more factors each of 
which is either a number, a letter or a power of a letter. 
For example, 2d, а%, Забс, --4х2у3 are monomials. А single 
number or a single letter may also be regarded as a monomial. 

Any one of the factors of a monomial may be taken as 
the coefficient of the monomial. The numerical factor (say, 
—4 in the expression—4x?yz*) is often taken as the coefficient. 
By isolating one of the factors as the coefficient, we simply 
Wish to stress that the monormial is th 


they differ solely in the co 


efficients. It is clear then that 
two monomials may be sim 


ilar ог dissimilar depending on 
Г the numerical factors are the 
ilar) monomials are those whose 
example, the monomials ax?y?, 
е coefficients are taken to be 
—5xy?, Ox?y? are similar if 
cal factors. m 

nerally speaking, the addition 


k n only be indicated; until we 
assign numbers to the letters, the sum of several terms can- 


not, as a rule, be simplified. The only simplification possible 

case of similar terms; here, the sum of similar 
т | term whose coefficient is equal to the sum of 
En coefficients. This Procedure is called collecting like 


Example 1, Sxtyi— Бу 6x*y? = 4x2y2, 
Example 2. ах ау y cx*y* = (a —b -+ c) хау, 
Example 3, 43? — ages 2х%у® + бх2уз 4 Bry 

= 2х3у?-|- 3x*y? 4. 5xy. 


Taking out a common factor. The operation performed 
in Example 2 is called factoring by taking out а common 
factor. We say that х2у2 has been factored out. Essentially, 
taking out a common factor is the same as collecting like 
terms. 

Polynomials. The sum of any number of monomials is 
called а polynomial. The addition of two or more polyno- 
mials is nothing other than the formation of a new polyno- 
mial that includes all the terms of all the original polyno- 
mials. 

Subtracting one polynomial from another is the same as 
adding a polynomial whose terms are those of the original 
Polynomial with signs reversed. 

Example. (402+ 2b —2x2y?) —(12a2—c) + (76 — 2x*y?) 
= 4a? + 2b — 9x1y2 — 12a? + c + 7b — 2x3y? = —8a* + 9b 


— 4x2y24 c : 
(like terms are underlined with the same number of lines). 

Multiplication of monomials. Generally speaking, the 
multiplication of monomials can only be indicated (cf. the 
loregoing on the addition of monomials). A product of two 
or more monomials can be simplified only when they inc- 
lude numerical coefficients or powers of the same letters, 
in which case the exponents of the appropriate letters are 
combined and the numerical coefficients multiplied together. 

Example. 5ax%y5 (—3a?x*z) = —15atx*y$z. 

[we add the exponents of the letter а (1+3=4) and of the 
letter x (24-4 —6)]. Вся 

Division of monomials. Generally speaking, the division 

of one monomial by another one can only be indicated. The 
quatient of two monomials can be simplified if the divi- 
end and divisor contain numerical coefficients or certain 
Powers of the same letters, in which case the exponent of 
the divisor is subtracted from the exponent of the divi- 
dend, and the numerical coefficient of the dividend is divi- 
ded by the numerical coefficient of the divisor. 

Example. 12x3y125:4x3y22— 3xy3z? [the exponents of the 
letter x are subtracted (3--2--1), the same for у (4—1=3) 
and for z (5—2=3]]. 

Note 1. If the exponents of some letter are the same in 
the dividend and in the divisor, the letter is dropped іп the 
quotient because, divided by itself, it yields unity. Sub- 
tracting exponents we would get 0. We therefore agree to 
consider the zeroth power of any number to be the number 1. 

Example. 4x2y3:2x2y = 2х" = 2y? (x? = 1). 
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Note 2. If the exponent of some letter in the dividend 
is less than the exponent of the same letter in the divisor, 
subtraction yields a negative power of that letter. For ae 
tails concerning negative powers, see Sec. 125. The resu 


can also be given in the form of a fraction. Then the nega- 
tive exponent is-not present. 


1 
Example. 10x?y5:2x%y4—5y- у= because x-# =. 


71. Multiplication of Sums and Polynomlals 


The product of a sum of two or more expressions by АП 
expression is equal to the sum of the products of each 0 
the terms by that expression: 

(a+6+c) x=ax+bx4 cx (with brackets removed) 

In place of the letters а, b, с we could take any expres- 
sions, say, any monomials. The letter x can also be replaced 

У any expression; if that expression is itself a sum of 
several terms, say m+n, then we have (a+b+c)(m+n)= 
трат п) (m--n) + c (т--п) = am - an +. bm-EUn-rem- en. 
hat is, the product of a sum by asum is equal to the sum of al 


possible Products of each term of one sum by each term of 
he other sum. 


For example, this tule refers to the product of a poly- 
nomia] by a polynomial: 


(88—2х 5) (4x42) = 122.82. 20x + 6x? — 4x + 10 
= 1242—2524 16x. 10 
Outline for multiplication: 
3x2 9x45 
4x42 


и 
12x3— 8x24 20x 
6х2 —4х-- 10 


рт ы ы 
12x3 —9x1. 16х+- 10 


72. Formulas for Short-Cut Multiplication of Polynomlals 


„ПЁ following Special cases of multiplication of polyno- 
mials are frequently encountered and so should be memori- 
zed. It is Particularly important to get into the habit of 


using these formulas for cases when the letters а and 6 are 
replaced by more complicated expressions (say, monomials). 

1. (a+ b) =а2 + 2ab-+ 6% The square of the sum of 
two quantities is equal to the square of the first term, plus 
twice the product of the two terms, plus the square of the 
„second term. 

Example 1. 1042— (100- 4)? = 10,000 +800 + 16 = 10,816. 

Example 2. (2та? 4- 0. 1nb2)? = 4ma5--0-4mnab?--0.01n*b*. 

Warning: (a+b)? is not equal to a?+b?. 

2. (a — b)? = a — 2ab + 6°. The square of the difference 
between two quantities is equal to the square of the first 
lerm, minus twice the product of the two terms, plus the 
square of the second term. This formula may be regarded 
р nem case of the preceding one [in place of b we take 
Example 1. 982 = (100 — 2)? = 10,000—400-+ 4 = 9604. 

Example 2. (5x3—2y3)? = 25x* —20х3уз + 4". 

Warning: (a—6)? 15 not equal to a?—b? [see 3]. 

..3. (a+ b) (a — b) — a? — 6°, The product of the sum and 
difference of two quantities is equal to the difference о! 
their squares. 

Example 1. 71.69 = (70 1) (70— 1) — 70? — 1 = 4899. 

Example 2. (0.2a% + сз) (0.2420 —с3) = 0.04at52— c°. 

4. (a+b)? = аз + За? + 3ab?--b?. The cube of the 
sum of two quantities is equal to the cube of the first term, 
plus three times the product of the square of the first term 
y the second, plus three times the product of the first term 
by the square of the second, plus the cube of the second. 

Example 1. 123 — (10-1-2)3 = 108 4-3- 1032-3. 10.22 

4 23 = 1728. 

Example 2. (5ab?--2a3) = 125a359-]- 150a5b* + 60a?b3 + 8а°. 

Warning: (a--5)* is not equal to a?-4-b? [see 6]. 

.8. (a—b) —a*—da?b-L3ab3—b*. The cube of the 
difference of two quantities is equal to the cube of the 
first term, minus three times the product of the square of 
the first term by the second, plus three times the product 
of the first term by the square of the second, minus the cube 
of the second term. 

Example. 992 — (100 — 1)2 = 1,000,000 —3-10,000-1 +3 

х100.1—1=970,299. 

Warning: (а—6)3 is not equal to a3—5? [see 7]. 

6. (a+b) (a?— ab J-b:)— a + 6%. The product of the 
sum of two quantities by the “imperfect square of the dif- 
ference” is equal to the sum of their cubes. 


7% (а— b) (а* ab + b?) = a3 — pa, The product оЁ the 
difference of two quantities by the “imperfect square of the 
sum” is equal to the difference of their cubes. 


73. Division of Sums and Polynomials 


The quotient obtained by dividing the sum of two or 
more expressions by an expression is equal to the sum о! 


the quotients obtained by dividing each term by that expres- 
sion: 


а+ь+с а 5 с 
ЕЕ te Per 


а, b, с, x are any expressions; if they are all monomials, 
that is, if division of a Polynomial by a monomial is рег- 
amen then each of the quotients may be simplified (see 
ec. 70). 


3a*bellab? За | | lab? 
Example. wo = — = За + 116. 

_ Hf a, b, с are monomials and x is a polynomial, that is if 
division of a polynomial by a polynomial is performed, the quo- 
tient cannot, generally Speaking, be represented as a polynomial 

d Бу dividing a whole number 
ays be represented as а whole 
‚ We cannot always find а poly- 
divi БЫА ed Бу the polynomial of the 

visor will yield the polynomial of the dividend. 


Example. The quotient = cannot be represented as а 


polynomial; the quotient шен сап Бе represented as а ро- 
lynomial; p 
poly nore еле case, the division of a polynomial by a 


а--х. 


гу. Ч-З==35, that is if p is the dividend, 9 
i ee Ше quotient and m the remainder, then 
tient and МАСА URS not suffice to determine the quo- 


e Completely; thus, in our example 
5, 4--4) the numbers Bunt п= 11, т=4, and n=19 


have the same property. Also note that the number n must 
be less than 4. This cannot be literally carried over to the 
case of division of polynomials because the same expression 
may be greater for one set of values of the letters and smal- 
ler than the other for another set. A modification is requi- 
гей: in each of the polynomials, some опе of the letters of 
its terms is taken as the principal letter. The highest power 
of this letter is called the degree of the polynomial. Then 
division in which a remainder occurs is defined as follows. 
To divide a polynomial P by a polynomial Q means to 
find a polynomial M (quotient) and a polynomial М (rema- 
inder) that satisfy two requirements: (1) the equality 
MQ+N=P must hold, (2) the ce of the polynomial № 
must be lower than that of the polynomial Q. A 
Note. The remainder № need not contain the principal 
letter at all; then we say that М is of degree zero. ч 
It is always possible to find polynomials М and N which 
satisfy these requirements uniquely for a given choice of the 
Principal letter. However, they may differ if the choice 
of principal letter is different. The process of finding the 
quotient М and the remainder М is similar to the process 
of division (with a remainder) of one multidigit number by 
another. The role of higher- and lower-order digits is played 
by terms containing the principal letter to higher and lower 
powers. Before beginning the division ‘process, the terms of 
the dividend and divisor are arranged in a descending order 
of powers of the principal letter. 
Outline of division: 


(dividend) 8a3-- 16a2—2a-|-4| 4a?— 2a 4-1 (divisor) 


=F 8a? + 4a? - га 2a--5 (quotient) 
20a?— 4а--4 
— 920a -- 10a 3-5 


ба— 1 (remainder) 


(1) Divide the first term of the dividend 8a? by the first 
term of the divisor 4a?; the result 2a is the first term of 
the quotient. у 

(2) Multiply this term by the divisor 402— 224-1 to get 
8a3— 4a? да which is written under the dividend, similar 
terms under each other. 

(3) Subtract the terms of the result from the correspon- 
ding terms of the dividend; bring down the next term of 
the dividend to get 20a?—4a +4. 
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ivi i i ? by the 
4) Divide the first term of the remainder 20a 
firs bun of the divisor to get 5, which is the second term 
f the quotient. ; " 
р (5) Multiply the second term of the quotient by ше; 
visor to get 2002—1005, which is written under the fi 
ainder. . 
NO Subtract the terms of this result from the correspon 
ding terms of the first remainder to get the second remain 
der ба—1. Its degree is less than the degree of the divis | 
which means the division process is complete. We have 
quotient of 2а--5 and a remainder of 6a—1. 
Alternation mode of division: 


2x24 3x?— 9x4 (quotient) 
(divisor) 3x—2 | 6x4 + 5х3 — 12x? — 8x 4- 3 (dividend) 
6x1—4x3 
+9x3— [2х2 
9x3— 6x? 
— 6х2 — 8х 
—6x? -- 4х 
—12x 4-3 
—12x 4-8 


— 5 (remainder) 


74. Division of a Polynomlal by. 
а First-Degree Binomial 


If a polynomial containing x is divided by a first-degree 
binomial х—/, where { is 


tive), then we get a remainder which can only be а zero- 


quotient. Namely, this 
the dividend which the 

Example 1. Find the re: 
mial x8— 3x24 5х— | b 


given polynomial, we find N=23_3.924 5-2 1—5. 
Indeed, 


mainder obtained from dividing 
1 Y *+2. Here, [— —2. Substituting 
*=—2 into х447, we find У — (—2)4--7—23. қ 

his property of a remainder is called the remainder 
theorem. It was discovered by the French mathematician 
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Bézout (1730—1783). The remainder theorem reads: when a 
polynomial 


agx? + ayx™-14 а.хп-?--...-Рат 
is divided by х—1, the remainder obtained is 
N aal? 4-a,I7-! 4-a,/7724- ... a 
Proof. By the definition of division (Sec. 73), we have 
agx? +ахт=1 +... Фаг — (x —1) Q4- М 


where Q is a polynomial and М is a number. Substitute х= l; 
the term (x—/)Q vanishes and we get 


ad? +al™-!+ ... cag — М 
Note. It may happen that N —0. Then / is a root of the 


equation 
ax? + ax?714- ... Бат =0 (1) 


Example. The polynomial хз- 5х — 18 leaves по remain- 
der when divided by x--3. Тһе quotient is х2--2х-6. 
Hence, —3 is а root of the equation х3--5х3--18--0. In- 
eed, (—3)з- 5 (—3)?— 18 = 0. 

бд i 1 is a root of equation (1), then the left 
member of this equation is exactly divisible by х-. - 

Example. The number 2 is а root of the equation 
Х3--3х--2--0(93--3.2--2--0). Hence, the polynomial 
x3—3x—2 is exactly divisible by х—2. Indeed, 


(33 —3x—2):(x—2) =х?ї-Е2х-+Е1 


75. Divisibility of the Blnomlal 
x” а" by x Fa 

1. The difference between identical powers of two num- 
bers is exactly divisible by the difference between the num- 
bers, that is x"—a™ is divisible by x—a. This criterion, 
like the ones which follow, are a consequence of the remain- 
der theorem (Sec. 74). : 

The quotient consists of m terms and has the followin, 
form: (х®—ат):(х—а) = x1 4 ax? 73 азхт— 3 ... Бап 
(the exponents on x steadily diminish by unity, whereas the 
exponents on a increase by unity so that the sum of the 
exponents is constant and equal to m— 1; all coefficients are 
equal to +1). 


Examples. 


x?—a?):(x—a) — x - a, к 

авт (х--а)-х2--ах--а?, р 

(х4--а4) (х--а =x pax? + atx + аз, a, 

(00—05): (х—а) = x44 ах3 азу? азу + а у T 

i i vers of two 

. The difference between identical even power: 
de is divisible not only by the difference Petweet ness 
numbers (Item 1) but also by their sum, i. e., ie ite 
even т, is divisible both by x—a and by хаса 
latter instance, the quotient is of the form x ^ 
Ч а2х"-3—... (the plus and minus signs alternate). 

Examples. 

(Х2—а5):(х 4- a) - x— a, " 

(ai): (x- a) = 3 — ax 4 азу оз, MR s 

а) «35 — axi Eats абаа x—a5. 


Note. Since the difference between even powers p ur 
sible by x—a and by x+a, it is also divisible by x 
Examples. 


The law of formation of quotients is obvious; it is rea- 
dily subsumed under the law of Item 1, for example, 


(a8): (x2— ае) = [(угуа et ту m + (a)? x2- (a3)? 
een identical odd powers of two 


Í the numbers. 
SM ye is divisible by 


2a.. The difference betw 
numbers is not divisible by 
Or example, neither хз 
х+а. 
3. The sum of the same 
divisible by the difference b 


For example, х--а does 
ог x*-L- at, 


4. The sum of the same odd. powers of two numbers is 


divisible by the Sum of the numbers (in the quotient, the 
Plus and minus signs alternate). 
Examples. 


Q3 - a3): (x- a) == уа 
(35 +a): (ха) = 5а 


i г 
Powers of two numbers is neve 
etween these numbers. заз 
not divide into х2 4-а? or x 


—ах + а?, 
— ах3 + atx? a3 + дв, 
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4a. The sums of identical even powers of two numbers 
are not divisible by their difference (Item 3) or even by the 
sum of the numbers. For example, x?+ а? is not divisible 
either by х—а or by х+а. 


76. Factorization of Polynomlals 


A polynomial can sometimes be represented in the form 
of a product of two or more polynomials. This is by far not 
always possible but when it is possible, it is often very dif- 
ficult to find the required factors. Its practical utility lies 
in the fact that it permits simplifying expressions (say, when 
common factors can be found in the numerator and denomi- 
nator of a fraction; for examples, see the next section). The 
following are some elementary cases of the factorization of 
polynomials. 

1. If all terms of a polynomial contain the same expres- 
sion as a factor it can be taken outside the brackets (see 
Sec. 70, addition of monomials). 

Example 1. 7a?xy— 14a5x3 = Тазх (y —2a?x?). = 

Example 2. 6х2у3— 2uxy? 4- 4u2xy = 2xy (3xy?— uy + 2u*). 

2. It is sometimes possible to break the terms up into 
several groups, take out a factor in each group, and find 
the same expression in all sets of brackets. This expression 
can then be factored out; factorization of the polynomial is 
complete. 

Example 1. ax-++-bx-+ ay + by = x (a+6)+y (a+b) 
= (a +b) (x+y). 

Example 2. 10a3— 653 + 4а58— 15a*b 


= ба? (2a — 35) + 262 (2a — 35) = (2a— 36) (5a? + 2°). 


Note. It is worth remembering that the expression a—b 
can always be given in the form —(b—a) so that what ap- 
pears at first glance to be different expressions can easily be 
urned into the same expressions. 


Example 3. бах — 20х-- 9by— 27ay 
= 2x (3a—b)-+ 9y (b—3a) = 2x (3a—b) —9y (3a —5) 
= (8a —5) (2x—9y). 


3. The transformation explained in Item 2 can sometimes 
be carried out after first introducing new terms that mutu- 
ally cancel or after breaking up one of the terms into two 
summands. 


10-1303 
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Example 1. 202—2 024 ах—ах— x? 
у =a (a+ x)—x (а + x) = (а + x) (a—2) 
cf. formula 3 of Sec. 72). 
| Example 2. p?+ pq—2q?= p?+ 2pg — pg — 245 


=P (p 2)—4 (P+ 29) = (p +29) (p—4)- 
4. The technique of Item 3 can sometimes be circumven- 
ted by using sane of the factorization formulas obtained by 


manipulating the formulas of short-cut multiplication 
(Sec. 72), namely: 


a3--2ab--b*-—(a--b)5; a?— 9ab--b* — (a —b)*; 
a*— b? — (a+b) (a— b), etc. 


Example. 4x?-+ 20xy + 25/2, Using the first of these for- 
mulas (a—2x, b—5y), we get 


4х2 20xy + 25/% = (2x -- Бу)г 7 

Successful factorization of polynomials into the aay 

possible number of factors depends largely on one’s exe vd 

in handling and combining the techniques enumerated above. 
Example. 124-33 —4x —3y2— 12--3х2-- x3 — 4x 

= 8 (4—2) —х (4— x?) = (4— улу (3— х) 

= (24-х) @—х) (3— 9). 


71. Algebraic Fractions 


A 
An. algebraic fraction is an expression of the form %» 


where A and B denote any literal or numerical expressions, 
and, the horizontal bar is the symbol for division. The M 
dend A is called the numerator, the divisor B is called 2 
denominator. The fractions studied in arithmetic are a E 
i ic fractions (in which the numerator po 
positive whole numbers) The rules thé 
handling algebraic fractions аге the same as those for | Е 
fractions of arithmetic (see Secs. 30-36). We therefore confin 
ourselves to a number of illustrative examples. 


Reduction of Fractions 
Example 1. The fraction Tis may be reduced by divi- 
ding through by 3a2x3; Бан = дл. 
Example 2. The fraction ee may be reduced by 
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cancelling out 2a— 3b. To see this, factor the numerator and 


the denominator (see Sec. 76, Item 3): 


2a*-ab-3b* (2a-3b) (a+b) а+ь 
2a?—5ab+ 3b? (2a—36) (a-b) a-b 


Addition and Subtraction of Fractions 
Example 1. To add the fractions atm take a?b? for 


the common denominator; the additional factors are b for 
the first summand and a for the second: 


m п mb+na 
ab abi aibi 
Example 2. 
a-b a+b a-b a+b 
Фаз-ађ-36% _ 20:-506+35: ^ (00-35) (a+b)  (2a—3b) (a-b) 
у (a—)?-(a+6)? 
^. (2a-3b) (a+b) (a-b) 


-4ab 
= (2a-35) (0-6) ` 


Note. Only in exceptional cases do multi-termed denomi- 
nators have common factors, and if there are common fac- 
tors, it usually requires a good deal of time to find them. 
Searching for such factors is a good exercise in developing 
algebraic habits and so the continued attention devoted to 
this work in textbooks is quite justified. However, their 
practical utility is slight and it is very often much better 
Simply to take the product of the given denominators as the 
common denominator and not search for the simplest one. 


Multiplication and Division of Fractions 


Example 1, 2220. 202*.. 9224. Simplification can be car- 
tied out either prior to multiplication or afterwards. 


Е x?-a? .X!-ax-cx4ac 
xample: 2. x'-bxecx-bc^ хі? 
(ха?) (x*- 1) (xa) xb) _ Ga) Gb) А 
= (x=b) (х+с) (x-a) (х-с) (х+с) (x-0) re 


78. Proportions 


The definitions of a ratio and a proportion are given in 
Sec. 62. From the proportion == follows ad=be (the 


10* 
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i t of the extre- 
t of the means is equal to the produc 3 
MU e from ad = bc follow the proportions 


c d - b dw 


Еа ЧЕ а 


а 
E~ " 
and others. All these Proportions may be obtained from the 
original one, ==, using the following rules. 


1. In the proportion Ty the means may be inter- 
changed, the extremes may be interchanged, or both may 
be interchanged at the same time. We have 


a b с а 
== , 


a 


d 
2. In a proportion, 
of both ratios may be in 


LEM 
+= 


the antecedent and the consequent 
с 
terchanged. From == we get 


- This proportion was obtained earlier (in the form 


= ==), In the same way, nothing is altered by inter- 


changing the antecedent and the consequent in the three 
Proportions given above, 


gale 


Derived proportions. If +=, then the following pro- 
portions (called derived 


= i m 
› Proportions) which are obtained fro! 
© Біуеп proportion hold true: 
a+b с44 a- —tedq. qub pid Bro е 
а аар a ае 
ве ов "NC b d b 4 j 
a+b ced’ a-b c-d ' a+b c«d'a-b с-а 
a+b сәй a+c a S „с. = aL o 
аға tad" bed pem, a б 4 
а, o wi Geh rdc OG 
ecd. ed peu pom a 
These and a multitude of other derived proportions са 
be combined into two basic forms: 
та +пђ mctnd (1) 
та+тб — тела 
та+пс тӛ-па (2) 
тате ^ тела 


Where m, n, ту, Т аге any numbers. Form (2) is obtained by 
the same Tule as 


: (1) if we first interchange the means in 
€ given proportion, 


"MS 


Putting m=n=m,=1, n, = 0 in formula (1), we get the 


d ; a 
derived proportion ae === ; puttingm=n=m,=1,n,=0 
in (2), we have 556 +4 or, interchanging the mean terms, 


ate _ 


pe aa d 
bed = + and so on. 


79. Why Wo Need Equations 


Com 


putational problems are of two kinds: direct and in- 
direct, 


Here is an instance of a direct problem: what is the 
weight of a chunk of alloy which contains 0.6 dm? of 
Copper 


ег (specific weight: 8.9 kg/dm?) and 0.4 dm? of zinc 
(specific weight 7.0 kg/dm?)? Solving, we find the weight 
of the copper (8.9-0.6--5.34 (kg)), the weight of the zinc 
(7.0-0.4--2.8 (kg) and then the weight of the alloy 
(5.34--2.8 —8.14 (kg)). These operations and their sequence 
are implied in the very statement of the problem. 

снеге is an instance of an indirect problem: an alloy con- 
Sisting of copper and zinc of volume 1 dm? weighs 8.14 kg. 
Find the volumes of the copper and zinc in this alloy. Here, 
the Statement of the problem does not indicate the opera- 
as tiat Will lead to the solution. In what is called an 


ic solution, considerable ingenuity is often required 
to find а plan of solution of 


an indirect problem. Each new 
Problem requires settin 


6 up a fresh scheme. This is largely 
а waste of the Computor’s time. It was to rationalize the 
Computing process that the method of equations, which is 


he UN Subject of study in algebra, was created (see 


5). The gist of the method is this. 
Far ee desired quantities are given special designations. 
tee m Purpose we use literal symbols (mostly the last let- 
bis. the Latin alphabet, x, y, z, u, v). Using these sym- 
the EUM Signs of operations (+, —, etc.), we translate 
i onditions of the problem into mathematical language, 
чап We express the relationships between the given 
symbole У and the unknown quantities by mathematical 
anne instead of words. Each such mathematical state- 
ent is an equation. 


їшїн е next step is to solve the equation, that is, to 
Salutis values of the sought-for unknown quantities. The 
in Strict of an equation is a mechanical procedure, which is 

ict accord with established rules. At this stage we no 


res of 
ke use of 
ry tasks 


longer have to take into account the specific featu 


the problem at hand, all we have to do is ma 
firmly set rules and techniques. (One of the primal 


of algebra is to derive these rules.) : f 

Thus, equations are needed to mechanize the uot о 
the computor. After the equation has been set ир, ! 
tion can be obtained quite automatically (which P "t 
what computing machines do at present). The diii 
solving a problem lies in setting up the equation. 


80. How to Set Up Equatlons 
; ical form 
To form an equation is to express ІП mathematica, the 
а relationship between the given (known) quant! pis rela- 
problem and the sought-for (unknown) quantities. formula 
tionship is sometimes so explicitly stated in the а 
tion of the problem that setting up the equation је 
reduces to a word-for-word rehashing of the problem 
language of mathematical symbolism. for а jo 
Example 1. Petrov received 16 roubles more heir pay 
than half the sum which Ivanov got. Together Ше 
came to 112 roubles. How much did each get? is 1/25 
Denote by x the share of Ivanov. Half his pay they re 
Petrov's pay for the month was 1/2x 4- 16; together ite 
ceived a total of 112 roubles. In symbols we can Ут! 


1/2x + 16; = 112 
(1/2x + 16) -- x T estab- 


The equation has been set up. Solving it b 

, p. Solving y 64 
lished rules (Sec. 84), we find that Ivanov got aid х 
roubles; Petrov's pay was 1/2х + 16 —48 roubles. 
cem ore often, however, it happens that the 
between the known and unknown quantities is no о 
citly stated in the problem and has to be built UP OT. ost 
ue 5 nent of the problem. Practical problems are alme a 

all (0 at kind so that the case we gave above is 0 
рлер artificial type hardly ever encountered іп real $ 
It is therefore im i i i ісе 25 
е possible to give exhaustive advice 2 
nox uu ou IET 
er the following. For t of the 
В (0: unknowns) take sone па о пе (а! 
RD арыр ке M oo е if the gues is a solution 
- ап make 1 
our guess is correct or incorrect (which. а 


relationshi 
xpli- 


then we can immediately set about forming the equation 
(or equations) we need. Namely, write down the very ope- 
rations that were used to check the correctness of the ran- 
domly chosen number by introducing instead a literal sym- 
bol for the unknown. That is the equation we need. 

Example 2. A piece of an alloy composed of copper and 
zinc weighs 8.14 kg and is | dm? in volume. How much 
Copper is there in the alloy (specific weights: copper 
8.9 kg/dm?, zinc, 7.0 kg/dm?)? 

Take some number to express the desired volume of 
copper, say 0.3 dm?. Now check to see how close a fit we 
get. Since 1 dm? of copper weighs 8.9 kg, 0.3 dm? will 
weigh 8.9.0.3— 2.67 (kg). The volume of zinc in the alloy 
is 1—0.3—0.7 (dm), This weighs 7.0.0.7 =4.9 (kg). The 
total weight of zinc and copper comes out to 2.67+ 4.9 
— 7.57 (kg). But the weight of our piece is given as8.14 kg. 

ur guess was wide of the mark, but at least we have an 
equation whose solution will yield the correct answer. In 
place of the guess (0.3 dm?), denote the volume of copper 
(in dm?) by x. In place of the product 8.9-0.3 =2.67 take 
the product 8.9x. This is the weight of the copper in the 
alloy. In place of 1—0.3—0.7 take 1--х; this is the volu- 
me of the zinc. In place of 7.0-0.7 —4.9, take 7.0 (1— x), 
which is the weight of the zinc. In place of 2.67--4.9, take 
8.9x 4- 7.0 (1— x), which is the total weight of the zinc and the 
Copper, and which is given as 8.14 kg. Thus 8.9x-+ 7.0 
X(1—x)— 8.14. The solution of this equation (see Sec. 79) 
yields x —0.6. The solution can be checked in a variety of 
Ways, which yield a variety of equations, all of which ho- 
wever will result in the same solution. Such equations are 
called equivalent equations (see Sec. 82). | 

Quite naturally, after setting up equations has become 
a firmly established habit, there is no need to make these 
preliminary checks of conjectured numbers; simply start out 
y designating the unknown quantity by some letter (x, y, 
etc.) and then proceed as И this letter (the unknown) were 
the number we wish to verify. 


81. Essentlal Facts about Equatlons 


Two expressions, numerical or literal, joined together by 
an equality sign (—) form an equation (numerical or literal). 

Every true numerical equation, and also every literal 
equation which holds true for all numerical values of the 
letters in them is termed an identity. 


Examples. (1) The numerical equation 5-3--1—20—4 15 
an identity. (2) The literal equation (а—5) (а Раја 
is an identity since for all numerical values of а and 6 the 
tight and left sides yield the same number. A literal equa- 
tion is one in which all or some of the known quantus 
are expressed by letters, otherwise the equation is terme 
numerical. $ Е the 

It must be pointed out specially which letters о 15 
equation аге to be taken as known and which are to ; 
regarded as unknown quantities. The unknowns are ordin 
rily denoted by x, y, z, и, о, w. According to the num 5 
of unknowns, equations are called equations in one, two, 
three, etc. unknowns. ical 

To solve a numerical equation means to find numerical 
values of the indicated unknowns which turn the ШЕН 
into an identity. These values are called the roofs of the 
equation. r f 

To solve a literal equation means to find expressions 0 
the unknowns in terms of the known quantities given in 
the equation, which, when substituted tee the unknowns, 
turn the equation into an identity. The expressions thus 
found are called the roots of the equation. 

Example 1. = х is а numerical equation in one 
unknown, x, For x=1 


an identity that is, they yield one and the same number; 
x= l is the root of the 


equation. 
Example 2, ax+-b=cx+d is a literal equation in one 
unknown, x; when xb it becomes an identity, since the 


4 4-ь 
expressions 44-2-Һ5 and а yield the same numbers 


; 2 1 form 
T— x 10 
the expressions Jax and = 


for all values of the letters a; b, Буй (these expressions 
d — bi -b ; 
may be transformed to ес). The value х=? їз Ше 
root of the equation. 
Example 3. 3x--4y— n1 is a i ion i 
numerical equation in two 
RES When x1, ge it becomes! ап identity: 
ux tob 2s valies Х--1, y=2 are roots of the equa- 
Жолы по o or te equation. The 
values х--2, у--1-- аге also foots. This equation has infi- 
nitely many roots but it js not an 


identity because, for 


pas 


SOLVING И ATIONS 


example, when x=2 and y=3 the right and left members 
of the equation do not equal each other. 

Example 4. 2x+3=2(x--1) is a numerical equation in 
one unknown. It does not become an identity for any va- 
lues of x whatever (the right member may be represented 
as 2х--2: no matter what 2x equals, adding 2 to 2x cannot 
Yield the same number as adding 3 to 2х). This equation 
does not have any roots. 


82. Equivalent Equations. Solving Equations 


Equivalent equations are equations that have the same 
roots; for instance, x?—3x—2 and x?--2 — 3x аге equivalent 
Since they both have the roots x—1 and x—2. The process 
of solving an equation consists mainly in replacing a given 
equation by another one that is equivalent to the first. 

The basic techniques involved in solving equations are 
the following 

1. Replacement of an expression by an equivalent one. 
For example, the equation 

(x4-1)?22x4-5 
may be replaced by the equivalent equation 
x*--2x 4-1— 2x 4-5 

2. The terms of an equation may be transposed (carried 
over from one member, or side, of an equation to the other); 
in this process the sign of each term is reversed. For instance 
in the equation x?--2x--1—2x--5 we сап transpose all 
terms to the left member, the terms 4-2х and 4-5 go from 
the right member to the left member with the sign reversed. 

he equation х2--2х--1—2х—5=0 or, what is the same 
thing, х2--4--0, is equivalent to the original equation. 

. 3. Both members of an equation can be multiplied or 
divided by one and the same expression. It is important 
here to bear in mind that the new equation may not be 
equivalent to the preceding equation if the expression used 
19 multiply ог divide has the property of becoming equal 
о zero. 

Example. Given the equation (x— 1) (4:2) =4 (x— 1). 
Divide both sides by x—1 to get х--2--4. This equation 
has a unique root, x— 2, yet the original equation has the 
Toot x— 2 and also the root х= 1. This root was “lost” in 
the division by x—1. On the contrary, when we multiply 


м 
both members of the equation х--2—4 by 0 атат 
root, х= 1, appears in addition to the root руа not mul- 
this it does not in the least follow that we Shen п expres: 
tiply or divide both members of an equation у а thing we 
sion which is capable of becoming zero. The on Y to note 
have to do, when performing such operations, jue intro- 
whether any old roots are lost or any new ones 
duced. ua- 

4. It is also possible to raise both members д) усу; 
tion to the same power or extract {һе same Eo to the 
the result may be equations that are not Ч ОПЕ root, 
original one. For example, the equation 2x=6 ha two roots: 
х=3; but the equation (2x)? — 62, or 4x? — 36, nes n, check 
*=3 and х= —3. Before transforming an ан, st ог new 
to see whether some of the original roots are los id roots 
Ones introduced. Most important is to be sure no dangerous 
ате lost. The introduction of new roots is not so inal equa- 
because any root can be substituted into the origi 


т isfies the 
tion and verified on the spot to sce whether it satisfies 
equation or not. 


83. Equations Classified 


; ег$ 
An equation is called algebraic if each of its шеш 
(sides) is a polynomial ог monomial (single term) (see Sec. 
with respect to the unknown quantities. E tion in 
Examples. bx -- ay? — xy 4- 2” is an algebraic eaga 1 is nO 
two unknowns, but the equation bx -+-ay?= ху-- 2 | їп 
algebraic because the tight member is not a polynomia the 
the letters x and y (the term 2* is not а monomial in 


s the 

it is necessary to form the sum of 
exponents of all unknowns. The linet sum is termed the 
degree of the equation. 


i quation 4294942 17, —43—8 ва 
get 2х2 17х--8 =0 when 
all terms are transposed to the le 


ft side. 
Example 2. The e uation o4 dx 4 tion of 
the first degree since the Wighest 5 =с5 is an equa 
is one 


degree of the unknown, 4 


Example 3. The equation a?x? + bx3y3 — (84. -2--0 is ап 
equation of the sixth degree since the sum of the exponents 
on the unknowns x and y comes to 5 for the first and third 
terms, 6 for the second and zero for the fourth; the largest 
sum is 6. 

Equations whose solution reduces to the solution of an 
TES Talc equation are sometimes also classed as algebraic. 


€ degree of such an equation is the degree of the algebraic 
equation to which it reduces. 


Example 4. = =2x is an equation of the second degree 


although the second degree of the unknown is not evident. 
tion ever, if it is replaced by an equivalent algebraic equa- 
оп (by getting rid of the fraction), it becomes 2x?—3x 


—1=0. A first-degree equation in an ber of unk 
Я у number of unknowns 
15 also called a linear equation. 


84, First-Degree Equation in Опе Unknown 


t An equation of the first degree in one unknown may be 
ransformed to one of the form ax—b; where a and D are 
given numbers or literal expressions containing known quan- 
tities, The solution (root) is of the form х= . Manipula- 
tive difficulties occur only in carrying out transformations. 

Example j, x8. В lp қ 

2(х+2) 2Х+5 ха? А 
(1) Reduce the right member to а common denominator: 


3х-5 (3х-1)(х»2)-(2х-5) 
2 (х+2) — (2x45) (x+2) 


(2) Remove brackets in the numerator of the right mem- 


3х-5 3х3%3х-7 
Бег апа collect terms: aD = Gee 
(3) Multiply both members by 2(2x+5)(x+2) so as to 
clear the equation of fractions. (We leave the question as to 
Whether or not extraneous roots have been introduced till 


after the solution.) 
(3x—5) (2x 4- 5) = 2 (3x?-- 3x — 7) 
(4) Removing brackets, we get 
6x? + 5x — 25 = 6х2-- 6x— 14 


(5) Transpose all unknowns to the left member, all nowe 
quantities to the right, and collect like terms. We 07 y 
get — х= 1l, the root of the equation is thus = БДА if 

Substitute this value into the original equation and verify 
that this root is not an extraneous root. 

x? (x-a)? , (x-6)? 
Exemple аат «-5 Руско а) = + TA 
(1) Reduce the left member to a common denominator: 


X (x—a) (x — b) 


(The additional factors are: x for the first fraction, х—а for 
the second, and х—ђ for the third). 


+ (x-a)? + (х- Б)з —3 
x (x-a) (x-0) = 


(2) We get rid of the fraction by multiplying both sides 
by x(x—a) (x—b): 
4 (x—a) + (x — 5) =3x (x —a) (x —b) 
(3) Removing brackets, we have 
3X3 + x3 — Зах? 4- 3a?x —аз + х% —3bx? + 3b?x — b? 
= 3х3 — Зах? — 3px? + 3abx x 
(4) Transpose unknown terms to the left and known quan- 


tities to the right member, Collecting like terms, we finally 
ave 


Зах —3abx + 352, 


= а3 53 ог 3(a? —ab 4-02) x =a? -- b? 
(5) We now find 


the root of the equation to be 


x= arb? 
3 ta?-ab 407) 


Pression may Бе simplified by cancelling out 


a+b 
ATO 
3 


This ex 
a? — ab 4- p?: 


85. A System of 


Two First.p 
In Two Unknowns gree Equations 


unknowns x and и becomes ах ee Е degree in tue 
given numbers or literal expressions, — ^ Where а, b, с 


ТаКеп separately, such ап equation has infinitely many 
Tools. Assign arbitrary values to one of the unknowns (say x) 
and the value of у can be found from the equation in one 
unknown by substituting the value of x into our equation. 
For instance, in the equation 5х--3у--7 we can put х=2; 
we then get 10--3y —7, whence y= —1. 

However, if the unknowns x and у аге connected by two 
(not one) equations of the first degree, then they will have 
infinitely many solutions only in exceptional cases (see 
Sec. 87). Generally, a system oí two first-degree equations in 
two unknowns has only one set of solutions (solution set). 
t may also happen (in exceptional cases again) that it does 
not have any solutions at all (see Sec. 87). 

Solving a system of two first-degree equations in two 
unknowns may be reduced, in a variety of ways, to the solu- 
lon of one equation of the first degree in one unknown. 

Wo such procedures are discussed in the next section. 

Problems that lead to a system of two equations in two 
Unknowns can always be solved by means of one equation in 
Опе unknown; however, much attention must then be paid 

© computations which, when a system of equations is 
employed, are handled routinely in the very process of solv- 
mg the system. The same goes for problems involving three 
9r more unknowns. They may be solved with the aid of one 
or two unknown quantities. The larger the number of 
Unknowns involved, the simpler (generally speaking) it is to 
the UP each one of the equations, but the more difficult is 
С е Process of solution of the system. Therefore, practical 
по Чега ions suggest introducing as few unknowns аз роз- 
Sible but in such a way that setting up the equations does 
not become too involved. 7 б 

8 Example. A piece of alloy made of copper and zinc weighs 
9.14 kg and is | dm? in volume. How much copper and zinc 
&g lere in the alloy (copper has a specific weight of 
у kg/dm?, zinc, 7.0 kg/dm?)? Denoting by x and y the 
unknown volumes of copper and zinc, we have two equations: 


х+у=1, (1) 
8.9x 4- 7.0y — 8.14 (2) 


The fi total volume of copper and. zinc 
in dm) Пе te the second states that the {оа 
Weight (in kg) is equal to 8.14 (8.9x is the veient С e 
copper; 7.0y, the weight of the zinc). ӨШУІНЕ e 3 91 
equations (1) — (2) using the general rules of Sec. 86, we fin 


/ i in Sec. 80 
x=0.6, y=0.4. We solved this same problem in : 
(Example 2) using only one unknown, x. The suggestion 
given in Sec. 80 hold true as well for setting up a sys 
of equations in two or more unknowns. 


86. Solving a System of Two First-Degree 
Equations in Two Unknowns 


(a) Solving by the substitution method. This merod 
consists in the following: (1) using one equation, n the 
expression of one of the unknowns, say x, in terms БСР 
known quantities and the other unknown, y; (2) su S aiiis 
this expression into the second equation, which then соп, ihe 
only one unknown, y; (3) solve the equation and fin ion 
value of y; (4) substitute the value of y into the Eden he 
of the unknown x which was found at the beginning 0 
solution. This yields the value of x. 

Example. Solve the system of equations 


8x—3y = 46, 
5x + 6y — 13 


(1) Use the first equation to find the expression of x in 
terms of the given numbers and the unknown y: 


— 46+ Зу 
Ties 


(2) Substitute this expression into the second equation: 


x 


5.3639 бу — 13 
(3) Solve the resulting equation: 
5 (46 4- 3y) + 48y = 104, 
230-+ 15y 4+ 48y = 104, 
у + 48y = 104—230, 


Зу= —126, у——2 
(4) Substitute th 


е value of y (y = —2) into the expression 
xa Bt, This yields х= 16-65 


(b) Solving by addition or subt cti 3 thod con- 
sists in the following: (0) both tembem of one method ost; 
multiplie me factor; bot n 
equation are multiplied by anat, members of the seco! 


re 
chosen so that the coefficients oj factor. These factors a 


equations have the same absolute value after the operation. 
(2) Add or subtract the equations depending on whether the 
Signs of the equalized coefficients have the same or different 
inet in this way one of the unknowns is eliminated. 
(3) Solve the resulting equation in one unknown. (4) The 
other unknown can be found in the same way, but it is 
ordinarily easier to substitute the value of the first unknown 


into any one of the given equations and solve the resulting 


equation in one unknown. 
Example. Solve the system of equations 
8x— 3y = 46, 
5x+6y=13 


th (1) The easiest way is to equalize the absolute values of 

е Coefficients of y; multiply both sides of the first equation 
рУ 2; and both sides of the second by 1 (which is to say, 
eave it unchanged): 


8x—3y = 46 |2| 16x—6y = 92, 
5x+6y=13 |1| 5x+6y=13 
(2) Add the two equations: 
16 —бу= 92 
45 5х +бу= 13 
21x = 105 
(3) Solve the resulting equation: 
105 — 5 
TIS 


é P Substitute the value x—5 into the first equation to 
e 


40--3у--46, —3y—46—40, — 3y—6 
Whence i У 


6 
y—237—2 


The m of addition or subtraction is preferable to 
other кенен а when the absolute values of the coeffici- 
ents of one of the unknowns are equal in the given equations 
(then the first of the steps in the solution process ie no 
Needed); (2) when it is seen at once that the numerical co- 
efficients of one of the unknowns can be equalized by geans 
of small integral factors; (3) when the coefficients of the 


equations contain literal expressions. 


Example. Solve the system 


(a+c) x— (a —c) у = 2ab, 
(a+ b) x — (a —5) y = 2ac 


i ici ИН ides of 
(1) Equalize the coefficients of x; multiply both si 
the first equation by (a+b), of the second by (a+c) to get 


П b) x— (a +b) (a —c) у = даб (а +b), 
ataata a atig alato 


(2) Subtract the second equation from the first: 
[(a— b) (а +c)— (a + b) (a —c)] у =2ab (a 4- b) — 2ac (а +°) 
(3) Solve the equation obtained: 


и 2ab (а +6)– дас (ac) 
Y= — a-b) a+c) -arb (ac) 

This expression can be simplified considerably’ but the, 
manipulations are involved. In the numerator and degom 
nator, remove brackets, collect terms, factorize and cance 
common factors to simplify the fraction: 


ы 2a (ab-- b*—ac- с?) 
y (a*—ab-- ac - bc) - (a? c ab — ac — bc) 
_ _2а [(ab — ac) +(b?-c?))} 
—2ab+2ac 
— 2a [(5-c) а+(6-с) (6+с)] 
mI – 6) (2+0)] 
-2а(5-с) 


= a (b-c) (а+6+с) 
~~ -:a(b-c -----(а--6--д 


(4) To find x, equalize the coefficients of y in the original 
equations by multiplying the first by (а—6) and the second 


by (a—c). Subtracting one equati solve 
the equation in one unknown Ad Hed" jenem 


х= 2ab (a~b)~2ac (a c) 
aS el 


=b) (a-c)- (ax b) (а-с) 
Performing the manipulations as i 
„та in It et 
x=b+c—a. Substituting of the value of ЖЕ: fie 
original equations would have reg d 


1 5 uired i a- 
tions; this happens very often when solving Niet de ed 


M General Formulas for and Special Cases 
of Solving Systems of Two First-Degree 
Equatlons In Two Unknowns 


The solution of a System of equations of the form 


ax by =< (1) 
ax + by e (2) 


m be obtained much faster if use is made of certain gene- 
Я UE that have been worked out. These formulas may 
ound by any method, for example, by the method of 


ne and subtraction. The solution has the following 


бас be, 
oed ab,-a,b ’ (3) 
_ ас, -ас 
И Ету: (4) 


These formulas are сазу to remember if we introduce for 
numerators and denominators the following symbolism. We 


agree to use the symbol R T to denote the expression ps— rg 
Which is obtained by cross multiplication: 


P 4 


rcs 


and a subsequent subtraction of one product from the other 
(the product of the right-downwards "TS has the plus 


Sign). For example, the symbol |2 = signifies 5,1—2 
Х(—8)=5+16=21. 
The expression 
Р9| — ps— 
| 5 |= 74 
is termed a determinant of the second order (in contrast to 


d inants of orders three, four, etc. which arise in the 
wince systems of first-degree equations in three, four, 


etc. unknowns). 


With the aid of this symbolism, formulas (3) and (4) 
look like this: 


ВН Iii 
ber Ө ге O 
[@ la, 5, | 


Each of the unknowns is equal to a fraction, the arnor: 
tor of which is a determinant made up of the coeffi this 
of the unknowns and the numerator is obtained Les 
determinant by replacing the coefficients of the cor! 
ding unknown by the constant terms. 

Example. Solve the system 


8x — Зи = 46, 
5x 4- бу = 13 
46 -3 
ЕЕ | 46.6+13.3 _ 315 5 
x ТЕЗҢ ва 6207" 
ЗІН 
8 46 
X |$ 15] 8:13–5-46 _ –126 _ 2 
"fap т mrp 
У ;stem 
An investigation shows that when solving the syste 
(1)—(2), three essentially distinct cases arise. t pro- 
(1) The coefficients of equations (1) and (2) are no s 
portional: = = 2. Then, no matter what the constant terms, 
the equatior 


3) 
п has a unique solution given by forme ~ 
or, what is the same, by formulas (5) and (6). 


b 
CE 
(2) The coefficients of (1) and (2) are proportional: дй 
Then it is important to know whether the constant terms 4 


vel are in that relation. If so, that is, if -2—2 —-© , then the 
А Р * 

system of equations has an infinitude of solutions. The "e 

tor fols is that one of the equations is a consequence tion 

eer in actuality we аге dealing with one equ 


Example. In the system 


and (4), 


10x+6y—=18, 
5x+3y~9 
the coefficients of the unkno 
1 


consequence of the other; 
Tom the second by multiplying 


both members of the latter by 2. Any one of the infinity 
of solutions of one of the equations is a solution of the other. 
(3) The coefficients of the equations are proportional: 


=> but the constant terms are not in that ratio. Then 


the system has no solution because the equations are con- 
tradictory. 
Example. In the system 


10x 4- 6y — 20, 
5x + Зу=9 


the coefficients are proportional: 12-52, The ratio of the 
constant terms is different from the ratio of the coefficients: 
== The system has по solution because if we mul- 


tiply the second equation by 2, we get 10x-+6y=18 which 
Contradicts the first equation, for опе and the same ехргеѕ- 
Sion 10x-+6y cannot ђе equal to 18 and to 20. 


88. A System of Three First-Degree Equations 
Іп Threo Unknowns 


If transformations similar to those indicated in Sec. 84 
are carried out, a first-degree equation in three unknowns 
X, у, 2 takes the form ax-+by+-cz=d, where a, b, с, d аге 
Biven numbers or literal expressions. One such equation, 
taken Separately, or a system of two such equations has an 
infinity of solutions. In the general case, a system of three 
first-degree equations in three unknowns has one set of so- 
lutions. In exceptional cases (see below) it can have infinitely 
Many solutions or none at all. 

The solution of a system of three equations in three 
unknowns is based on the same techniques as used in the 
solution of a system of two equations in two unknowns, 
as will be seen from the following example. 

Example. Solve the system of equations 


3x—2y 4-52 — 7, (1) 
7х+4у—82 =3, (2) 
5x—3y — 42 = —12 (3) 


Take two equations of this system, say (1) and (2), and 
assume that one of the unknowns (say г) has already been 


found, that is, is known. Solving this system for x and 9 
by the rules of Sec. 86, we get 
_ 17-22 _ 592-40 (4) 
RV ы ME шет 


Substituting these expressions of x and y into (3), we get 
an equation in one unknown: 


5 (17—22) 3(59:2-40) 4, | 149 
тасав oos esed 


Solving this equation (see Sec. 84), we obtain z —2. Putting 
this value in (4), we find x—1, y=3. 
The general formulas for solving the system 


ax-+by+cz=d Е (9) 
ayx бу с12 = d, 
ах + bay + cgz = d; | (B 


i il 
may be obtained by the same device. The solution W! full, 
complicated and Hard to remember if ге қ 
but it can be given a convenient and easily, jrd-order de- 
form if we first introduce the concept of a thir 


gue gr ын of third order, symbolized compactly m 
аё # в (6) 

ау бү с 

a, 0, с 
is simply the expression (7) 
ОСИ Аа ale readily 


This expression need not be memorized since, the array 
obtainable from its symbol (6) as follows: rewrite It then 
(6), adjoining on the right the first two columns. 
takes the form (8): 


Draw diagonal lines [shown in (8) by the dashed lines] 
and write out the products of the letters on each of the six 


diagonals. Affix the plus sign to the three products that 
represent the diagonals from upper left to lower right, and 
the minus sign to the other three products. Writing out 
these products horizontally, we get (7). 

Example 1. Compute the third-order determinant 


3 —2 5 
7 4-8 (9) 
5 —3 —4 


Scheme (8) becomes scheme (8^). 
А The determinant (9) is then 
“4 (—4) +. (—2)-(—8)-54+5-7-(—3) — 5-4-5 — 3-(—8)-(—3) 
—(—2)-7-(—4) = —48 + 80—105— 100 —72 —56 = — 301 
Using determinants, we can represent the system (5) as 


с bx а ас а ба 
| b.e à, dy с a, bı dy 
x= 4. bs с; а, а, с; das by d; (10) 
abe’ У а b c a b c 
а, bic a, by с a, bi с, 
аз 6; са й бұ ба аҙ bs сұ 


Неге, сасһ of the unknowns is equal to a fraction: the de- 
nominator is a determinant made up of the coefficients of 
the unknowns, and the numerator is obtained from this 
determinant by replacing the coefficients of the corresponding 
unknown by the constant terms. : 

Example 2. Solve the system of equations 


3x—2y+5z=7, 
7x + 4y—8z=3, 
5x—3y —4z — — 12 


The common denominator of the formulas (10) was computed 

in the example, it is —301. The numerator of the first of 

the formulas in (10) is obtained from (9) by replacing the 

un column by the column of constant terms. It looks like 
is: 


-301 
Computing it by (8) we get —301. Thus, we have x= —301 


(сі. the example on page 168). In the same way we find 


-903 _ =602 _ 
=> z= = 


=! 


i 5 i ion if the 

The system of equations (5) has a unique solution if th 
determinant made у of the coefficients of the unknowns: 
not equal to zero. Then formulas (10), with this ЧАН ТЕ 
in the denominator, yield the solution of system (5). iles 
determinant made up of coefficients is zero, then bor. 
(10) become useless for the purpose of computation. d OEC 
case system (5) either has an infinity of solutions ар ihe 
at all. There are an infinity of solütions if not О US 
determinant in the denominators but also the ЧЕН 
їп the numerators of formulas (10) vanish; it is ШЕ one 
to note that if the determinant in the denominators an ШЕ 
of the determinants in the питега{ог$ are zero, Ae 
other two determinants in the numerators must be zero. d 
existence of an infinity of solutions is due to the fact ar 
one oí the three equations (5) is a consequence of the о o. 
two [or even each of two of the equations (5) is a соп 
quence of the third], so that actually we have not s 
but only two equations in three unknowns (or even О 
equation). 

Example 3. In the system of equations 

2x—5y+z=— 2 
4x+3y—6z=1 
2x--21y—152—8 

the determinant of coefficients is 


(11) 


2 —5 1 
4 3 —6 |=0 
2 21 —15 


[see scheme (8)]. Taking 


one of the determinants in the nu- 
merators of formulas (10) 


» Say the determinant 


—2 —5 1 
1 3 —6 
8 21 —15 


Which is in the first one of (10) we find that it too is zei 
The other two determinants in the second and third formula 
of (10) need not be computed since they are certainly zero. 


The system (11) has an infinite number of solutions; one of 
its equations (any one) is a consequence of the other two. 
For example, if we multiply the second equation by 2 and 
the first by —3 and combine the two equations, we get the 
third one. 

The system (5) has no solutions at all if the determinant 
in the denominators of formulas (10) is zero but not one of 
the determinants in the numerators is zero. Here, it is suf- 
ficient to ascertain that one of the numerators is nonzero, 
then the other two will definitely be different from zero. The 
absence of solutions is due to the fact that one of the equa- 
tions contradicts the other two (or even each one separately). 

Example 4. Take the system of equations 


2x—5y--2——2 
4x--3y—62 = 1 \ (12) 


2x4-21y—152 —3 


which differs from the system (11) solely in the value of the 
constant term in the last equation. The determinant of the 
coefficients therefore remains the same: equal to zero. Ho- 
wever, the determinants in the numerators will be different. 
For instance, the numerator of the first of the formulas 
of (10) will be 


EE l 
1 3 —6 |=—135 
3 21 —15 


It is not zero. The other two numerators are definitely not 
zero. The system (12) has no solutions. It is inconsistent 
because the first two equations yield 2х--21у—152=8 аа 
consequence (see Example 3); yet the third equation of (12) 
has the form 2x--21y—152—3. Thus one and the same ex- 
pression is equal to both 3 and 8, which is 1mpossible. 


89. Laws of Exponents 


1. The power of a product of two or more factors is equal 
to the product of the same power of each of the separate 
factors: 

(abc. . .)^ —a"bnch.. . 

Example 1. 7.2.10) = 72-22- 102 —49-4- 100 = 19,600. 

Example 2. аа ро) (к— а), = а) a)? 
(cf. Sec. 72, Item 3). 


ALGEBRA 


Of more practical utility is the reverse transformation: 
anbnen... = (abc. . B 


where the product of the same powers of sevi 


eral quantities 
is equal to the same Power of the product of 


the quantities. 
Example 3. #.(7)° . (+)= (4-4. y т) =>=8. 


[mk 4. (a+b)? (a?—ab + 62) = (а--6) (a? —ab-+ 5) 
= (а 
(cf. Sec. 72, Item 6). 

2. The power of a quotient (or of a fraction) is equal to 
the quotient 


obtained by dividing the same power of the 
dividend by the same power of the divisor: 


Example 5. (+) == 16 


oT 

a+b 3 (a+b) 
Example 6. (23) == (9538 
The inverse transformation is: = (=). 
Example 7. z5- 25 53397 

(a?— p22 2.) \2 
Example 8. “ero = (SS) = (a—5)* 
(cf. Sec. 72, Item 3). 


. When multiplyin owers having th MET 
the exponents (cf, Sec. бор 15 having the same 


атап —ат+п 
Example 9. 22.25 — 9348. 27 — 128. 
Example 10. (a—4e+ x)? (a — 4c-1- хуз = (а—42 4.x), 
4. In dividing Powers having the same base, subtract the 


(cf Sec Tope divisor from the exponent of the dividend 


Example 11. 125. 123 = 125-3 — 122 = 144, 
Example 12. (х-/ (x— y)? — x — y. 
5. In finding a power eft ower, 5 ІНріу the exponents: 
T E p power, multiply the exp 
Example 13. (23)? = 26 — 64. 
Example 14, (SR)'-emtem ағыз 
с ct ки 


90. Operations involving Radicals 


In the formulas given below, the symbol У“ denotes the 
absolute value of the root. 
. l. The value of a root remains unchanged if its index is 
increased n times and the radicand is raised to the nth power: 


Wie 
Example 1. К b=" j/ B= у e. 


2. The value of the root remains unchanged if its index 
is reduced n times and the nth root is taken of the radicand 


at the same time: 
Woe V Va 
6 7x _ 6:3 Зуя = 
Example 2. j/8— V Vs*-vz 


m 
Note. This property also holds true when the number -- 


is not integral; both properties are also valid when z is frac- 
tional. But to see this we first have to extend the concept 
of a power and a root by introducing fractional exponents 
(see Sec. 125). қ " 

3. The root of a product of several factors is equal to e 
product of the roots (of the same index) of these factors: 


ук а RS ese 
D — 3/ G6 3/53 — а23/ be. 
Example 3. И a =у а "A -азу/ b. 
The last transformation is based on Property 2. 
Example 4. V 48— V 16.3 = V 16- V3=4-V3. 


Conversely, the product of roots of the same index is equal 
to the root (of that index) of the product of the radicands: 


т/а." E/T... = у abe m 
Example 5. Уб. У a0 = V а —a*t?. 


i i ient obtai- 
4. Th t of a quotient is equal to the quotien 
ned by dividing the Tool of the dividend by the root of the 


divisor (the indices of the roots are all assumed to be the 


same): А Ж 
угљ= Vay b 
Conversely: т/а: = "Уа: 
Example 6. y ray А i-a) 


5. To raise a root to a power, raise the radicand to that 


power: » Й 
(Ya y = тап 


Conversely, to extract the root of а power, raise the root 
of the base to that power: 


Vaya 
Example 7. (У ab)? = Я азр? == pa abe a3/ qb3. 


Example 8. y 27 y 3 =(V 3) =(V 3). V 3—3Y 3. 


6. Rationalizing the deno 
tion. Computation of fracti 
cals is often simplified by 
the numerator or denominat 


nating the radicals in the numerator or denominator. А 
Example 9. Let it be Tequired to compute VIVE 


to 0.01. If the Operations are carried out in the ee 
order, we have (1) V 7 д 2.646, (2) V 6 x 2.499, (3) 2.64 


— 2.449—0.197, (4) 5 s & 5.10. Four operations Sere te: 
quired to obtain the answer; what is more, to obtain digi 
Correct to hunredths Tequired computing the roots t 
thousandths, otherwise we would have only two significan 
digits in the denominator of the fraction eae and oe 


/7-Үб 
could not obtain three correct significant digits (see Sec. s. 
But if we first multiply the numerator and denominato 
of the fraction by V 7-- Y 6, we get 


П ИТКЕ ЕРИ 


УТУ aee ае. 


minator or numerator ofa s 
onal expressions involving. radi- 
what is termed “rationalizing’ 
or. This process signifies elimi- 


NUMBERS 


The computation now requires only three operations, and 
the root need only be evaluated to hundredths: 
() V 722.65, (2) V6 x 2.45, (3) У7+ V 6 ~ 5.10. 

Here are some typical illustrations. 


YT 


Example 10. —— = = 
рге V5 У5. #5 
уд КБ (Va«Vb)? а+2 Vab«b 
Example 11. ——— —— — —— = г 
me стан VT OU S SUCEDE a-b 


In these examples, we rationalized the denominator. In 
the two following examples we rationalize the numerator. 


жа 7 
Example 12. —— — === 
p V5 Y35 
Y35-Y34 Y 35:-V 34? 1 
Exampl Е — ee SS VEA 
pie dé 3 3(V354V343)  3(Y35«131) 


The transíormation in Example 12 is clearly unsuitable 
lor computational purposes because evaluating the expression 
ТЕ requires division by а multidigit number, whereas the 
computation of la (see Example 10) requires division by 


à whole number. But the transformation in Example 13 is 
useful in that it permits computing the roots V 35 and У 34 
to as many places as required in the answer, whereas in 
the original expression we would have had to extract the 
Toots to a larger number of places (see Example 9). Thus, 
the general school practice of rationalizing the denominator 
every single time is а harmful formalistic tradition. 


91. Irrational Numbers 


The range of whole and fractional numbers is more than 
sufficient for purposes of mensuration (see Sec. 45). It is 
not, however, sufficient for the theory of mensuration. 

For example, let it be required to determine exactly the 
length of the diagonal AC in the square ABCD (Fig. 1), 
the side of which is 1 metre long. The area of the square 
ACEF constructed on the diagonal is equal to twice the 


5 КИР р 
iangle АСВ iscontained twice in ABC. 
and | Ебони а Therefore, if x is the desee 
Ен length of AC, then х=2. However, D 
whole number and no fraction can satisfy 

i ation. у | 
Ер до one of two things: e 
give up attempting to express "аи 
E lengths by numbers ог introduse pe 
numbers in addition to the who pens 
fractional numbers. After a lene: RSEN 

Е of struggle, the latter point о 
vailed. 

НЕРІ» icon new numbers, which гере 
lengths of line segments tha ee 
he unit length (that is to say, Rs 
be expressed by any whole or ee 
tional number) are called irrational numbers.* In 2 
numbers, whole numbers (integers) E 

fractions were called rational. After the introduction 


(this was later; see Sec. 66), they too 
were split into rational and irrational. 


Every rational number can be ге 
where m and л are inte, 
numbers cannot be ex 
ever, every irrational n 


to any degree of accu 


instance, it is possibl 
mixed) which diff 
arbitrarily small 


m 
presented in the form <> , 


iti i Irrational 
ers (positive or negative). Ж 
actly represented in this form. i 
umber can be replaced approxim 


ОЕ 
racy, by a rational number aie 


€ to find a decimal fraction (pure ог 


: an 
ers Írom a given irrational number by 
number. 


———— 
== = з/7—— 37 7 
The numbers V2, V5, /34V 2, У М5 +y 

А ~ 1 ; bers 
and many other expressions involving rational ДЫН afte 
under the radical sign are irrational, These irrationa 
bers are said to be expressed in terms of radicals. * cational 

They do not Owever exhaust the range of ШЕЛ 
numbers. Up to the end of the 18th ишш n with 
Were convinced that the Toot of any algebraic equatio 
” Origi- 
* The term “irrational” literally means “having по ratio’ Au 5% 
nally, it did not refer to an irrational number but to ТА ratio 
whose ratio is now expressed by an irrational number. Say: number 
of the diagonal of a Square to its side is now given by the б 
2. Prior to the advent of irrational numbers, it was азы у 
say that the diagonals of a square cannot be related to its side. 


rational coefficients could be expressed in terms of radicals 
if the root is not rational; later it was proved that this is 
true only for equations up to the fourth degree inclusive 
(see Sec. 66). As a rule, the irrational roots of equations 
of fifth and higher degree cannot be expressed in terms of 
radicals. Numbers which are the roots of algebraic equations 
with integral coefficients are called algebraic numbers; only 
in exceptional cases are algebraic numbers expressible by 
radicals, and still rarer are the cases when they are rational. 

Algebraic numbers still do not exhaust the range of irra- 
tional numbers. Thus, for instance, the well-known number x 
of geometry (see Sec. 152) is irrational, but it cannot be 
the root of any algebraic equation with integral coefficients. 
The same goes for the number e (see Sec. 128) which is not 
algebraic. In other words, pi (л) and e are not algebraic 
numbers. 

An irrational number which cannot be the root of any 
algebraic equation with integral coefficients is called a /rans- 
cendental number. 

Up to 1929, only a few numbers had been proved to be 
^ transcendental; the transcendence of the number e was рго- 
ved in 1871 by the French mathematician Hermite. In 1882 
the German mathematician Lindemann proved the transcen- 
dence of л. Academician A. A. Markov (1856—1922) proved 
the transcendence of e and л by а new method. In 1913 
D.D. Mordukhai-Boltovskoi (1877—1952) pointed out a num- 
ber of new transcendental numbers. It was still not known, 


however, whether such “ordinary” numbers as 372, V3"? 


were transcendental or not. The Soviet mathematicians 
А. О. Gelfond and В. О. Kuzmin (1891—1949) proved in 


1929 and 1930 that all numbers of the form aV", where а 


15 an algebraic number not equal to zero or unity and п 
is an integer, are transcendental. The numbers av % үз У? y 
etc., are precisely of this form. In 1934 Gelfond completed 
these studies. He proved the transcendence of all numbers 
of the form a? where a and В are arbitrary algebraic num- 
bers (provided that а is neither 0 nor 1 and В is irrational). 


- УЗ 
For example, the number "eer is transcendental. 


From the transcendence of the numbers a there readily 
follows the transcendence of the. decimal logarithms of all 
integers (except, of course, 1, 10, 100, 1000, etc.). 


92. Quadratic Equations. Imaginary 
and Complex Numbers 


An algebraic equation of the second degree is called 
a quadratic equation. The most general form of a quadratic 
equation in one unknown is 


ax?+ bx --c — 0 


where a, b, c are Eiven numbers or literal expressions іп- 
volving known quantities (note that the coefficient a cannot 
be zero for otherwise the equation would not be quadratic, 
but only of degree one). Dividing both members of the 
equation by a, we get an equation ot the form 


+ pxt+g=0 (»= x, q= F) 


A quadratic equation of ‘this kind is called reduced; ШІ 
equation ax?-- by4c— 0 (where а £ 1) is called unreduced. 
If one of the quantities 6, с or both are zero, then the 


quadratic equation is termed incomplete; if both b and с 
are nonzero the qua 


dratic equation is called complete. 
Examples 
3x?+ 8x —5 =0, complete unreduced quadratic equation 
32—50, incomplete unreduced quadratic equation 
[o, 03770. incomplete reduced quadratic equation 
P— 12x 4-7 — 0, ) 


complete reduced quadratic equation. 
адганс equation of the form 

x*—m (m known) 

is the simplest case of а quadratic equation and a very im- 
portant case too, 


А Since the solution of every quadratic ге- 
duces to this form. The solution of this equation is 


х= V m 

Three cases are possible: 
(1) If m=0, then x=0. p 
(2) If m is a positive number, then its square root ym 
Can have two values: опе positive and one negative. Their 
ies ame. For instance, the equation 
is satisfied by the value x=+3 and x=— 3. In 
other words, x has two values: +3 and —3. This is frequ- 
ently expressed by the double (plus-and-minus) sign in front 


of the radical: х= У 9. This notation means that the 


An incomplete qu 


MBERS 


expression V9 denotes the general absolute value of two 
Toots; in our case, the number 3. The quantity Ут тау 
be irrational (see Sec. 91). Note too that the number т 
itself may be an irrational number. For instance, let it be 
required to solve the equation 


xm 


(geometrically, this means finding the length of a side of 
а Square equal to the area of a circle of radius 1). Its root 
is х= V д. See Sec. 58 on the extraction of square roots 
of numbers, 

(3) If т is a negative number, then the equation xi—m 
(say, х2----9) cannot have any positive or negative root: 
this is obvious since either a positive or a negative number, 
When squared, yields a positive number. We can thus say 
that the equation x?— — 9 has по solution, that is, the 


number У —9 does not exist. 

Prior to the introduction of negative numbers we would 
have been equally justified in saying that the equation 
2x--6—4 has no solutions. But after the introduction of 
negative numbers this equation became solvable. In the 
Same way, the equation x3— — 9 which does not have any 
Solutions in the set of the positive and negative numbers Бесот- 
es solvable if we introduce new quantities: the square roots 
of negative numbers. These quantities were first introduced 
by the Italian mathematician Cardano in the middle of the 


16th century in connection with the solution of cubic equ- 
ations (see Sec. 66). Cardano called these numbers “sophistic Я 
"imaginary 


Descartes (in the 1630's) suggested the name 
Numbers” which, most Же has persisted to this 
day. In contradistinction to the imaginary numbers, the 
earlier known numbers (positive and negative, including the 
irrational numbers) came to be called real numbers. The 
sum of a real number and an imaginary number constitutes 
a so-called complex number. This term was introduced by 
Gauss in 1831. For instance, 2+ V —3 is a complex number. 
Ботар/ех numbers too are sometimes called imaginary пит. 
ess Complex numbers are explained in detail in Secs. 34 
eq. 

Having at our disposal imaginary numbers, We сап Say 
that the incomplete мае peni tm ха = т always has 
two roots. If т> 0, these roots are real; they have the 
A absolute value but differ in sign. И m=0, both are 
его; if т < 0, they are imaginary. 


1 
93. Solving а Quadratic Equation 


To find the solution of the reduced quadratic 
хф px 4-9 =0 
it suffices to transpose the constant term to the right ape 
ber of the equation and to add ay to both members о 


the equation. Then the left member becomes a perfect square 
and we get the equivalent equation 


(7 y - (£^ 

It differs from the simplest equation x? = т (see Sec. 92) 
in aspect alone: X-- T. stands in place of x and (+) —9 
in place of т. We find 


Whence 


(1) 


This formula shows that every quadratic equation has 
two roots. These roots may be imaginary if (= “<q dt 
may also happen that both roots o 
same; this occurs when ( 7. ?.. 

Formula (1) is a Particularly convenient form to use 
When p is an even integer, 

Example 1. x*— 12x — 98 — 0. 


f the quadratic are the 


Here p= — 19, 9=—28; 
x—6 Уб 2864 V 61—6 8, 
x; —6-4-8— 14, 


Example 2. 34 12х-І-10--0. 
*=—6+ V3—10= —6 + yg. 
х= —64 V 36 =— 0.9, ж=—6— V 26 x —11.1 


Example 3. x?— 2mx + m?— n? = 0. 

х="т + V mi—(ni—n)-m--Vni-m-an, 

Xi—m-d-n, x.—m-n- 

Note. In Example 2, both roots are negative real num- 
bers, but irrational (Sec. 91). The square roots obtained in 
solving quadratics may be extracted by means of computa- 
tions (see Sec. 58) or by using tables. Unfortunately, most 
problem books give exercises in quadratic equations that 
are specially constructed so that the roots are extracted 
exactly. In practical situations, this occurs very rarely. For 
this reason we strongly advise the student to rid himself of 
the fear of irrational solutions instilled by such problem 
books. 

When p is not an even integer, it is preferable, when 
solving reduced quadratics, to use'the more general formula 
(3) given below and assume a=! (sce Example 5 below). 

The unreduced complete quadratic 

ax? +ех+с=0 (2) 


may be solved Бу the formula 


2341г (3) 
а 


= 


It is obtained from (1) by dividing both members of the 


unreduced equation (2) by a. 
Example 4. 3х2--7х--4--0, (а=3, b=—7, с= 4). 


Example 5. x?+7x+12=0, (а=1, 6=7, с-- 12). 
-74 0192112 
2 


> 


жм=—3 Ха----4 
Example 6. 0.60x2-- 3.2x —8.4 =0. 
қанар жалт. 
-3.2 + И(-3.2):-4:0.60-(-8.4) 


d 2-0.60 
-3.2%5.5 NS IU = 
41 — 050 дз 1.9, я ^ 2 


12-1303 


In Example 6, the coefficients are assumed to be арргох- 
mate numbers, as is evident from the fact that we is 
0.60x? (and not 0.6x?). Therefore, it is advisable to per отт 
the operations Бу the short-cut method given in Ses of 
and 48. At any rate, note particularly that by the ur an 
the indicated sections, only two exact significant digits vut 
be obtained. Note that these results are correct to 0.1, Е 
this does not mean that by putting them in the left m m 
ber of the equation we get a number equal to — 
within 0.1. On the contrary, substituting into the left m 
ber, say, the value x=1.9, we get 


0.60. 1.92--3.2-1.9—8.4 =— 0.2 


But if the value of x is increased by 0.1 an 
х=2.0, then we have 


0.60.2.024-3.2.2.0--8.4 = 0.4 


Thus, for х=1.9 the left member was negative; some 
it is positive. This means that it is equal to zero for king 
value of x lying between 1.9 and 2.0. Consequently, ta ean 
x= 1.9 we err by not more than 0.1. This is what Mein. aH 
when we SAY that the root is equal to 1.9 to within 
accuracy of 0.1. 

If 6 is an even number, it is best to give the general 
formula in the form 


d we take 


for х=2.0 


Example 7. 3x?— 14x — 80 — 0. 


x — LEV 713-80 7+И289 7417 
3 


This formula is also convenient when the coefficients 4. 
b, c, are literal expressions. 


Example 8. ax?— 2 (a 4- b) x - 46 —0. 


х— ates У(а+ђ):—3ађ а+Ьь+ Ya:—2abrb! _а+64(а-6) 
а а 2-2 а 


х1=2, ж=>- 


94. Properties of the Roots 
of a Quadratic Equation 


The formula 
_ zbdYbr- fac 
S 2a 
indicates that in the solution of the quadratic equation 
ax?--bx--c — 0 three cases are possible: 
(1) 62—4ae > 0; two roots are real and distinct; 
(2) b?— 4ac —0; two roots аге real and equal (both are 
equal to -ж $ 
(3) b?— 4ac < 0; both roots are imaginary. 
The expression b?—4ac which permits us to discriminate 
between the three cases is termed the discriminant. Қ 
The signs of the roots, when’ the roots are real (that is, 
when 62—4ac>0) ate best judged on the basis of the fol- 
lowing rule of roots. 
The sum of the roots of the reduced quadratic equation 


8+ px+q=0 


is equal to the coefficient of the unknown to the first power 
with sign reversed, that is, 


Xxyd- Xo — —p 
The product of the roots is equal to the constant term, i.e., 
ХХа:-4 


95. Factoring а Trinomial 
of the Type ax?-+6x+¢ 


қ Тһе quadratic trinomial ax?--bx-+-c may be decomposed 
into first-degree factors in the following manner: solve the 
{айган equation ax?+6x-+-c=0. И x, and x; are roots of 
equation, then ax?--bx 4-c — a (x—x,) (x—xs). 
first тре 1. Factor the trinomial 2x?--13x— 24 into 
“degree factors. Solve the equation 2x?-- 13x —24 = 0. 


We find the roots ae х= — 8. Consequently 
224 18x—24=2(2—3) (х-- 8) = (2x —3) (x + 8) 


j Example 2. Factor х?-- a2; the equation x?+a?=0 has 
maginary roots: x, = У —аз, y,—.— У а? and so it is 


impossible to factor x?-La? into real factors of the first. deg- 
tee. It can be factored into imaginary factors, however: 


X at— (x4 У =a) (x — Y —а5) = (x 4-ai) (x—ai) 


(i denotes the imaginary number y —1 


96. Hlgher-Degree Equations Solvable 
by Means of Quadratics 


Some algebraic equations of higher degree can be solved 
by reducing them to quadratic equations. The most impor- 
tant cases are the following. ч 4 

1. The left member of an equation can sometimes аен 
ly Бе decomposed into factors one of which is a polynomia 
not higher than the second degree. Then we solve the resul- 
ting equations by equating each factor to zero separately. 


Ше Toots thus found will be the roots of the original equa- 
ion. 


Example 1. A+ 5x34 6x2 — 0. 

The polynomial Xi--5x3-L6x? can readily be factored 
into x? and (x*--5x--6). We solve the equation x?=0 to 
get two equal roots Х--Ха--0. Solve the equation x 
+ 5%+6=0. Denoting its roots by хз and ха, we have 
#а=—2, х= —3. The roots of the original equation are 
%1=*%=0, ху= —2, X " 

Example 2. Solve the equation x? — 8. š 

Rewriting it as 33—8—0, we factor the left member: 
#—8=(x—2) (x+ +2144). The equation x—2—0 yields 


4; —2, the equation x?--2x..4—0 yields x, — —1 + Y —3, 
Хз= —1— Y —3. Thus, the equation x3=8 has one real 


root and two imaginary roots. In other words j/ 8 has, 
besides the obvious Teal value of 2, two imaginary roots 
(see Sec. 111, Example 3). К 
2. И the equation is of the form ax?n + руп p c—0, it 
can be reduced to а quadratic by introducing a new un- 
known thus: x? —z, i 
Example 3. x1— 13x24 36 — 0. Rewriting the equation as 
(P) — 132-36 =0 we introduce the new unknown х2=2. 
The equation then becomes 22—132--36—0. Its roots аге 2 =9, 
2;—4. Now solve the equations x*—9 апа x2—4. The first 
has the roots жм=3, Хә = —3, the second, the roots ха==2, 
*4=—2. The roots of the given equation are: 3, —3, 2, —2. 


It is thus possible to solve any equation: of the forin 
ахі bx? + с=0, which is called a biguadratic equation. 

Example 4. хб — 16х3 4-64 =0. Representing the equation 
as (x*)?-- 16x? 4-64 — 0, introduce а new unknown: х3=2. 
This yields the equation 22--1624-64--0, which has two 
equal roots 2) = 2, = 8. Solve x3=8 to get (see Example 2) 
x) =2, x, —14- V —3, м= —1— V —3. The other three 
roots in this case are (since 2, = 2) equal to these three. 


97. A System of Quadratic Equations 
in Two Unknowns 


The most general form of a second-degree equation in 
two unknowns is 


ax? +-bxy + cy? + dx -- ey + | = 0 


where a, b, c, d, e, f are given numbers or expressions 
involving known quantities. One equation of the second 
degree in two unknowns has an iníinity of solutions (see 
Sec. 85). 

A system of two equations in two unknowns, one equa- 
tion being a quadratic equation and the other a first-degree 
equation, may be solved by the substitution method descri- 
bed in Sec. 86. The expression of one unknown in terms of 
the other is found from the first-degree equation. Substitut- 
ing this expression into the second-degree equation, we get 
an equation in one unknown. In the general case, it is a 
quadratic equation (see Example 1). However, it may hap- 
pen that the second-degree terms cancel out; we then have 
a first-degree equation (see Example 2). 

Example 1. хг—Зху + 4y2—6x 4-2y—0, х—2у =3. | 

From the second equation we find x=3+ 2y. Substitut- 
ing this expression into the first equation, we get 


(B+ 20)2—3 (3 4- 2y) у + 402—6 (3+ 2y) + 2y —0 
Solving this equation, we find 
9 4- 12y + 43— 9y — by? + 4y?— 18— 12y + ду —0, 
2y3—7y—9 — 0, 
_ 7449472 
4 


9 
и=>, у= — 1 
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Insert the values thus found: y, ==, y,— — 1 into the 
expression х=3--2у to get х, = 12, x,=1. 

Example 2. x? —y?—], х--у=2. В А 

From the second equation ме find y —2— х. Putting this 
expression into the first equation, we get x?—(2—x) zh 
After collecting terms, second-degree terms cancel out, an 


we have —4+4x=1, whence x=. Putting this value 


into the expression y=2—x, we find y=. 


A system of two quadratic equations іп {мо unknowns 
can be solved thus: if one of the equations does, not contain 
the term ах? (or the term cy?), then use the substitution 
method expressing x (or y) of this equation in terms of y 
(or x); but if both equations involve terms like ax? and су”, 
then first apply the method of addition ог subtraction 
(Sec. 85) so as to obtain an equation without ax? or cy”. 
Then apply the substitution method. After the elimination 
Process we have an equation in one unknown (generally 
speaking, of the fourth degree). Only in exceptional cases 
does it reduce to a quadratic equation, but these cases are 


encountered rather frequently in the solution of geometric 
problems. : 


Example 3. 
хх =74, x24 Oxy + y? — 73 
Both equations have terms involving x? and terms involving 


у". So first use the addition-or-subtraction method to obtain 
an equation without, say, y?. 


2x?--2xy +y? =73] 9 4х? + Аху + 202 = 146 
Pt xy + 2 — 74 |- OF xy F 2у= —74 


3x? + Зху 72 


From this equation we find the expression of y in terms of X 


24-6 
255; х 


y 


Then we substitute this expression into one of the given 
equations, say the first, to get 


РЕС Фм 


х 
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Simplifications yield 
xi 24x2— x4 1152 —96x?-+ 2x = 7427, 
2х4 —146x?+ 1152 =0, 
х— 73x? - 576 — 0 
We have a biquadratic equation (see Sec. 96, Example 3). 


Putting x? =z, we reduce it to the equation 22—732 -- 576 = 0 
which yields 


_ 73 4V737-4:876 _ 73 + 73025 73-55 
cS 2 ж 2 mac x. 


z 
21--64, 2,—9 
The first solution gives us x; —8, x,—— 8, the second, 
x,=3, x,—— 3. Putting the values Ху, Xe Хз, X, into the 


expression y=, we get the corresponding values of y: 


и=— 5, yo=+5, уз=+5, и=—5 


In solving systems of second-degree equations artificial 
techniques often yield faster and more elegant results. 


98. Complex Numbers 


The development of algebra (Sec. 66) called for numbers 
of a new kind besides the familiar positive and negative 
numbers. They received the name complex numbers. 

A complex number has the form a--bi, where а and b 
are real numbers and i is a new kind of number called the 
imaginary unit. “Imaginary” numbers (see Sec. 92) constitute 
a special subset of the complex numbers (when а=0). On 
the other hand, the real numbers (positive and negative) 
EUN a special subset of the complex numbers (when 

=й). 

Let us call the real number а the abscissa of the complex 
number a-+bi; the real number b, the ordinate of the comp-, 
lex number à-Lbi. The basic property of the number i is 
that the product i-i is equal to —1, that is 


в=— (1) 
For a long time, по physical quantities could be found 


that obeyed the same rules as those involving complex num- 
bers, say Rule (1). Whence the name “imaginary unit”, 


“imaginary number”, etc. At present we know many Such 
pice йшй ты and complex numbers are extensively 
employed not only in mathematics but also in physics and 
engineering (theory of elasticity, electrical engineering, aer 
ynamics, е{с,). | 
= RS 104) а geometric interpretation of complex 
numbers is given, but first the rules for operating with Mem 
аге considered (Secs. 100-103). Here, the question of i 
geometric or physical meaning oí the number i is not consi- 
dered because it diífers in various spheres of science. 
The rule for each operation involving complex numbers 
is derived from the definition of the operation. The defini- 


99. Basic Conventions Concerning 
Complex Numbers 


1. The real number а can also be written as а--0-1 (ог 
а—0.)). 


Examples. The notation 3-F0.i means the same as 3. 


y» ci 
The notation —2+0.i means —2. The notation 242 +0-i 


2 
s 7 Y? 
15 equivalent to IM. 


Note. We have Similar instances 


in ordinary arithmetic 
ion -5 i 5. The no- 
where the fraction -T denotes the same thing as 5. 
tation 002 is simpl 2, etc. 

2. A complex ЊЕ of the form 0-Lbi is called a pure 
imaginary. The notation bi is the same as 0 4- bi. ide- 

+ Two complex numbers a+bi, a'-Lb'i are eS hat 
Ted equal if they have equal abscissas and ordinates, ae 
is, if a=a’, b=’. therwise these complex numbers a 
not equal. This definition is suggested by the following "2i 
soning. If, say, we could have an equation like 2-Бі--8-- 1 
then by the rules of algebra we would get i—2, whereas 
cannot be a real number. lex 

Note. We have not yet defined the addition of CO ERE 
numbers, and so, strictly speaking, we cannot yet assert 1 It 
the number 2-5 is the sum of the numbers 2 and 5i. 


would be more correct -to say that we have here a pair of 
real numbers 2 (abscissa) and 5 (ordinate); these numbers 
generate a new kind of number which we agree to denote 


by 24-5i. 


100. Addition of Complex Numbers 


Definition. The sum of the complex numbers a+ bi and 
a' 4-b'i is the complex number (a +a’) +(b+b')i. 

This definition is suggested by the rules for operating on 
ordinary polynomials. 

Example 1. (—3--5i) J- (4— 8i) = 1—31. 

Example 2. (2-i- 0i) + (7 +0:) -- 9 -- 0i. Since (Sec. 99) the 
notation 2+-0i means the same as 2, etc., the operation per- 
formed is in agreement with ordinary arithmetic (2--7--9). 

Example 3. (0--21)--(0--5і)--0--Ті, that is to say, 
(бес. 99), 2i 4-5i — 7i. 

Example 4. (—2-- 31) +(—2—3i) = —4. , А 

In Example 4 the sum of two complex numbers is equal 
to a real number. Two complex numbers like a+bi and 
a—bi are called conjugate complex numbers. The sum of the 
two conjugate complex numbers is equal to the real num- 
ber 2a. Note that the sum of two nonconjugate complex 
numbers can also be a real number, as witness (3+5i) 
+ (4—Si) =7. ОЗ 

Note. Now that the operation of addition has been defi- 
ned, we can consider the complex number a+-6i as the sum 
of the numbers а and bi. Thus, the number 2 (which we 
agreed could be written as 2+0i) and the number 5i (which, 
by Sec. 99, means the same as 0--5і) yield а sum equal 
(according to the definition) to 2+5i. 


101. Subtraction of Complex Numbers 


Definition. The difference between the complex number 
а--Ы (minuend) and a'-J-b'i (subtrahend) is the complex 
number (a—a’)+(6—6’) i. 3 | 

ceu 1. (—54-2i) — (3—5) =— 8+ 7i. 

Example 2. (3+ 2i)—(+3+2i) = 6 4- 0i — 6. 

Example 3. (3—4i) —(3-- 41) = —8i. : 

Note. The subtraction of complex numbers can be defined 
as an operation inverse to addition. Namely, we seek a comp- 
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i (di i) - (a^ +84) 
lex number х--уі (difference) such that (x 4- yi) (а 
И Ву the definition of Sec. 100, we have 


(Fa) + ур) i a 4-bi 
By the condition for the equality of complex numbers 
Sec. 99), 
) x+a’=a, y+b' =b 
From these equations we find х=а—а', y=b—b' 


102. Multiplication of Complex Numbers 


The definition of the multiplication of complex p 
is devised so that (Г) the numbers a--bi and a Run 
be multiplied as algebraic binomials and (2) the ШИ. the 
has the property #=—1. By virtue of Requirement ba’) i 
product (a+ i) (a’+b'i) must be equal to аа + (ab изд 
+ 66'i2, and by virtue of Requirement 2, this bil Dav 
must equal (аа — bb’) + (ab’+-ba’)i. Accordingly we 
the following definition. 


Definition. The product of the complex numbers a+ bi 
and а'-+6' is the complex number 


(аа 4-bb') + (ab! + ba’) i (1) 


Note 1. The equality i2=—1 was in the дай el 
fequirement prior to establishment of the rules for mu The 
cation. Now however it follows from the ЦЕ опа 
point is that the notation i2, that 5 p is ies 
(Sec. 99) to the notation (04- 1-i) (04- 1 -i). ere, a —0, i 
rime бе We have aa'—bb' — —1, ab’ --ba' —0, so tha 
the product is —14-0i, that is, —1. 

Note 2. In practical situations there is no need n 
formula (1). One can multiply the given numbers as 
mials and then put i2— —], e а -2-бі 

Example 1. (1—2i) (842) = 3—6i+2i—4i? = 
d er me 

Example 2. (a+ bi) (a — bi) — a3 -L- 53, к х 

Example 2 shows that the product of conjugate comple 
numbers is a real Positive number. * 


also 
* But the product of two nonconjugate complex numbers сап (see 
be a positive real number; for example (2+3/) бре miplex 
Sec. 100). Now if both the sum and the product of two be 
numbers are real numbers, 


then these complex numbers must 
conjugate. 


DIVISION (€ COMPLEX NUMBERS 


103. Division of Complex Numbers 


In accordance with the definition of the division of real 
numbers we give the following definition. 

Definition. To divide a complex number а- (dividend) 
by a complex number а' 4- b'i (divisor) means to find а num- 
ber x--yi (quotient) such that, when multiplied by the divi- 
sor, it yields the dividend. 

И the divisor is nonzero, then division is always possible 
and the quotient is unique (for proof see Note 2). A conve- 
nient practical way to find the quotient is this. 

Example 1. Find the quotient of (7—4i):(3+2i). 

Writing the fraction IL multiply both terms by num- 
ber 3— 2i, which is the conjugate of 3-21 (see Sec. 102, 
Example 1), to get 

(-40(3-2) _ 13-26 | о 
тшш” = 


Example 1 of the preceding section is a check. 


-2%5і _(-2+50 (-3+40 _ -14-23 _ _ 
Example 2. —4—4:=-(-3-40 (-3+4i) 77 25 = — 0.56 

— 0.921. 
Example 3. iji. The easiest way here is to 


divide both terms by (—2+ 7i). у 
Doing аз we did in Examples 1 and 2, we find the gene- 
ral formula : 
3 " Th “ЖЫ” a'beb'a , 
(a 4- bi): (a qui) il (1) 


In order to prove that the right member of (1) is really the 
quotient, multiply it by a'+b'i to get а-- bi. ane 
Note 1. We could take formula (1) as the definition of 
division (cf. the definitions in Secs. 100 and 101). 
Note 2. Formula (1) сап also be derived as follows. By 
the definition we must have (a’-+’i) (x 4- yi) at bi. Hence 
(Sec. 99) the following two equations must be satisfied: 


a'x—b'y—a, b'x+a'y=b (2) 
This system has a unique solution: 
аа +55’ __ађ+ба 
а 2 а?+ p= 


iL. е — (Sec. 87), that is, if a’*-+6"#0. 


It remains to consider the case a? 4- b^ — 0. This case 
(the numbers a' and b' are real!) is only possible when 
а' =0 and 5-0, that is when the divisor а -b'i is zero. 
If however the dividend a+bi is also zero, then the quotient 
is indeterminate (see Sec. 37, Item 2.) But if the dividend 
is not zero, then the quotient does not exist (we say it is 
equal to infinity) (cf. Sec. 37, Item 3). 


104. Complex Numbers Depicted 
In the Plane 


8 MA 
75-4-3-2-1 01234 5 
Fig. 2. 


Every point M of the number line depicts some real 
number (rational if the line segment OM is commensurable 
with the unit length, and irrational if it is incommensu- 
rable). Thus, there is no place for comp- 
lex numbers on the number line. i 

But complex numbers can be yis 
cted on a "number plane". To do thi 
We choose a rectangular system of coor 
dinates in the plane (see Sec. 211) va 
the same scale on both axes (Fig. " 
The complex number a-Lbi is depict 
by a point M, whose abscissa x (іп Fig. 9, 
х--ОР --ОМ) is equal to the abscissa а 
of the complex number and the ordinate y(0Q=PM) is 
equal to the ordinate p of the complex number. d 

Examples. In Fig. 4, point А with abscissa х=3 2n 
ordinate y— 5 depicts the complex number 34-5i. Point 
depicts the complex number —2 4+ 6i; point C is the comp- 
lex number —6— 2i; point D denotes the complex number 

—6i. T" 

Real numbers (in complex form they look like this: 

9-04) are depicted by points on the X-axis and pure ima- 


ginary numbers (of the form 0-I-bi), by points оп the Y-axis. 
МЕ сари. net ui pis E depicts the real number 6 

» wha same thing, th i i 
depicts the pure аера ода 
number 3i (i.e. 04-31); BAY 
point М, the pure imagi- 
nary —4i (i.e., 0—4i). The 
origin of the coordinates 
indicates the number 0 (which 
is 04- 0i). 

Conjugate complex num- 
bers are depicted by a pair 
of points symmetric about 
the axis of abscissas (X-axis); 
thus, the points C and C’ in 
Fig. 4 indicate the conjugate Fig. 4 
numbers —6— 2i and —6+2i. aise 

Complex numbers can also be indicated by line-segments 
(vectors) issuing from the point O and terminating at the 
appropriate point of the number plane. Thus, the complex 
number —2-+6i may be described not only by the point B 
(Fig. 4), but also by the vector OB. The complex number 
—6— 2i is denoted by the vector OC, etc. 
йы Note. When we call some line-segment a vector we mean 
| at there аге two essential things about the line: it has 
йв and it has a certain direction. Two vectors are consi- 
ered the same (equal) only when they have the same length 
and the same direction. 


105. The Modulus and Argument 
of a Complex Number 


The length of the vector depicting a complex number is 
called the modulus of the complex number. The modulus of 
any complex number not саша! to zero is a positive number. 

The modulus of the complex number а + bi 


is symbolized as |a+bi | and also by the 
letter г. From the drawing (Fig. 5) it is 
clear that 
r—|a4-bi |-= Иа (1) 
The modulus of a real number coin- 
cides with its absolute value. The conju- 
gate complex numbers a+bi and а-ы 
have the same modulus. 


ALG 


Example 1. The modulus of the complex number 3-5: 
(that is, the length of the vector OA in Fig. 4) is equal to 
VF = У 34 = 5.83. ч 

Example 2. |1+ {| = V RF 12— V 2 a« 1.41. 

Example 3. |—3-+ 4i Без 4 

Example 4. The modulus of the number = 4 (that is, 
—7+0i) is the length of the vector OM (Fig.4) This 
length is expressed by the positive number 7, or 


|-7+0i |= У (—7)- 08 — 7 
Example 5. The modulus of the number — 4 (length of 
vector ОМ, Fig. 4) is 4. ( 
Example 6. The modulus of the number —6—2é (length 


of vector OC, Fig. 4) is equal to Y 40 æ 6.32. The modu- 
lus of the number —6+-2/ (length of vector OC’, Fig. 4) is 
also equal to V30. Two conjugate complex numbers al- 
ways have equal moduli. 

The angle ф between the axis of abscissas and the vec- 
tor OM describing the complex number a+6i is called the 
argument of the complex number a + bi. 
In Fig. 6, the vector OM depicts the 
complex number —3—3i. The angle 
ХОМ is the argument of this complex 
number. 

Every nonzero complex number 
(for the number 0 the argument is 
indeterminate) has an infinite number 
of arguments that differ by an integ- 
ral number of complete rotations 
H (that is, by 360%, where k is any 
integer). Thus, the arguments ої the complex numbers 
—3—3i are all angles of the form 225° + 360°, for instance, 
225° -+ 360° = 585°, 2252. 360° = — 135°. 

The argument 9 is connected with the coordinates of a 


Fig oe number a+6i by the following formulas (see 
ig. 5): 


Fig. 6. 


= I саб 4 
(1) tang=—, (2) соз p= === e 

3) ѕіпф= —^ 

© sing= са 


However, попе of these formulas, taken separately, permits 


finding the argument from the abscissa and ordinate (see 
examples). 


METRIC FORM OF А COMPLEX NUMBER 


exemple 7. Find the argument of the complex number 
—3— 34. 

Ву formula (2) tan 9--$- . This condition is satis- 
fied by an angle of 45° and also by an angle of 225°. But 
the 45° angle is not the argument of the number —3—3i 
(Fig. 6). The correct answer is p=225° (or —135°, or 585°, 
еіс.). This result is obtained if we note that the abscissa 
and the ordinate of the given complex number are negative. 
This means that point M lies in the third quadrant. 

-1 


Alternative method. Use formula (3) to find cos Ф-уҙ- 


Formula (4) shows that sing is also negative. Hence the 
angle @ belongs to the third quadrant so that p=225°+360°R. 
Example 8. Find the argument of the complex number 


— 24-6i. We find tan --б- —3. Since the abscissa is ne- 


gative and the ordinate is positive, the angle @ lies in the 
second quadrant. Using tables we find Ф ау 180° — 72° = 108°. 
See Fig. 4 where point B depicts —2+6i. 

The least (in absolute value) argument is called the prin- 
cipal value of the argument. Thus, for the complex num- 
bers —3—3i, 2i—5i, the principal values of the argument 
are —135°, +90°, —90°. 

The argument of a positive real number has the princi- 
pal value 0°; for negative numbers, the principal value of 
the argument is taken to be 180° (and not — 180°). | 

In the case of conjugate complex numbers, the principal 
values of the argument have the same absolute values but 
opposite signs. Thus, the principal values of the argument 
of the numbers —3+3i and —3—3i аге 135° and — 135°. 


106. Trigonometric Form of a Complex Number 


Abscissa а and ordinate b of the complex number a-+-bi 
are expressed in terms of the modulus r and the argument Ф 


(see Fig. 5) by the formulas 

a=rcosp, b—rsing 
Therefore, any complex number can be represented in the 
form г (cos p+i іп Ф) where r>0. 


This expression is termed the normal trigonometric form 


or, simply, the trigonometric form of a complex number. 


—3i т 
Example 1. Represent the complex number 3i 
the normal trigonometric form. We have (Sec. ) 


r= V(—3? + (—3)? =3 V2 
Consequently 
—3—3/=ЗИ 3 (cos ( — 135°) + i sin (— 135°)) 
or 
—3—3i—3 И 2 (cos 225? -+ i sin 225°) 
iut For the complex number —2-- 67 we һауе 


г= Y (—3*46:— y 30 ‘ee 
and (Sec. 105, Example 2) ф= 108°. Hence, the norma 
gonometric form of the number —2+6i is 


И 30 (cos 108° + i sin 108°) "^ 
Example 3. The normal trigonometric form of the n 
ber 3 is 3 (cos 0°+i sin 0°) or, in general form, 
3 (cos 360°% -+ i sin 260?&) Tm 
Example 4. The normal trigonometric form of the n 
ber —3 is 3 (cos 1809 -- i sin 180°) or 
3 [cos (180° -- 360°) +. i sin (180° + 360°А)] 


nagi- 

Example 5. The normal trigonometric form of the imag 
nary unit i is cos 90°-+ ; sin 90° or 
cos (90° + 360°) + i sin (90° ++ 360°) 
Here r=], um- 

Example 6. The normal trigonometric form of the п 
ber —i is cos (— 90°) i sin (— 909) or 

cos (— 90? 4- 360°) -+ i sin (—90°- 360°) 

Неге r— 1, 


In contrast to the trigonometric form, an expression like 
a+bi is called the algebraic or coordinate (Cartesian) form 
of the complex number, о 
Example 7. Represent the complex number 2 [cos (—40°) 
г. in algebraic form. [ the 

ете r—2, p= — 40°. B 4) о 
preceding section” ыы о 


a=r COS ф=2 cos 


x (— 40°) ~ 2-0.766 — 1.532, 
b—rsing—2 sin( 


— 40°) лу 2-(—0.643) = — 1.286 


p X 
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The algebraic form of the given number is (approxima- 
tely) 1.532—1.286;. 

Example 8. Represent in algebraic form the number 
3 (cos 270° J- i sin 270°). Since cos 270? —0, sin 270° = — 1, the 

' given number is'equal to —3i. 

Example 9. If r(cos p-- isin Фф) is опе of two conjugate 
complex numbers, then the other can be represented in the 
form r [cos (—Фф) + # 5 (—$)] or in the form r(cos@ 
а т Ф); incidentally, the latter expression is not the nor- 
та! form. 


107. Geometric Meaning of Additlon and Subtraction 
of Complex Numbérs 


Let the vectors OM and ОМ’ (Fig. 7) depict the complex 
numbers z — x J- yi and г’=х’-- y'i. From the point M draw 
the vector MK equal to OM’ (that is, having the same 
length and the same direction as OM"; see Sec. 104, note). 
Then the vector OK gives the sum 
of the given complex numbers.* Y K 

The vector OK thus constructed is 
lermed the geometric sum (or, briefly, 
the sum) of the vectors OM and OM* 

he name "sum" is due to the fact 
that it arises by analogy with the com- 
bining of velocities of moving bodies, 
of forces applied to a point, and 
of many other physical quantities). DA 

Thus, the sum of two complex кілі кн is given by the 
sum of t ctors depicting the separate summands. 

The ps of side ОК of the triangle ОМК is less than 
the sum and greater than the difference of the lengths OM 
and MK. Therefore 


lz} z І-іг--г Elle 


N 


I 
| 
R 
Fig. 7. 


ҚЫ li 
have the eam (Fig. % ог opposite directions (Fig. 9). In 
the former case, И es ae І-!ОК|, that is |227 
-|2|--1271. In the latter case |z-+-2’|=||z|—|2' ||. 


OM'L and МКМ are equal. Hence, 
e Indeed, the triangles OM'T and. MAN care canal. ence, 
ОМ ана Ё ordinate RK=y+y’. 


3 
13-130. 


Example 1. Let z=4+-3i, z =5-+ 12i. Then 

=13, z-rz'—94 5i, 
[2+2' |= V 97 153 = И 306 

We have 13—5 < V 306 < 13-5, 8 < V306 < 18. 


Fig. 8. Fig. 9. 


Example 2. Let 2 —4 +4 3j, z'=8 4+ 6i. 252) 
These complex numbers have the same argument (36°52 ), 


the corresponding vectors are in the same direction. 
Here 


121—5, [2'|—10, 2+2' 124-9, 
|2+2' | = V 1223-93 = 15 
We have 10—5 < 15--10--5. 

Example 3. Let z=8—6/, 2’ = --12--9І. it 
These complex numbers are depicted by vectors of орров,е 
oe (their arguments are equal to 323°08’ and 143°08’). 

ere 
[21—10, [2' | — 15, г-ға = — 443), [242 | 5 
We have 
15—10=5 < 15 10 

The sum of three or more complex numbers can also be 
represented as the sum of vectors (OM, OM’, OM" in 
Fig. 10) depicting the separate summands, that is to say, 
d tes the polygonal line OMSK 
is equal to the vector ОМ”; the vector SK 


) е summands may be taken in 
any order; the polygonal lines will be алдау bat their 


+ 5 i han the 
polygonal line OMSK, it follows that SHORE 


Гаа а] +] pez] 


The equality is valid only w 


n e һе һе 
same direction. п all summands have | 


p' «X 
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4 The difference between the complex numbers a+ 6i and 
a'+b'i is equal to the sum of the numbers a+6i and 
—a'—b'i. The latter summand has the same modulus as 


Fig. 10 Fig. 11 


a'--b'i but is opposite in direction. Therefore, the difference 
between two complex numbers represented by the vectors OM 
and ОМ’ (Fig. 11) is depicted as the sum of the vectors OM 
and OM" (as the vector OT). 


108. Geometric Meaning of Multiplication 
of Complex Numbers 


Let two complex numbers 2 and 2” be depicted by the 
vectors OM and OM’ (Fig. 12). Write down the factors in 
trigonometric form and compute the product: 

22! =r (cos p+ isin ф)+/' (cos Ф + i sin Ф”) 
= rr’ ((со5 pcos ф' —sin Ф sin 9^) +i (sin Ф cos Ф” 


+ cos ф sin Ф')] 
That is (Sec. 194) 
22' = rr' (cos (p+ Ф) + isin (P+ Ф')] (1) 


The modulus of the product (it is depicted by the vec- 
tor OL) is rr’, and the argument of the product is equal 
to pns Ф'. In other words, (o multiply two complex numbers, 
multiply their moduli and add their arguments. 

This rule holds true for any number of factors. 

Example 1. Take the complex numbers depicted by the 


vectors OM and OM’ in Fig. 12. Their moduli аге |OM | =-- 


and |ОМ’|=2, and the arguments are Z ХОМ =20° and 
Z XOM’ = 30°. The modulus of the product depicted by the 


13* 
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3 


vector OL is 5.2=3; the argument of the product (angle 


ХОД) is 209 -- 30° = 50°. We get 
5 (cos 20° + sin 20°).2 (cos 30° - i sin 30°) 
=3 (cos 50? 4- i sin 50°) 
Example 2. 
5 - уз б А 
4 V 3 (cos 45° +i sin 45°). © (cos 135° +i sin 135°) 
=4 (cos 180°+ i sin 180°) = —4 (Fig. 13). 
ШЕ same factors in algebraic form аге 4--4i and 
—'g ty Multiplying them together, we again get —4. 


Fig. 12 


Example 3. Multiply together 2 (cos 150° + i sin 150°), 
3 [cos (— 160) +i sin (— 1605)] and oS (eos 10" isin 10°). 
Тһе modulus of the product 2.3.0.53 The argument of 
the product 150° — 160° +. 10° = 0°. The product is 


3 (cos 0° 4 г sin 0°) 3 
Ехатр!е 4. о: ісі Е --ш)--ііп(-%)! 
m (cos O° Fi sin esp sin Ф)-г [cos (—q) +i sin (— € | 
е product of two conjugate complex numbers is a rea 
number equal to Ше square of етот modulus. 
Example 5. - [cos (—20°)-4-i sin (—20°)]-2 [cos (—30°) 
+ isin (—30°)] =3 [cos (—50°) +. sin (—50°)]. 


with its conjugate number. Thi 
be extended to any number о 
‚ Note 1. The rules for multiplying real numbers are a spe- 
cial case of the above rule. Thus, in multiplying the пит- 
bers —2 and —3 their arguments (180° and 180°) combine 
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(о form 360° so that the product is the positive number 6 
[that is, 6 (cos 360? -- i sin 360?)]. 

Note 2. When a complex number r(cosp+ising) is 
multiplied by the imaginary unit i (the modulus of which 
is 1 and the argument +90°), the 
modulus of the product remains equal 
to r. The argument however is increa- 
sed by 90°, which means the vector oí 
the factor is rotated through +90° with- 
out changing its length. In particular, 
multiplication of 1 (the vector OA in 
Fig. 14) by i is represented by a rota- 
tion of the vector OA through 90° Fig. 14. 
to position OB, while multiplication : 
of i by i is represented by a rotation of OB through 90° to 
the position OC. But the vector OC is depicted as —l. 
Therefore, i2=—1. In geometric representation, the num- 
ber i is по more "imaginary" than the number —1. 


109. Goometric Meaning of Division 
of Complox numbers 


Division is the inverse of multiplication. Therefore, (see 
Sec. 108), when dividing complex numbers, divide their mo- 
duli (the modulus of ihe dividend by the modulus of Ше 
divisor) and subtract the arguments (the argument of the 
divisor from the argument of the dividend), or 


r (cos ф--1 sin q):7' (cos g'+isin g’) 
= £ [cos (0—9) +isin(p—9)] (1) 

Example 1. 2(со530%--і ѕіп 30°):6 (cos 45? +i sin 45°) 
= + [cos (189) + isin (—15°)]. 

Example 2. --4:4 V 2 (cos 45%--і sin 45°) 4 (cos 180 
+ i sin 180°):4 V Z (cos 45°-+ i sin 45°) = === (cos 135 
+ isin 135%). СІ. Example 2 of the preceding section. 

In algebraic form 


Р -l —1 (1-Й аты 
-Ша- йеті тазйа-й 772 


һе complex number г (cos ф 


Example 3. Divide ВУ written as 1 (cos *--i sin (7) 


+ isin). The dividend can be 
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By formula (1) the quotient will be + [cos (—q) + i sin (—q)]. 
1:7 (cos p+ i sin gat [cos (—q)+isin(—9)] (2) 


i i i i ius | with 
Geometric construction: describe a circle of radius | 

ей at О. Let |r|>1, that is, the point M B T 
depicting the divisor lies outside the circle. Draw ДЕ дап 
ent МТ; from point Т draw the perpendicular TM о ¢ mi 
Fhe point L which is symmetric with M’ about the axis y 
abscissas depicts the quotient. Indeed, 101.|=10м | ans 
from the right triangle OTM, in which Т.М” is the altitude, 


Fig. 16 


we find |OT?=|0M|-|OM’|: that is, 1=r|OM’| or 
јом' 1=-. The arguments of the vectors OM and OL аге 
obviously equal in magnitude and opposite in sign. 
For the case 17| < Í see construction in Fig. 16. jax 
From formula (2) it follows that division of 1 Бад и 
number with modulus r=1 yields а complex number tha 
is conjugate to the divisor, 5° 
Example 4. — 2[cos (—30°) + i sin (—30°)]:6 [cos (—45°) 
Т зіп (—45°)] = 4 (соз 15°-+ i sin 15°). 
Comparing this with Example 1, we see that replacing the 
dividend and divisor by conjugate numbers replaces the quo 


tient by its conjugate number. Formula (1) shows that this 
Property is general, 


110. Ralsing a Complex Number 
to an Integral Power 


According to бес. 108, 


[7 (cos p+ i sin Ф)]2 =r? (cos 2¢+ isin 29), 
[r (cos p+i sin P)? = r? (cos 3g +i sin 3g) 


VAL POWER 


and generally 
[r (cos ф--і sin 4)|7 = r^ (cos nọ + i sin ag) (А) 
where л is a positive integer. Formula (A) is called 
De Moivre's theorem (after Abraham De Moivre, 1667—1754). 
It is valid for a negative integral exponent n (Sec. 125) and 
also for n=0. 
For example, [г (cos q 4- i sin q)]-? 
1 1 
(г (соз ф+ sin q)]* ^ r*(cos 3p+i сіп 39) 
Consequently (cf. Example 3 of the preceding section), 
[r (cos ф +i sin q)]-3— 7-7? [cos (—39) + i sin (—39)] 
To summarize, to raise a complex number to any integral 
power, raise the modulus to that power and multiply the 
argument by the exponent of the power. For raising to a 


fractional power see Sec. 112. 
Example 1. Raise to the sixth power the number 


2=2 (cos 10? +: sin 10°) 
We have 20 — 2" (cos 60%4-і sin 60°) —324-32i V 3. 
Example 2. Raise to the 20th power the number 
Ұз. 
2-------і 


2 2 
The modulus of the number 2 (Sec. 105) is 1, the argu- 
ment is —60°. Hence, the modulus of z? is | and the ar- 
gument is —1200° = —3.360°— 120°. We thus have 
ji. ҮЗ; 
220 = cos (—120°)-++i sin (—120°) = — => —— 7! 
Example 3. Find the expression of the cosine and sine 
of the angle 3p in terms of the cosine and sine of the angle ф. 
Solution. cos 3p +i sin 3p = (cos ф--і sin p)? = cos? ф 
+ 8i cos? ф sin ф- 3i? cos ф sin? q +i? sin? Фф = с033 Ф 
— 3 cos q sin? ọ + i (3 cos? ф sin ф — sin? ф) А 
Equating abscissas and ordinates (Sec. 99), we find 
cos 3p = cos? p—3 sin? ф cos Ф 


and 
sin 3p = 3 cos? sin p—sin® Ф 


Example 4. In the same way we find 
cos 4p = cost ф— 6 cos? Ф sin? p+sin‘ Ф, 
sin 4q = 4 cos? зіп ф--4 cos ф sin? ф 
and also the general formulas for sin 1%, cos np (see Sec. 198). 
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111. Extracting the Root 
of a Complex Number 


Extracting the root of a number (see Sec. 23, Item 6) 
is the inverse of raising a number to a power. Therefore 
(see preceding section), the modulus of a root (of integral 
index) of a complex number is obtained by extracting that 
root of the modulus of the radicand, the argument is obtai- 
ned by dividing the argument by the index of the root: 


тозе гат) 7 (cos 9 +isin®) (B) 


Here the symbol Й T denotes a positive number (the 
principal root of the modulus). 

The nth root of any complex number has n distinct va- 
lues. They all have the same moduli / 7; the arguments 


however are obtained irom the argument of one of them by 
Successively adding the angle ---360°. 

Indeed, let фо be the argument of the radicand. Then 
Po + 360", фо-- 2-360", etc. are also its arguments. Formula 
(B) shows that for the argument of the root we can take not 
only oe but also S++. 360°, fey 2.360", and so on. The 
Corresponding values of the Toot are not all distinct: the 
argument %2 .369» i. 9% 4. 360? yields the same comp- 


n+l 
lex number as the argument 2; the argument Pop 


о 1 
х360 = 360° 4- 360° yields the same complex number 


as the argument ®®-1--1..860°, ete. There will be exactly п 


distinct values of the Toot. See examples. 

Example 1. Extract the Square root of —9i. The modulus 

4 T is 9. Непсе the modulus of the root is 
y 9-3. The argument of the radicand may be taken equal 
to —90°, —90°+ 360°, —90°--2.360°, etc. 

In the first case we obtain 

1 
€79)* = V [cos (—45% + isin (—a5yj——-2_ 87 (1) 
[cos ( )+isin (—45°)] Yr VE 
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In the second case 
1 


(—99 = V 9 (соз 135^ -- i sin 135°) -— = +у=! @) 
In the third case 
1 
(—9i)? = ИЗ (cos 315°+ i sin 315°) = 8—3 
VS Vx 


which is the same as in the first. Taking Фф = —90° -+ 3-360°, 
ф=— 96° 4-4:360° ог ф=—90°—360°, —90°—2-360°, 
etc., we alternately get the values (1) and (2). 

Example 2. Take the square root of 16. The argument 
of this number is 360° # (k an integer). The argument of the 
Toot is 360°k:2=180°k. И k is zero or an even number, 
the argument of the root is equal to zero or is a multiple 

1 


of 360°. Then 162 =4 (cos 0°+-isinO°?)=4. But if & is an 
odd number, then the argument will be 180° or will differ 


1 
from 180° by a multiple of 360°. Then 16? =4 (cos 180° 
-+ isin 180°) = — 4. 

Example 3. Extract the cube root of 1. The modulus of 
the root is 3/T=1. The argument of the radicand is 360° k 
(where & is any integer). The argument of the root is 120° k. 
Putting k=0, 1, 2, we find three values of the argument 
of the root: 0°, 120°, 240°. The corresponding values of the 
root are *: 

гү = cos 09-і sin 0°=1, 

ы = ө к m, 

2, —cos 120° -- i sin 120° = — 7 -—5- 
jp Кз 

2; = cos 240? + i sin 240? = — - ——2— | 


* |t is useful to check these results. Multiplying the number 
3 1 
УЗ | by itself by the rule of Scc. 102, we find 23=-—> 


ast 


ea 1=2,. Multiplying once again, we get 2}=2:2,=1. Verifica» 


TE i is the same. Namely, 


tion of the root r ЖЕЕ a 


ҰЗ 


з-тіс? i22. nenn-l 
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In Fig. 17 these values are represented by the points Ај. 
Аз, Аз. The triangle А, А.А; is an equilateral triangle in- 
scribed in a circle of radius Г. 

Example 4. Take the sixth root of —1. The argument 
of the radicand —1 is 180°-4-360° 4. The argument of the 


Fig. 17, Fig. 18. 


Foot is equal to 30°-- 60° к. We have the following six values 
of the root: 


21 —cos 30° + i sin 30° = E 


2 
2; = cos 90? + i sin 90° =i, 


25 = cos 270° + i sin 270° = — i 


26 = COS 330° -+ i sin 339 — olg 


The points Aj, As, Аҙ, Ay, As, Аб which represent these 
values (Fig. 18) are the vertices of a regular hexagon. 

From formula (B) it follows that the m roots of some 
complex number and the л Toots of the conjugate of that 
number are pairwise conjugate. 

Example 5. The fourth roots of the number 
16 (cos 120° +i sin 120°) = — 848 У 3; are: 

21 =2 (cos 30° + i sin 30°) = V 34i, 

2, = 2 (cos 120° +i sin 1209) = — | И 3i, 
ёз = 2 (cos 210° 4 i sin 210°) — — V 3—1, 
24 = 2 (cos 300? + i sin 300°) =1— V 3; 
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and the fourth roots of the number 16 (cos 120° — i sin 120°) 
= —8—8 У 3i are 

2, = 2 (cos 30° — i sin 30°) из 

2,—2 (cos 120°—i sin 120) =— 1 — V 3i, 

2; —2 (cos 210° —i sin 210°) =— У 34- i, 

2, = 2 (cos 300° — i sin 300°) — 1 + У 3i 


, The numbers z, and 721, 2; and Zp, etc. are conjugate іп 
pairs. 


1i2. Raising a Complex Number to an Arbitrary Real Power 


Raising a real number to a fractional power is defined 
in Sec. 125. However, only real values of the power are con- 
sidered there. Here, we need a more general definition. 

Let it be given by the following formula: 


[r (cos ф +i sin q)]? = ГР (cos pp +i sin pq) 


Here, p is any real number and 77 denotes a positive num- 
ber representing the pth power of the modulus г. 

Formula (C) coincides with formula (A) of Sec. 110 
when p is integral and with (B) of Sec. 111 when p is the 


fraction I. И p is the fraction z, then by virtue of (C), 
1 


(С) 


(А) and (В) 
ДЕ na 
[r (cos p+i sin $)]" = yir (cos gi зіп Ф)” (р) 
which is in agreement with the ordinary definition of a 
fractional power. 
The fractional power of any complex (hence, also real) 
he denominator of the 


numbér has n distinct values (n is t отіп: 
fraction). Formula (С) extends also to апу irrational expo- 


nent p, in which case the pth power of any number has an 
infinite number of values. 
Example 1. Raise the number — 16 to the power y. 


We have 


р--. r—16, p= 180° +360°% 
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3 3 


The modulus of the power (—16) is, by (C), 16! —8. 
The argument of the power is equal to 


3- (180° + 360° 4) = 135° +. 270° k 


Assuming k=0, 
will not yield fresh 
lues of the power: 

2, =8 (cos 1359 + sin 135°) = — 4 W944 V 21, 
2; = 8 [cos (135° +270°) + i sin (135? +- 270°)] 
= 8 (cos 45° +i sin 45°) =4 У 944 УЗ, 
23 = 8 [cos (1359 + 2.2707) + i sin (135° + 2 · 2709) ] 
=8 [cos (—45°) + i sin (—45)] =4 У 2 —4 И 
24= 8 [cos (135° 4-3.270°) + i sin (135° 4.3.270%)) at 
= 8 [cos (—135°) + i sin (—135°)] = —4 V 3—4 V 2i 


These values are represented by the points By, By, By, Bs 
(Fig. 19). 


1, 2, 3 (the other integral values of А 
results), we һауе the following four va- 


Fig. 19. 


Example 2. Raise the number | to the power 2 


—. Here, 
1 гл 
P= ух, г=1, ф==3609 №. By (C) we have 

1 

Ux. Ин 2- 8 

; TOS Sar РЬ зіп 300, 

Figure 20 shows the Points By, B + abe 

the values of the power which "result where ШШШ: 
All lie on a circle of radius 1, тат 


cide. Indeed, each of the angles B,OB, Рат of points soln 
to a radian, i.e., each of the arcs ВВ, B,B, rele wens 


^ Ы П FR-DECGH EO 


ү їп length. li some point B, coincided with Ву, this 
Eu 1 mean that the circle traversed s times (s a whole number) 
ntained 2 radii. But then а single circuit of the circle 


Would be of length exactly equal to i radii, yet the cir- 


uU of a circle is not commensurable with its radius. 
Tiere PS of points By, В,, ... can be coincident. The 

M ini Tus we take, the more densely they cover the circle. 
circle en y n points B accumulate about any point of the 
everywhere т erence. And yet on the circumference there are 
instance е ue not occupied by any points B. Such, for 
any е ды: point which is diametrically opposite Ву, or 
vertices. any regular polygon in which B, is one oi the 
las e l is also possible to define the power of a comp- 
of Vale ег for a complex exponent. It too has an infinity 
tal с es, but the corresponding points do not, in the gene- 

азе, accumulate. They are spread out. 


113. Some Facts about Higher Degree Equations 


iss Еш General-form equations of third and fourth degree 
Pe ес. 66), we have formulas which express the roots of 
Th equation in terms of the literal values of the coefficients. 
hese formulas involve radicals of index 2 and 3. They аге 
complicated and too unwieldy for practical use. No such for- 
mulas exist lor higher-degree equations. It has been proved 
hat it is impossible to express the roots of a general equa- 
tion of degree higher than fourth in terms of literal coeffi- 
cients by means of a finite number of additions, subtractions, 
Multiplications, divisions, involutions and evolutions. This 
is possible only for certain particular types of literal equa- 
tions of higher degree. 4 

Nevertheless, the roots of any algebraic equation with 
Numerical coefficients can be found in approximate fashion 
to any desired degree of accuracy. 

Prior to the introduction of complex numbers, even a 
quadratic equation did not always have a solution (see Sec. 92). 
With the advent of complex numbers, every algebraic equa- 
tion has at least one root (the coefficients of the algebraic 
equation may be quite arbitrary, even complex). 

An equation of the nth degree cannot have more than n 
distinct roots, though it may have a smaller number. For 
instance, the quintic (fifth-degree) equation (x — 3) (x — 2) 


Х(х— 1)3=0, which in expanded form looks like this: xê 
— 8xt + 243 — 34x? + 23x — 6 == 0, has the roots x, =3, x, = 2, 
Хз=1, and no other roots. Stili, it is considered that this 
equation has five roots: x, —3, x, —2, x4—1, xy=1, xg l. 
The root | is counted three times because the left member 
of the equation involves the factor x— | to the third power. 

Counting in this manner, we find that every nth degree 
equation 


аух" + аухн—1 +... а, =0 (ao ¥ 0) а) 


has exactly п roots. The reason is this. Equation (1) may be 
represented (uniquely) as 


ao (x —x)) (x —x,) ... (x—x4) 20 (2) 


The numbers хі, ж, ... , Xn are the roots of (1). There 
may be, among them, several with the same value (in the 
last example, we had %3=X,=x,=1). This value is counted 
as à root as many times as it is repeated. If counted in this 
fashion, the total number of roots is always equal to n.. 

If the coefficients of an algebraic equation are real and one of 
the roots isa complex number a 4- bi, then the conjugate complex 
number а— is also a root. For instance, the complex number 


yum A 
ті 15 а root of the equation хе -+ 1 =0 (Sec. 111); the 


conjugate complex number КЕ is also a root of this 


quation with real coefficients always has 
omplex roots. 


The sum of the roots of equation (1) is — 2: 


zt. while the 
Product of the roots is е These properties 


e pos 
Со The equations га Tools are positive, 
5-9; бұға Gye 8, Ga а 
(see above): 3, 2, 1 ^ apt ies 
l.e,—— n 
their product 6 E e. (—1)5.—8 ( pe 
T] 
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" These Properties (and other similar properties) are derived 
ТОП а comparison of equations (1) and (2) (all terms in them 
ust be the same, in particular the second and the last). 


114. Fundamentals of Inequalities 


а expressions, numerical or literal, connected by the 
> (greater than) or the sign < (less than) form an ine- 
sett (numerical or literal). 

Nery true numerical inequality and every literal ine- 
[ү that is valid for all numerical real values of the 
gray Ow is called an absolute or unconditional ine- 
is Example 1. The numerical inequality 2.3—5 < 8—5 (it 

гие!) is an unconditional inequality’. 
tio Example 2. The literal inequality a? > — 2 is uncondi- 
а? nal since for any numerical (real) value of а the quantity 
thie Rosie or equal to zero and, hence, is always greater 
th Two expressions can also be connected by the signs < (less 

an or equal to) and > (greater than or equal to). Thus, 

е notation 2а->30 means that the quantity 2a is either 
Вгеаќег than 36 or equal to 3b. These expressions are also 
called inequalities. 

The literal quantities involved in an inequality can be 
Classified as known and unknown. It is common practice to 
Stipulate which letters are to be taken for the unknown 
quantities and the known quantities. Ordinarily, the last 
letters of the alphabet (x, у, 2, и, v etc.) аге used for un- 

nowns, d "E 

То solve an inequality means to indicate the limits 
Within which the real values of the unknown quantities must 
le in order for the inequality to be true. 

to solve the system 


If several inequalities are given, then to solve th с 
of inequalities Meats to indicate the limits within which 


he values of the unknowns must lie so that the given 


inequaliti true. di е 
angie $ Solve the inequality x? <4. This inequality 

is true if |x| <2, that is, if x lies between —2 and +2. 
he solution is of the form ee ua eh 


. Solve the inequality 2x > 8. | 
eee dar looks like this: x > 4. Here x is bounded 


©n one side only- 


ALGEBRA 


i Ну (х— —3)>0 is true 

Example 5. The inequality (x—2) (x D and 

ЖЗ T Een both factors (x —2), (x—3) are Pose BE 

also if x « 2 (then both factors are proque ы ДЕ 

true when x lies between 2 and 3 (and also bi nen ualities: 
х=3). Therefore, the solution is given by two ineq 


SB; са: 


tion 
Example 6. The inequality x? < —2 has no solu 
(cf. Example 2). 


115. Basle Properties of Inequalities 


a. 
l. Шах b, then b < a; conversely, if a < b, ШЕЛ > 
Example 1. М 5Х—1 > 2x-+1, then 2x-- 1 < 5x vay if 
2. lla 2 b and b» c, then a > c. In the same 
a « b and b < c, then a < c. n | it 
Example 2. From the inequalities x > ду, 2y > 10 
follows that x > 10. 


nd 
3. a>, then ate>b+e (and a—c > Ж бі 
if a <b, then a+c < b+c (and ас < b— c), whic an ine- 
that we can add to (or subtract from) both sides of of the 
quality the same quantity without changing the sense 
inequality. 


ing 8 
Example 3. Given the inequality х--8 > 3. Subtracting 
from both sides we get x > —5. 


ing 6 
Example 4. Given the inequality x —6 « —2. Adding 
lo both sides, we have x < 4. 
4. ll a » b. and Cc» d, 
and c «d, 


Ч i- 
ng the same sense (the expression "inequal 
ties of the same 


ч ay, 
x nte За аз > ba, then а,--а,4-аҙ > 0, + 6, + Us 
true. Combining them termw; 
—3 > —8. 


1 П 
Example 6. Given the system of inequalities TEE 
1 1 
« 18, их, Adding them 
x < 22. ^ 
Note. Two inequalities of the same sens, besubtracted 
termwise one from the other because the па пољу te either 
true or untrue. For example if from the inequa ity 10 > 8 


term by term, we get 
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we subtract termwise the inequality 2> 1, we have the true 
inequality 8>7, but if we subtract the еу 6>1 
from that inequality, we get an absurd result. Compare with 
the following item. 

5. ll a » à and c« d, then a—c » b—d; if a< b and 
c > а, then a—c < b—d; that is, from one inequality it is 
possible to subtract termwise another inequality of opposite 
Sense* and leave unchanged the sense of the inequality 
from which the other was subtracted. 

Example 7. The inequalities 12 < 20 and 15 >7 are true. 
Subtracting the first from the second term by term and 
tetaining the sign of the first, we get the true inequality 
—3 < 13. Subtracting the first from the second and leaving 
the sign of the second, we obtain the true inequality 3 >- ІЗ. 


Example 8. Given a system of inequalities: тх 
Fris 18, +x—ty > 8. Subtracting the second one 


from the first, we get y < 10. 
6. If a > b and m is a positive number, then ma > mb 
a 
and 57 > а. ог 

both sides of an inequality тау be divided ог multiplied 
by the same positive number without changing the sense of the 
inequality. 

But if a» b and n is a negative number, then na < nb 

a b 
and 7 <, ог 

both sides of an inequality may be multiplied or divided 
ty the same negative number, but then the sense of the іпе- 
quality is reversed (it is of course forbidden to multiply and 
divide both members of an inequality by zero). 

Example 9. Dividing both sides of the true inequality 
95 > 20 by 5, we get the true inequality 5 > 4. But if we 
divide both sides of 25 > 20 by —5, we have to reverse the 
sign > (to < ) to get the true inequality —5 < —4. 

Example 10. From the inequality 2x « 12 it follows that 
к< 6б. 

Example 11. From the inequality —+ x»4 it follows 
that x < — 12. 

Example 12. From the inequality = > 4 it follows that 
Ix > ky И the signs of the numbers / and & are the same, 
and that [x < Ау if the signs of the numbers / and k are different, 


* The expression “inequalities о! opposite sense" means th 
of the inequalities has the sign > and the other, the sign <. а! one 


14 1303 


116. Some Important Inequalltias 


1 / real 
1. |a-- 6| < |a|4-]5|. Here, a and b are arbitrary г 
or complex numbers (but |а|,|6| and |а--6| are ы. 
real and positive, see Secs. 69 and 105), that is, the то: m : 
of a sum does not exceed the sum of the moduli. БУНА У 
occurs only when both numbers a and 9 have the 5 me 
argument (Sec. 105), in particular when both numbers 
positive or both negative. E 
Example 1. Let а=--3, 5----5. Then а--б----2. 
la+0b|=2, |а|=3 |b|=5. We have 2 < 345. 
Example 2. Let а=4+3, b=6— 8i. Then 
a+b=10—5i, |a--b|— Y 10 ( — 5i = У 125, 
lal= Y PFF 5, |= V F= 10, 
[а1+101=15 
We have 125 < 15. 


Note. The inequality |a+-6|<|a]+-|b| may be extended 
lo a greater number of terms; thus 


|a 5--c| < la] 4-16] -4- ]| с] 
2. ad => (a is a positive number). The equality holds 
only when a— 1. А 
3. Vab < 5 (а and 6 positive numbers); what this 
means 1$ that ‘the geometric mean (Sec. 59) of two numbers 
does not exceed their arithmetic mean. The 


^ equality Vab = 9+2 holds only when 
AN а=. 
Ta 


Example 3. a=2, b=8, Vab=4, 
а+ь 


72 = 5, ме have 4 < 5. This inequality 
was known 2000 years ago. Its obvious natu- 
set re is seen geometrically in Fig. 21, where 
CD— Y AD-DB and СО до —AD+DB 
2 


А generalization of it is the following į x ished 
by the French mathematician Gauci тераат а 
4. и 5e atat. ча,“ 4 
аге d The Y win Ше numbers ay, аз, ..., An 
: е а is аль 
а, d. vss Og BPE equal: У 15 valid only when all numbers 


LITIES 


5. 1:2 (44+) < УФ (а and b positive). The sign of 
equality is valid only when a=b. 
Example 4. a=2. b=8, ы (4 t 5)=5: we bave 


16 
TRA 


The quantity 1:4 l.l 2280 


Ђ сть 5 а mean quantity (Sec. 


PO) pee a and b. It is called the harmonic mean.” Thus, 
Ihe armonic mean between two quantities does not exceed 
he arithmetic mean of the quantities. This property can ђе 
generalized to any number of quantities; in conjunction 
with the inequality of Item 4 we have 

а: +0:+...+ап 


(на) И ааз. d S r1 


Ра 

ПРО 3 

6. [reto | и aitat- tan 
a EX n 


(the numbers ај, аз, ..., a, are arbitrary); thus, the abso- 
lute value of the arithmetic mean does not exceed the root- 
теап:зднаға (Sec. 61). The equals sign holds only when 
1=а.=... = ay. 

Example 5. a a,=4, a4 =5, a,=6. 
а+а+а,+а © and the 


Here the arithmetic mean is 
root-mean-square is 


2 ? 2 2 к -- 
Ста = $*180425430 —V 86 
4 2 


№ 9 «Изв 
е have 2x < >: 


7. ayb, Farbe +... ва, ДУ аа +... Нах 
xV ны... +8 
b, are arbitrary. The 


the numbers ау, âz, ..., Ani (ЖЕЛЕ 

equality is valid only when аү:бу =а2:0; = = apn: bn- 
Example 6. Let а,=1, а,=2, аз=5; Б = —3. 0, =1, 

b,—2. We have  ajb азр. +. Нав, = l (—3)+ 2l 


of musical harmony an important 


* |n the ancient Greek theory 
between the lengths of two 


role was played by the harmonic mean 
strings. Whence the name "harmonic". 


14* 


45-2 =9; 


Мата так ут 52 = У 30, 
Уне. тестте гис: Yd 


We have 9 < V 30 - им. А 
8. Chebyshev inequalities. Let the numbers 41, ду, ++ 


ап; D, ба, ..., b, be Positive. a 
"up ae d, er... жа, and 61650, <... «b, the 
а‹+а,+...+а„ D eb. Fon — ibi ара + .. Фапба (1) 

п п п 


=, 
But if Qa <... за, yel bb 2... mU 
then 
fi*ü t... “а, ба. + ажарын... жалба (2) 
dr... Фа, > 

a п 


n 


қ е 
Іп both cases, the equality is valid only when all үн 
numbers а, а), ..., а, are equal and also the numbers bı 


» s ба are equal, 
E = 
Example 7. Let a=l, a=2, аз=7 and 6,=2, і, =3, 
b3—4. Then 
аааз... жап 15247 10 
ЖҰМЫ слесары ыы 
яра 24344 4 
ac, 
2:0, 04b, .. аль, ee 0 3754 19 
И = 
We have à 
10 
393 < 12 г 
ie ы Let a,=1, 4,==2, аҙ--7 апа b,=4, 6, =3, 
m Быш 
2101045, a,b, 8 
mum cL 
We have 
1 
23. 8 
The inequalities (1) and 
Hp tp ИЕ (2) may be stated thus 


duin іп both sequences the t do not 
diminish (or do not increase), th, је terms do 1 
metic means does not exceed tha ће оис а ihe. anitih 


hmetic mean of the pro- 


ducts. But if in one sequence the terms do not decrease and 
in the other they do not increase, then the opposite inequa- 
lity is valid. 

These inequalities were discovered in 1886 by the celebra- 
ted Russian mathematician Р. L. Chebyshev (1821—1894). 
nues generalized them and proved the following inequali- 


И 0 ca,«a,«...«a, and 0 «b, «b, «...«b,, 


then 
айғайы... жай V ++... +b 
n n 
by)? + (а36:)* +... +(anbn)? 
<у ам пора ај, (3) 
үзі 2 LT TRENT 
n n 
3 3 3 E] 
«уз TOME (4) 
and so оп. 


However if 0 <a,<a,<...<a, but b>6, 
++. X b, > 0, then the opposite inequalities hold true. 


117. Equivalent Inequalitlos. Basic Techniques for Solving 
Inequalities 


Two inequalities involving the same unknowns are called 
equivalent it they are true for the same values of the un- 
knowns. 

. The equivalence of two systems of inequalities is defined 
in the same manner. 

Example 1. The inequalities 3х + 1 > 2х + 4 and 3x>2x+3 
are equivalent since both are true for x » 3 and both аге 
untrue when x <3. 

Example 2. The inequalities 2x<6 and x?<9 аге not 

equivalent since the solution of the former is x<3, while 
the solution of the latter is —3<x<3, so that, say for 
х=—4, the former is true and the latter untrue. ; 
_ The process of solving an inequality consists, in the main, 
in replacing the given inequality (or the given system of 
inequalities) by other, equivalent, | inequalities (see Sec. 215 
for a graphical solution of inequalities). When solving inequa- 
lities use the following basic techniques (сі. Sec. 82). A 

1. Replacing one expression by an identical expression. 


2. Transposing a term from one side of the inequality to 
the other with a reversal of sign (by virtue of Sec. 115, 
Item 3). | RE 

3. Multiplying or dividing both sides of an inequality i 
the same numerical quantity (not equal to zero). If the mul- 
tiplier is positive, then the sense of the inequality remains 
unchanged, if it is negative, the sense of the inequality is 
reversed (Sec. 115, Item 6). 2 у 

Each one of these transformations yields an inequality 
that is equivalent to the original one. 4 

Example 3. Given the inequality (2x—3)? < 4х?--2. кер; 
lace the left member by the identical expression 4x?— 12x 4-9. 
We get 4x?— 12x +9<4x?42. Transpose 4x? to the left mem 
ber and 9 to the right member. Collecting like terms, we Е 
—12х<—7. Divide both sides of the inequality by —12; this 
necessitates reversing the sense of the inequality. The solution 


of the given inequality is x > 5. 


_ To multiply (and of course divide) an inequality by zero 
is not permissible. When multiplying or dividing both mem- 
bers of an inequality by literal expressions, we get an inequ- 
ality which, as а rule, is not equivalent to the original one. 
Example 4. Given the inequality (х— 2) x <x—2. 
., Divide both sides by x—2 to get x <1. But this inequa- 
lity is not equivalent to the original one because, for instance, 
the value X—0 does not satisfy the inequality (x—2)* 
< x—2. Again, the inequality x > 1 is not equivalent to the 
original one because, for example, the value x=3 does not 
satisfy the inequality (x—2) x < x—2. 


118. Inequalltlos Classifiod 


he ine li 2 4 T 
inequality of the second denne” —2x+5>0 is an algebraic 


= Inequality 2 Х +4 is a transcendental 
mpl he inequality 3x29 > 
algebraic inequality of the fi X--9»3x(x—2) is ап 
RA te the inequality: Ax 91 degree because it can be redu- 


tor UALITIES OF FIRST DEG 
119. Inequalities of the First Degree in One Unknown 


A first-degree (linear) inequality in one unknown can be 
гедисе to the form 
ax>b 
It has the solution 


х> + ІІ o0 
апа 
ад 
х<- 


Example 1. Solve the inequality 5х—3>8х+ 1. 
Solution. 5x—8x >3+1, —3x > 4, х<--. 


Example 2. Solve the inequality 5х--2<7х--6. 
Solution. 5х--7х<6--2, —2x < 4, x »—2. 
Example 3. Solve the inequality (x— 1)? < Abas. 
Solution. x?—2x--1« x*--8, —2x < 7, х>---. 


Note. An inequality of the form ax+6 > ax +b is an 
inequality of the first degree if a and a, are distinct. Other- 
wise the inequality is reduced to a numerical (true or untrue) 
inequality, 

Example 4. Given the inequality 2 (3x—5) «3 (2—1) +5. 
It is equivalent to the inequality 6x—10 < 6x--2 and the 
latter can be reduced to the numerical (unconditional) inequ- 
ality —10<2. Hence, the original inequality is uncon- 
ditional. 

Example 5. The inequality 2(3х--5) > 3(2x—1)-+5 
reduces to the meaningless numerical inequality: —10>2. 
Hence, the original inequality has no solutions. 


120. A System of Inequalltles of the First Degree 


To solve a system of first-degree inequalities, find the 
solution of each inequality separately and compare the solu- 
tions. This comparison either yields the solution of the 
system or reveals that the system does not have any solutions. 

Example 1. Solve the system of inequalities 


4x—3 > 5x— , 2х-4 < 8х 


ALGEBRA 


The solution of the first inequality is x < 2; of the second, 
X $ The solution of the system is т <х<2. 
Example 2. Solve the system of inequalities 
2x—3 > 3x—5, 2х44> 8х 
For the first we have the solution x <2; for the second, 
2 i i 2 (under this 
х<--. The solution of the system is x < x d 
condition the inequality x < 2 is certainly true). 
Example 3. Solve {Не system of inequalities 
2x—3 < 3x—5, 2x+4> 8x А 
The solution of the first inequality is x > 2, the solution 
of the second, x < =. These conditions are contradictory. 
The system has no solutions. VA 
Example 4. Solve the system of inequalities 


2х «16, 3x--1» 4x—4, 3x6» 2x47, x4-5 «2x4-6 


1 
The solutions are, respectively, x «8, x «5, x>! 
€ > —1. Comparing these conditions we find that ihe AM 
two may be replaced by the second alone, and the thi 


and fourth, by the third alone. The solution of the system 
і1<х<5. 


121. Elementary 
іп One Unknown 


1. The inequality x? < т, a 
(a) If m » 0, the solution is 


— Ут «x« Vm au 

(b) If m «0, then there į are oma 
real number cannot be negative)” See eae 
2. The Inequality х2 > т 


Inequalities of tho Second Degree 


1 (2) 

> ata > yl (2) is valid, firstly, for all values of x 

Greater than Vm. and, ве less 
than — Уже Secondly, for all values of x 

x>Vm оғ х<--Үл (2а) 

(b) If m=0, then (2) holds true for all x except х=0: 

х>0 or 0 b 

(c) И m «0, then (2) is a us E», 


unconditional inequality. 


IN UNKNOWN 


Example 1. The inequality x? < 9 has the solution 
-2<%<%. 

Example 2. The inequality х? < —9 has no solutions. 

Example 3. The inequality x? > 9 has for a solution the 
set of all numbers greater than 3 and the set of all numbers 
less than —3. 

Example 4. The inequality x? > —9 is unconditional. 


122. Inequalitles of the Second Degree 
In One Unknown (General Case) 


Dividing a second-degree inequality by the coefficient of 
x*, we reduce it to one of the following types: 
х-+- px+q < 0, (1) 
Х%-Ерх-++4 > 0 (2) 
Transpose the constant term to the right side and add to 
both sides (£)- This yields, respectively, 
2 D 
(c0) « (+) —4, (1) 
2 2 " 
(+++) > (7) = Q 
If we denote x44 by z and (£)-« by m, we get the 
elementary inequalities 
zi«m, (1^) 
> т (2) 
The solution of these inequalities was given in the рге- 
ceding section. Knowing it, we find the solution of (1) or (2). 
Example 1. Solve the inequality —2x?-4- 14x— 20 > 0. 


Divide both members by —2 (Sec. 117, Item 3) to get 
x*— 7x--10 < 0. Transposing the constant term 10 to the 


right and adding (т) to both members, we get (=) < 
< + ‚ whence (Sec. 121, Case 1а) 

-%<х-1<% 
Adding 7, we find —344 <х< i-i that is, 


2 
2«x«5. 


EBRA 


Example 2. Solve the inequality --2х2-- 14х-—20 i 
Períorming the same transformations, we get the inequality 


ey > i whence (Sec. 121, Case 2a) we find tliat 
7 34 i 
our inequality is valid, firstly, for х-- > >: that is, for 


X > 5, and, secondly, for rit DEREN or for x « 2. 


Example 3. Solve the inequality х2--6х--15 < 0. Trans- 
posing the constant term to the right and adding t both 
members (+), be, 9, we find (x--3)? <—6. This ine- 
quality (Sec. 121, Case 1b) has no solutions and so the given 
inequality has no solutions. қ As in 

Example 4. Solve the inequality х2 6x-+ 15 > o 121 
Example 3, we find (x--3)* > —6; This inequality (Sec. 121, 
Case 2c) is unconditional. 


123. Arithmetic Progressions 


At one time the t 
lics to denot 


rated are called the terms of the 
time the term "progression" 
most important kinds of nu 
geometric, all other progres 
Sequences. 


Ехатр 2. The Sequence of numbers 10, 8, 6, 4, 2, 0, 
В arithmetic Progression with common diffe- 
rence —2. j 

Any term oj an arithmetic у ted 
by the formula Progression may be compu 


75 — 1-4 (п—1) 
where a, is the first term of 


RESSIONS 2H 


mon difference, and а, is the nth term, л being the number 
of the term. 

, The sum of the first n terms oj an arithmetic progres- 
Sion is given by the formula 


_ (ian) 
Hox о 


5 


Example 3. In the progression 12, 15, 18, 21, 24, ... the 
tenth term is egual to аи = 12-- 3:9 =39. 
The sum of the first ten terms is 


(careo (12439) 10 _ 955 


510 
Example 4. The sum of all integers from 1 to 100 inclu- 
sive is 01199 199 _ 5050. 


2 


124. Geometric Progressions 


A geometric я is a sequence of numbers such 
that the ratio of each term to the immediately preceding 
one is a constant called the common ratio (or, simply, ratio). 

Example 1. The numbers 5, 10, 20, 40, ... form a geo- 
metric progression with ratio 2. 

Example 2. The numbers 1, 0.1, 0.01, 0.001, etc. consti- 
tute a geometric progression with ratio 0.1. 

A geometric progression is termed increasing when the 
absolute value of its ratio is greater than unity (as in 
Example 1) and decreasing when it is less than unity (as in 
Example 2). : 

Note. The ratio of a progression may be а negative num- 
ber, but such progressions are of no practical significance. 

Any term of a geometric progression may be computed 
from ihe formula 

a, — ауд"! (1) 
where a, is the first term, 4 is the ratio, and a, is the nth 
term, n being the number of the term. Џ : 

The sum of the first n terms of a geometric progression 
(whose ratio is not unity) is given by the formula 


_ 0nd-0i 41-444 9 
Ер Ue (2) 


п is most conveniently used for increasing 


The first expressio: | f 
‘or decreasing progressions. 


progressions, the second # 


But if g=1, then the progression consists of equal terms 
and in place of (2) we have s = пау. _ қ 
Example 3. In the geometric progression, 5, 10, 20, E. ihe 
the tenth term а= 5:29 =5-512 = 2560. The sum 
first ten terms is 


2 
219:2 


5212: 5115 


$19— 


The sum of an infinitely decreasing progression is a number 
approached without bound by the sum of the first n ев 
of the decreasing Progression when the number n inc 
without bound. z — M 

The sum oí an infinitely decreasing progression is g 
by the formula 


pS 


Example 4. The sum of the infinite geometric progression 
1 
11 =, делу is =! that із, the 
29 d ак (a жан =) is mea 


um TUR approaches the number 1 without 
bound as л increases without bound. 


125. Negatlve, Zero and Fractlonal Exponents 


Raising a quantity to the nth power was originally 
understood as an n-fold repetition of a certain number ae 
a factor. From this Point of view, such expressions as 9 

1-- 
or 9 2 appear to be Meaningless since it is clearly impos- 
sible to take 9 as a factor for a total of minus two times 
ог one and one half times. Nevertheless, mathematicians 
attach a very definite meaning to such expressions; namely, 


1 
9-3 is considered to be equal to 3-4: 915, to У 
-(У9 2-27, ete. Here again we encounter the generali- 
zation of the. concept of a mathematical Operation that is 
constantly Going on in mathe The simplest and ear- 
liest generalization of this kind was that of the operation 
se of a fractional factor (see 
Бе! along without introducing 


р ча 


fractional ог negative ex i 
А xponents, but then problem оѓ a single 
d would have to be solved by a multitude of dives 
Е 24 ead of one. The problems we have in mind are to 
eee mostly in higher mathematics and therefore many 
Med Sue F\amples are beyond the scope of this book. Howe- 
(агу E oi these prablems is studied in detail in elemen- 
is ч н, It has to do with logarithms (see Sec. 126). 
today ron „noting that the theory of logarithms, which 
the orks intimately bound up with the generalization of 
Ukes ept of a power, dispensed with fractional and nega- 
ҮШ Е for a whole century after its discovery (at the 
of Hote е 17th century); the same goes for the problems 
the uU mathematics that we mentioned. It was only at 
xity of of the 17th century that the number and comple- 
lizetic mathematical problems urgently called for a genera- 
ee " of the concept of a power. That was the path taken 

Derim Scholars and, most notably, Newton. 
SR inition of negative power. * By definition, the power 
divid?g nomber with a negative (integral) exponent is unity 
nent, th y the power of that number with a positive expo- 
ke е value of which is equal to the absolute value of 
е negative exponent; or 


" The equation a-m = 1:4” holds true both for positive m 
nd for negative m. If, say, m — —5, then —т will be equal 
to F5 and our formula will look like this: d=- , which 
15 in agreemen! with the definition given above. 
Operations involving negative exponents obey all the 
Tules that hold for positive exponents. What is more, it was 
only after the introduction of negative exponents’ that the 


Tules for handling positive exponents acquired full generality. 
:ап=а®-" (see Sec. 89) can now 


Thus, the formula a” 
be applied not only when m> п, but also when m <n. 
Example. а5:08=а5-8=а-3. Indeed, according to the 
definition a-5=—, 50 that the expression a5:a95—a-? means 


. ms “negative power”, “zeroth power”, and “fractional 
BOGE CE io mean powers with a negative, zero and fractio- 


nal exponent, respectively. 


= . For the formula a?:a? =ат-п to have generality, 
it must hold true when m — as well. For this purpose we 
make the following definition. 

Definition oi a zeroth power. The zeroth power of any 
nonzero number is unity [the expression 0°, like the expres- 


sion T (see Sec. 37), is indeterminate]. 


Examples. 39 = 1, ( =, ( 3) 1, а5:а5 —a9— l. 


Definition of a fractional power. To raise a (real) number 
а to the power = means to extract the nth root of the mth 


power of a. The fractional powers of complex numbers are 
discussed in Sec. 112. 


3 i ape 122 
Examples. 9 2 = V 93 — 97, TAN EOKA 
K ub 
==, 3 “=з үз, 1668 


Note 1. The base а could be taken negative, but then 


its fractional Powers might not result in real numbers. For 
instance, 


3 
(-2* = (29 = Уа 


ЖЕ 

Тһе root Из cannot be а real number. А 
К апау elementary mathematics considers опу posi- 
tive bases of fractional Powers. 

Note 2. The exponents however, may be positive, nega- 
tive or fractional. Negative exponents are of no less impor- 
tance than ositive exponents. In order to master logarith- 
mic computations, it is necessary to do as many exercises 


as possible in order to get i ega- 
tive and fractional exponents алы cess ОТА, 


Bt 3 422 12 
les. 9 2 1:92 1 ays ву 3 
Examples 2 ==. (3) =1:(3) 
-27 gA 
Е ? d: 2 


| 


MIC TABLES 


The introduction of fractional exponents does not involve 
any changes in the laws of exponents. Thus, the formula 
а®:а" =а®+"п and others аге still valid. 


5 3 2 5 
13; мй 1], Эу Wc 
Example. a” -a 7 =a’. True enough, a^ = V/ a5; 


so that our notation signifies 


Се” П ? 
45. = Va? which is true (see Sec. 90, Rule 4). 
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126. The Method of Logarithms. Construction 
Of Logarithmic Tables 


The operations of multiplication, division, involution 
and evolution are much more labour-consuming than those 
of addition and subtraction, especially when they involve 
multidigit numbers. An insistent need for such operations 
arose in the 16th century in connection with the develop- 
ment of sea navigation which gave rise to improved astro- 
nomical observations and calculations. It was astronomical 
calculations that gave rise, at the turn of the 17th century, 
to computations by means of logarithms. 

Today, such calculations are used whenever one has to 
do with large numbers. They are already useful when dea- 
ling with four-digit numbers and are absolutely necessary 
when five-place accuracy is required. Greater accuracy is 
rarely needed in practical situations. rere і 

The value of the logarithmic method consists іп reducing 
multiplication and division of numbers to addition and 
subtraction which are much easier to perform. Likewise, 
involution and evolution and also a number of other compu- 
tations (trigonometric, for instance) are greatly simplified. 

The idea of the method can be illustrated in a few 
examples. 

Suppose we have to multiply 10,000 by 100,000. The 
ordinary scheme of multiplying long numbers is not needed 
here at all: simply count the number of zeros in the multi- 

licand (4) and the multiplier (5) and add these numbers 
Б get 9, which is the number of zeros іп the product: 
1,000,000,000 (9 zeros) This computation is legitimate be- 
cause the factors are (integral) powers of 10: we multiply 


104 by 105 and the exponents are added. Іп the same way 
we pas division of powers of ten (division in this case 
is replaced by subtraction of the exponents). atid 
But only a few numbers can be divided and multipli 
in this manner. In the first million (excluding 1) we haye 
only 6 such numbers, 10, 100, 1000, 10,000, 100,000, т ? 
Now there would be more numbers involved in multiplica 
lion and division if in place of the Базе 10 we took, зау, 
2, ог some base closer to 1. For 2 as a base, we construc 
a table of the first 12 powers: 


Exponent 
(or logarithm): ] 2. же "B8 в do п 12 


Power 2 4 8 16 32 64 128 256 512 1024 2048 4096 
(or number); 


We will now use the term logarithm for the numbers (ехро- 
nents) іп the upper TOW, and the term number for the пит 
bers (powers) in the lower row. the 

To multiply any two numbers of the lower row, add d 
two numbers above them in the upper row. To iusta 
we find the product of 32 by 64 by adding the 5 above 8 
to the 6 above 64 to get 11. The answer is under 11: 2048. 
To divide 4096 by 256, take the numbers 12 and 8 above 
them; subtract 8 from 12 to get 4. The answer is under 
the number 4: 16, If we continue the table to the left and 
introduce zero and negative Powers of the number 2, it is 
Possible to perform division of small numbers by larger 
numbers. 

Although there are 
han between the powe 


only a few numbers and so is of little practical value. 
base a number much closer to | than 
the number 2, this defi i 


et us take for the base the number 1.00001. There will 

be over a million (1,151, 292) successive powers of this num- 

ber between | and 100,000. If we round off the values of 
ese powers and retain о) 


illi ly 6 signifi digits, then a 
million rounded results will. М Significant 


s. LOG HMIC TABLES 


That is precisely how the first tables of logarithms were 
constructed. * Their computation required many years of 
arduous labour. Today, anyone could do the job in about a 
month using the methods of higher mathematics. Three hund- 
гей years ago it required a lifetime. But the result was that 
many thousands of computors calculated many times faster 
through the use of these tables which were constructed once 


and for all time. 
At the present time, logarithmic tables use the base 10 


because this yields a number of computational advantages 
since our system of numeration is decimal. To obtain whole 
numbers it is necessary to use fractional powers of the 
number 10. 

The logarithm of some number to the base 10 is called 
the common logarithm. Compilation of tables of common 
logarithms does not involve any particular difficulties if a 
table to the base 1.00001 has already been compiled. Indeed, 
suppose we want to find the common logarithm of the 
number 3, that is the exponent of the power to which we 
have to raise 10 in order to obtain 3. In the table to the 
base 1.00001 we find 


10 = 1.00001 230,255 
3 = 1.00001109,801 
{ the first equality to the power 
we get 1.00001 ~ 1011723052587 and so the second 
еп as ЗА 10(109,861:230,258), which is 


thm of the number 3 to the base 10 is 
find the common loga- 


Raising both members о 


230,258 ' 
equality can be writt 
to say that the logari 
0.47712. In the same way we can 
ritlims of other numbers. ** 


ürgi f him 

* In about 1590 by Bürgi of Switzerland. Independently о! » 

and somewhat later the Scotsman Napier constructed a table based 

on a number very close to unity, but less than unity. Bürgi pu ins 

hls work in the year 1620. whereas Napier's tables appeared earlier, 

in 1614. ihe bus 
** The Idea of constructing of table о! logarithms to the 

i nd the Englishman Briggs. 

10 belongs to the Scotsman Қарын, the earlier tables of Napier 


lled Briggsian. Fractional 
YES and Briggs did 


powers were not yet used defined the term logarithm somewhat diffe- 


15-1303 
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127. Basic Properties of Logarithms 


i is the exponent 

The logarithm of a number N to a base a is dd 

x indicating the power to which a must be raised to луй 
Notation: log, N = x. Symbolically, log, М=х is eq 

lent to ax = М, к 

Examples. 102; 8=3 since 23=8; log, 

pt | А Е 

(4) =16; Іов, p (+) =з since (4) =F: 


From the definition of a logarithm follows the identity 


16=—4 since 


аа Noy V 
ово М — М. 

Examples. 2:98, 8 — 8, | „ 95. g. 519825 —05, 10 
he eae a (the logarithmic base) and N (the number) 


i ) les), but 
may be taken integral and fractional (see examp 
they must be Positive if we want the logarithms to be real 


The logarithms themselves may be negative. Negative lo- 


garithms are just as important, practically, as positive loga- 
rithms. 


of unity to any base is zero. The logarithm of a number 
equal to the base is always 


log, (pg) = log, p+ loga q 


The logarithm of the quotient 


the logarithm of the dividend 
divisor: 


of two numbers is equal He 
minus the logarithm of the 


log, 7 = log, p— log, q 


The logarithm of the power of a number is equal to the 
exponent times the logarithm of the number: 


log, рт — m log, р 
сс = 


* The number а must not equal unity, otherwise numbers not 
equal to unity will not have a logarithm Trad any number will be 
the logarithm of unity. 


€ use the symbol log x to mean logis x [translator]. 
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URAL LOGAR 


Тһе logarithm of а root of a number is equal to the loga- 
rithm of the number divided by the index of the root: 


=> 1 
[ов ап РЕ loga P 


(this is a consequence of the preceding property since 


1 
и р=р" ) , 

Warning. The logarithm of a sum is not equal to the 
sum of the logarithms; it is incorrect to write loggp+logaq 
in place of log, (p--q). This is а common mistake. 

, То take the logarithms of an expression means to express 
its logarithm in terms of the logarithms of the quantities 
that. make up the expression. 

Examples of taking logarithms: 


put 


(1) log, 37 = log, (2p*gm 


т? 
2 
—log, 2 4- 2 log, Pp + log, 9 — 5 1080" 


14.352. V0. 20600 
(2) х--ү; 05243110” 


log х= log 14.352 -- + log 0.20600— log 185.06 —2 log 43,110 


Using a table of common logarithms, find log 14.352, 
log 0.20600, etc. and compute the right member of our E 
lion; this is log x. Then, using the table, find the number x 
from its logarithm. For more details, see Secs. 131-134. 


128. Natural Logarithms. The Number е 


For practical purposes the most convenient are logarithms 
to the base 10 {солоп logarithms). In theoretical н 
gations however, it is тоге convenient to шеа Ш Че 
base, namely the irrational number е=2.7182818 n pu 
decimal places). This amazing, at first glance, fac in М 
be explained in higher mathematics. Неге we wi en 
show where the number came from. It is closely EE "i 
with the mode of computing logarithms that was explaine 


1 
in Sec. 126. When for the base we take a number 1---- 


15% 
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close to unity, say 1.00001 (л = 100,000), men p Е 

numbers we get enormous logarithms Eutr ire order of 
ake this logari 100,000. 

ИЕ м it has to be reduced by a Гао бүй tus loge 

Then it will be 1.09861. The number 3 will h 

rithm 1.09861 if for the base we take 


1 

(1-- 2)" =1.00001100,000 and not 1 4- = 1.00001 
г 

Indeed, we have 


1 
= 109,861 — 1.00001 100,000. 1,0986 
3 = (1.00001) Seen Nei 


4 es of 
Computing the quantity 1.00001%90,000 to eight plac 
decimals, we get 


(14--L)" 2271826763. (n= 100,000) 


4 irst five 
This number is very close to the number e; ШЕШ ity, 
digits coincide. If we took a number still clos 


А ‚ we 
бау 1000001 (л = 1,000,000), then reasoning as before 
would see that 


(1 ++)” = 1.000001 900,ооо 


is a still more convenient base. 


: 47. 
To eight pláces of decimals, this number is 2.718280 
The first six digits ar. 


e the same as those in the ЧИШУ di 
and the seventh digit differs only by unity, The greater 
number n, the less the number (141) differs from n 
number e. In other Words, the number е is the limit to which 
(i144) tends as 


^ increases without bound. That is the 
definition of the number е, 


a 
1 
We have seen that the base 14+ ana, hence, (1-4) 
as well, enables us to com ute logarit f all possible 
numbers the more exactly, the greater gee 5 It is 
natural to expect that for this 


Purpose the most convenient 
number is the limit to which У 


4, which amr tends as n increases 
without bound, which is the number 2 That isely is the 
case. Computation oí logarithms to the base d cue Yo per- 
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formed more quickly than to any other base. The methods 
for such calculation are given in higher mathematics. 

The number е itself can be expressed as a decimal to any 
desired degree of ассигасу. Some tables contain approximate 
values of e that far exceed any practical demands. However, 
it is impossible to express the number e exactly by any 
decimal fraction or any rational fraction. What is more, e is 
not only irrational, it is transcendental (see Sec. 91). 

_ Logarithms taken to the base e are called natural loga- 
rithms. Sometimes they are called Napierian, but this is 
wrong historically. * 

, Notation. Natural logarithms are usually denoted by Inx 
instead of log, x. 

Example. In 3— 1.09861. г 

To find the natural logarithm of a number № from its 
common logarithm, divide the common logarithm of N by 
the common logarithm of e (which is equal to 0.43429. . .): 


..logN _ Мом ___ 
InN = loge Я g-4315 ^ 2.30259 log № 


The quantity log e— 0.43429 is called the modulus of com- 
mon logarithms with respect to natural logarithms and is 
denoted by M, so that 


1 
In N= log М ы 


* The base actually used by Napier was the number 1 — 0.0000001. 
If we wanted to reduce all logarithms of Napier's table by a factor 
of 10,000,000—10? (see example analyzed above), we would have to 


take as the base the number (1-4 ‚ where Ё=10?, which could 


then be called the base of Napier's table. But this number is by no 


1 
means equal to e (и differs very slightly from the number — ). 


to 
** The rules given here for converting from natural logarithms 
common logarithms ‘ead vice versa are particular cases of the general 
formulas 
log, М 
loga № =108 N-loga b, logaN = та 


from the logarithm of a number N to the 


which permit convertin е same number to the base а. The second 


ase b to a logarithm of th 
formula yields for N=b 


1 
loga Ба 


Example. From the table of common logarithms we have 
log 2 = 0.30103, whence 


12 = -0.30103 = 0.69315 


To find the common logarithm of а number E 
given natural logarithm of М, multiply the natura Е: 
rithm by the modulus of common logarithms with resp! 
to natural logarithms: М -іов е: 


log N = log e In N =M In М ~ 0.43429 In N 


1 
Example. In3=1.09861, whence log 3= М: 1.0986 
= 0.47712. 


Tables are provided to simplify multiplication by M and 
м: They contain products of M and X by all one-digit ш 
all two-digit factors. We give below a table for multiplica- 
tion of M and + by single-digit numbers. 


1 

2 
3 
4 
5 
6 
7. 
8 
9 


Ocoo-ooxsw 


me кек. 


129. Соттоп Logarithms 


From now on, we shall сі ithm 
in the ipo of common bee ше the word logari 
The logarithm of unity is zero, ' 
on a те ог 19. 100, 1000, etc., are 1, 2, 3, and so 
zeros following ity 88 many positive" units'as there аге 
The logarithms of + 
equal to en 195 oF the numbers 0.1, 0.01, 0.001, etc. are 


: Е , 5 hence the e- 
gative units as there ‘are 2ег 1 7ng буе as many n 
units place) preceding unity. 95 (including the zero in the 


MON LOGARITHMS 


The logarithms of the other numbers have a fractional 
part which is called the mantissa. The integral (whole-num- 
ber) portion of the logarithm is termed the characteristic. 

Numbers greater than unity have positive logarithms. 
Positive numbers less than unity have negative logarithms 
(negative numbers do not have real logarithms). 

For example, * log 0.5 = —0.30103, log 0.005 = —2.30103. 

For the sake of convenience in locating the logarithm 
from ‚а number or the number from the logarithm, negative 
logarithms are not given in this natural form but in an 
artificial” form. In the so-called artificial form, a negative 
logarithm has a positive mantissa and a negative characteristic. 

For example, log 0.005=3.69897. This notation means 
that log 0.005 = —3 ++ 0.69897 = —2.30103. 

To transfer a negative logarithm from its natural form 
to the artificial form, (1) increase the absolute value of its 
characteristic by unity, (2) put the minus sign (a bar) over 
that number, (3) subtract from 9 all digits of the mantissa 
except the last nonzero digit; subtract the last nonzero digit 
from 10. The differences obtained are written in the same 
Places of the mantissa as the digits being subtracted. Zeros 
at the end remain unchanged. 

Example 1. Reduce log 0.05 = —1.30103 to the artificial 
form: (1) increase by 1 the absolute value of the characte- 
ristic (which 15.1); this yields 2, (2) write the characteristic 
in artificial form as 2 and place the decimal point, (3) sub- 
tract the first digit of the mantissa (which is 3) from 9; 
this yields 6; write the 6 in the first decimal place. The 
subsequent places will have the digits 9(=9—0), 8(—9— 1), 
9(=9—0) and 7(--10--3), ог 

—1.30103 = 2.69897 


. Example 2. Represent —0.18350 in artificial form: (1) 
increase 0 by 1 to get 1, (2) we have Т, (3) subtract from 9 
the digits 1, 8, 3, and from 10 the digit 5; the zero at the 
end remains unchanged. This yields 
—0.18350 = 1.81650 

To transfer a negative logarithm from the artificial to the 
natural form, (1) reduce the absolute value of its characte- . 
ristic by unity, (2) place the minus sign to the left of the 
number, (3) handle the digits of the mantissa as in the pre- 
ceding case. 

* All subsequent equations are approximate to within one half 
unit of the last digit. 


Example 3. Represent 4.68900 in natural form. (1) 4—1 =3, 
(2) we have —3, (3) subtract the digits 6, 8 of the mantissa 
from 9, and the digit 9 from 10; the iwo zeros at the end 
Temain unchanged. This yields 


4.68900 — —3 31100 


130. Operations Involving Artificial Expressions 
of Negative Logarithms 


With a little Practice, the techniques described below enable 
опе to handle artificial expressions directly just as fast as 
Natural ones. 

Addition, Mantissas are added as usual; after adding the 
tenths it may happen that one ог more units have to be 
carried; if that is the case, then the carried digit is added 
0 the Positive characteristics when adding the characteris- 
tics (which May include both Positive and negative numbers). 


Example 1, 1.173504 2.88694 +3.99206. 


Work: Неге, adding the tenths yields 24-14-8-4-9—20 
Lid, (the carried digits are written at the top of the 
-+ 288694 proper column), Write down 0 and carry the 2. 
399206 Adding the characteristics yields 2--1--24-3--0. 


1 Ay 

Example 2, 2.7458 Adding the Characteristics here we 
4.3089 get 1424 4—7, 
1.0547 


5:5: In Subtracting tenths we had to 
Example 1, —2.1741 PITOW a positive unit Кот the 
5.1846 characteristic 3, which changed it 
2.9895 to 3. Subtraction о the characte- 
Tistics yields —5=2. 
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SSHONS OF 


E _. . Неге we do not have to borrow 
xample 2. 200 from the characteristic; 1—3=4. 


4.0164 


Here we can see that sven yhen 
315 subtracting a positive logarithm 
Example 3, d from a positive logarithm, the re- 
— L99/! sult can be obtained directly іп 
2.1894 artificial form. It is advisable to 
do so. 

In joint addition and subtraction, it is sometimes prefe- 
rable to replace all subtractions by additions. In this case, 
if the subtrahend is a positive number, the corresponding 
negative addend is converted to artificial form. But if it is 
negative number specified im artificial form, it is converted 
to natural form and the minus sign is dropped. The resul- 
ting addends may then be called cologarithmic addends. 

Example. 0.1535 —1.1236 + 1.1686 — 4.3009 = 0.1535 +-co- 
log. addend_ LE Ра addend 4.3009 — 0.1535 
+ 0.8764 + 1.1686 + 5.6991 = .8976. 


Work: 0.1535 = 0.1535 
1.1236 — 0.8764 


Multiplication. To multiply an artificial logarithm by a 
positive питаю, multipl separately first the mantissa and 


then the characteristic; if the multiplier is a one-digit num- 
ber, then the number of positive units obtained in muii 
plying the mantissa is immediately а ded to the А 
product of the multiplier into the characteristic. . rds b , 
if the multiplier is multi-digit, carry the multipuca ion ite 
the mantissa to the end and add the product of the 


plier by the characteristic. 


3 264 


Example 1. 
6.4397 
x 7 


39.0779 
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І hort-cut multi- 
+ 1.4397 Use the rules of s Ic 
аманы x 17 plication; see Sec. 55. 


10.475 


; i ithm in 
it is necessary to multiply a negative logari d 
mU AE by H пе number, it is best to conve 
arithm to natural form first. à л қ 
пи o If the divisor is a negative ог ане, З 
sitive number, it is best to convert to natural Lodi 
divisor is a single-digit positive number, leave t € divisible, 
in artificial form. If the characteristic is exactly ee Ae 
then divide separately the characteristic and then НЕ На 
tissa. If the characteristic is not exactly divisible, р that 
to it mentally a least number of negative units suc tally 
the resulting number is exactly divisible; then add menta 
to the mantissa the Same number of positive units. АН 
‘Example. 2.5638:6 = 1.7606. So as to make the ve the 
ristic divisible by 6, add 4 negative units. P Е 
result, —6, by 6 yields —1. Now first add 4 positive 
to the mantissa and then divide 4.5638 by 6. 


131. Finding the Logarithm of a Number 


The logarithms of integral powers of 10 are found without 
tables (бес, 129). To find 


the logarithm of any other num 

ber, do as follows. than 

(A) Finding the characteristic. For number greater tha 
unity, the characteristic is equal 


lo the number oí digits in 
minus one. 


For numbers less th 
artificial form of the lo; 
zeros preceding the sigi 


an unity, the characteristic of Ше 

garithm is equal to the number 0 

gits of the number (inclu- 

ding the zero in the units Place). 
Examples. log 0.00635 — 


3 (characteristic); log 0.1002 — 1 
(characteristic); log 0.06004 — 3 (characteristic), 
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. (B) Finding the mantissa. To find the mantissa of a de- 
cimal fraction (whether pure or mixed), drop the decimal 
point and enter the table to find the mantissa of the resul- 
tant whole number. To do this, drop all zeros (if there are 
any) at the end of the whole number. For example, the 
mantissa of the number 20.73 is equal to the mantissa of the 
number 2073, the mantissa of the number 6,004,800 is equal 
to the mantissa of the number 60,048. 

When using four-place tables of logarithms, we leave only 

the first four digits of any whole number; if the tables are 
live-place we use the first five digits. The other digits are 
discarded because they do not aífect (for all practical pur- 
Be at any raie) the digits of the mantissa given in the 
able. 
A four-place table gives the mantissa of а three-digit 
number directly; a five-place table gives the mantissa of 
à four-digit number directly. The mantissas of four- (five-) 
digit numbers are found by adding so-called mean differences, 
or proportional parts (see examples given below). 

A four-place table of logarithms is given on pages 18-22. 
_ Example 1. Find the logarithm of the number 45.8. We 
find the characteristic by inspection (without the use of the 
table): 1. Dropping the decimal point, we get the whole 
number N = 458. Taking the first two digits (45), move along 
row 45 to column 8 to find 6609. This is the mantissa. We 
thus have log 45.8 = 1.6609. ae 

Example 2. Find log 0.02647. We obtain the characteristic 


by inspection, without the table: 2. Dropping the decimal 
point we have the number 2647. Taking its first two digits 
to column 4 (4 is the third 


(26) we move along row 26 up (4 i 
digit of the given number) and read 4216. This is the man- 
tissa of log 264. In the “proportional parts” of the table we 
find the correction corresponding to the digit 7 (the fourth 
digit of the given number). It is in row 26, column 7 of 
Proportional parts and yields 11. Add this to the earlier 
obtained mantissa to get 4216+ 11 = 4227. This is the man- 
tissa of the given number. We thus have log 0.02647 = 2.4227. 


Work: log 0.0264 = 2.4216 
7 +l 


ee Ес 
log 0.02647 = 2.4227 
in the proportional parts 


of interpolation 
lifies the work of 


Note. The corrections obtained 
data of the table are computed by means 
(see Sec. 64). The use of interpolation simp 


the computor. From the table we can see that the тайа 
of 2640 is less than the mantissa of 2650 Бу 4232— 4216 = 
(decimal parts). The difference of 10 between the two ИШ 
bers corresponds to a difference of 16 between the mantissas- 
Working the proportion, we get 


х:16=7:10=0.7, x=16-0.7=11 


Five-place table of logarithms. teristic 

Example 1. Find log 0.02647. We find the charac’ еШ 
by inspection: log 0.02647 —2. Dropping the decimal ра! to 
we have the number 2647. Find row 264 and go along А its 
column 7 to find 275. These represent the last three, Ша 
of the mantissa. The first two (42) are found at the Бе OTe. 
of the row. The entire mantissa is 42275; log 0.02647 = 2.470 m 

In most rows, the first two digits are not indicated. ein 
are taken from the succeeding row (if there is an asteris: the 
front of the last three digits of the mantissa) or from 
Preceding row (if there is no asterisk). 

Example 2. Find log 6764. The characteristic is 3. ТАН 
Tow 676 of the table of logarithms and go along it to сот 
4 to get the last three digits of the mantissa: 020. They hav 
an asterisk and so the first two digits (83) are taken from 


the next lower i tissa is 83020; 
log 6764 = 3.83020. °” 677. The entire mantis 


, Example 3. Find log6.6094. Find the characteristic by 
inspection. It is 0. Drop the decimal point to get 66094. 

е first three digits of the number) we see 
fourth digit) and find the number 014 with 
are the last three digits of the mantissa 
- The first two (82) are found in the па 
corresponding to the НЫ is 82014. Find the correctio 
column PP we find at 


Work: 


log6.609 —0.82014 
4 


к ы кш 
log 6.6094 — 0.82016 


132. Finding a Number from a Logarithm * 


Di 

given weird the characteristic and seek, in the table, the 
certain whole number” close to it. This is used to find a 
and with th number (it is found directly in the first case 
examples), DLL of а correction, in the second; see the 
Positive, then th examine the characteristic. If it is zero or 
тоге than the € integral part is formed by taking one unit 
сап be annex а number of units of the characteristic (zeros 
If the сна d, аі the end of the number if necessary) 
found as С is negative, then place before the ве 
racteristic: the zeros as there are negative units in the cha- 
he number thus р on the left is set off by a decimal point. 
Foil ol us found corresponds to the given logarithm 
xampie 4 fable (see -pages 18-22). 
3.4683 (that is Find the number whose logarithm is equal to 
Е mantisa den number 103-4683), First іп the table seek 
columns, sa + or one close to it. Run down one of the 
igits are AG cee umn 0, and seek a number whose first two 
4) in oW Ane close to 46. We find such a number 
we find iti . Thereabouts look for the mantissa 4683; 
mantissa 4683 row 29, column 4. Hence, the number with 
We take 341 is 294. Since the characteristic 3 is positive, 
annex a ze mis digits for the integral part. And so we 
Exam io the end of 294. This yields 3.4683 = log 2940. 
Proceeding. · Find the number whose logarithm is 3.3916. 
number 35 83 in the previous example, we do not find the 
9, at th among the mantissas, but we find aclose number, 
number 2 е intersection of row 24 and column 6. Thus, the 
е first Tos corresponds to the mantissa 3909, which yields 
fourth di hree signilicant digits of the desired number. The 
mantis igit is found by computing the correction. The given 
ЈЕ dies 3916 exceeds the tabular value 3909 by 7. We seek 
edna igit in the same row 24 in “Proportional Parts”. It is 
digit in column 4. The digit 4 is thus the fourth significant 
oth of the desired number; the number 2464 corresponds 
iti e mantissa 3916. Now examine the characteristic. Since 
in | Negative and contains three units, we put. three zeros 
1 ront of the number we found and set off one decimal 

Place. We thus have 3.3916 — log 0.002464. 


I PM 
i its four-place legatum. 
33). 


Whi 
bw) R le of antilogarithms (see Sec. 1 t is not 
able Gk fo double the volume of a logarithmic 


advisabl five-pla 
table Pe adjoining a table of antilogarithms. 


Work: 


log x = 3.3916 26 
3909 4 
ыы Мы 4; х=0.002464 


3916 log 2464 


Note 1. Bear in mind firmly that when seeking а number 
on the basis of a logarithm the proportional parts correc’ 
is annexed to it and not added to the last digit. ught 
Note 2. Do not forget that the correction is to be Son 
in the same row as the number that is our approxi n of 
to the mantissa. If this row does not have the correc И, 
the mantissa we need, then take the next closest correc 
Five-place table of logarithms. 


Example 1. Find the number whose logarithm is АЕ 
Turn the pages noting the first two digits of the man inity 
(the numbers increase). Find 43 and then in the Vocated 
look for the last three digits, or 377. These digits are loc per 
at the intersection of row 271 and column 5. The a Sin 
Wh the mantissa 43377 is thus 9715. Taking into acco 
the characteristic (2), we have 2.43377 — log 0.02715. d 

Note. In most cases, the last three digits of a mantis 

ame row as the first two digits, or three 
is, however, possible that the last th е 
rest row above, in which case they а 
Preceded by an asterisk. 

Example 2. Find a number whose logarithm is 0.14185. 
Proceed іп the Same manner as in the above example; we 6, 
not find 14185 among the mantissas but we do find 14176, 
which is close. The last three digits of the mantissa (176) 
| above the first two and so we find an asterisk in front. 
The mantissa 14176, which stands at the intersection of row 

| пала column 6, is associated with the number 1386, which 
yields he first four digits of the desired number. The fifth 

сей, computed by перо The mantissa at hand 
exceeds the tabular SMe by 185—176=9. Now the ditferente 
үре abular mantissas is 208— 176 = 32. 
is Hunt amn PR Ne find a small table headed 32. In it, 
Opposite i Н 1 
nificant digit of the а sired 3. This digit is the yan io 
er. The number having the 
~ hog тла into account the characte- 


Work: 


log x = 0.14185 
14176 1386 
+9 3; x= 1.3863 
14185 13863 


Note. When finding a number f i 
foftional pate da g mber from a logarithm, the pro- 
added to ра Ma annexed to the number and are not 


133. Tables of antllogarithms 


The so-called table of anti i 

a 1 ilogarithms (see pages 23-27) is 
ieee as a logarithmic table only the data are daniel 
logarith У so as to simplify finding a number from a given 
ud im. Only mantissas (denoted by т) are given in the 
plats D boldface type). If the mantissa has three decimal 
fies n he table gives a whole number directly; if the man- 
НЕ a four decimal places, the number is found with the 
ҚЫ ШІ; Proportional parts data (see examples). The given 
thes eristic is then inspected. If it is zero or positive, then 
ЛЕН part has опе more digit than the number of 
ы; its in the characteristic (any number of required zeros 
Ue be annexed at the end of the number). If the characte- 
istic is negative, then the number is preceded by as many 
Zeros as there are units in the characteristic. The zero at the 
етее left is set off by а decimal point. The number thus 
ound corresponds to the given logarithm. 

Example 1. Find a number whose logarithm is equal to 
2.732 (that is, the number 102.732). Disregard the characte- 
ristic and take the first two digits of the mantissa (73). 
Go along row 73 up to column 2 to find the number 5395. 
Since the characteristic 2 is positive, the integral part has 
2--1=3 digits. Our answer is 103.732 = 539.5. 

Example 2. Given log x=3.2758. Find x. Disregard the 
characteristic and find the number in row 27 and column 5. 
It is 1884. Find the digit in the proportional parts data 


corresponding to the digit 8. It is 3. Add it to the number 
Inspect the characteristic. 


that was found: 1884--3-- 1887. 
ins three units, we put three 


Since it is negative and conta 
zeros in front of the number 1887 and set off one decimal 


place from the left. We have 
x= 0.001887 or log 0.001887 = 3.2758 


Work: 
log x = 3.2758 
275 1884 
8+ 3 
2758 1887 
x = 0.001887 
Example 3. log x=0.0817. Find x. 


081 1205 
Тр 19 
0817 1207 
х=1.207 
Note. When finding a number from a logarithm with the 


aid of antilog tables, the Proportional parts data are always 
added to the last digit and not annexed. 


134. Logarithmic Computations (Worked Examples) 


Example 1. Compute u=% where а=4.352, 
Иа: 
b= 1.800. 
(1) Taking logs, 
јој og—*5 ... 155. dk o 
VE log Vazo: | У (a-b) 


= log a+ log b —— [log (a+ b) + log (a—5)] 
(2) We find a+b and a—p; 


a—b=2.552 


(3) First compute loga--logb, then - [log (a+b) 


+ log (a—5)]: 
log a = log 4.352 — 0.6387 


log Б log 1.800 — 0.2553 
lo; 


Ба -- log b — 0.8940 
log (а + b) Slog 6.152 = 0.7890 
98 2.552 = 0.4068 
g (а— 5) = 1.1955 
= llog (a+ b)+ log (а-5) = 0.5979 


(4) Find logu and then и: 


_ 0.8940 
0.5979 
logu=0.2961, и--1.977 
ad ga 


Example 2. Evaluate P—pe ^? where = 
E Р = p=10.33, k 
=0.00129, 4 — 1000, and e is the base of natural logarithms 


(е = 2.7183). 
(1) log P=log р h log е= 109 р hM, 
Mere M = log e ғ: 0.4343 (the modulus of common logarithms 
with respect to natural logarithms; see Sec. 128). 
(2) Find log p: 
log p = log 10.33 = 1.0141 
(3) Take the logarithms of the expression Жам: 


log hM = log k + log A+ log M—log p 


(4) Evaluate this logarithmic expression: 


log k —log 0.00129 = 3.1106 
log А = Іов 1000 3.0000 
log М = log 0.4343 1.6378 
colog p —colog 10.33 = 2.9859 


log AM = 3.7343 


Whence АМ = 0.05424. 
(5) Evaluate log P (see Item 1) and then P: 
logp —1.0141 
ys ^M — 0.0542 
log P —0.9599, whence Р=9.118 


135. Combinatorics (Permutations and Combinations) 


sic ways of arranging items chosen from 


There are two ba: 
some set of distinct objects (elements). They are termed per- 


mutations and combinations. 


16-1303 


1. Permutations. Take m distinct objects (elements) 8, 
az, ..., ад. Rearrange these elements іп all possible ЖАР 
keeping their number constant and only changing their oed 
Each such arrangement (including the original one) is с 
a permutation. The total number of permutations “л ДЕ 
ments is denoted by Р,. This number is equal to thing 
duct of all integers from 1 (or, what is the same р 
from 2) to m inclusive: 


Ра =1:2:3-... (т—1)-т="т (0 


t 
The symbol m! (read “т factorial") denotes the produc 
1.2.3. 


(1) abe, (2) ась, (3) бас, (4) bca, (5) cab, (6) cba. | 

Example 2. In how many ways can five posts be assigned 
to five persons elected to the administrative board ob = a 
club? Write a list of the posts and opposite each s ol 
name. This will be one permutation. The total number 
such permutations is Ру=1-2.3.4.5 = 120.. 


Note. When m=1 іп the expression 1.2-3....-т, tion) 
only one number, 1. It is therefore agreed (by defini lon) 
that И=1. Бог m=0 the expression 1.2.3.....т beco 


meaningless, and so it is defined that 01-1, See Item 2 
below for the justification of this convention. 

et us now take this set of m elements and make up 
groups of n elements in each, arranging the n elements in 
different order. The resulting arrangements are termed per- 
mutations of m elements taken n at a time. The total num- 
i of permutations of m elements n at a time is ep 
Y Pm (ог „Ри). This number is al to the product of п 
Successive integers of which the largest ы е? 


Pm=m(m—1)(m—2) ... [m—(n—1)] (2) 
Example 3. Find the numb р f four ele- 
ments abed taken tw er of permutations of fo 


o at i 2—4.3= 12. 
These permutations аге the пола have Е 


=, ай, da, be, cb, bd, db, са, de 
Example 4. A meet 4 

body, which then Соб «есі в Persons to us SUBLET 
treasurer. In how many 5 PE. 


TORICS 


The desired number is the number of permutations of 8 ele- 
ments taken 3 at a time, or P$ —8-7.6— 336. 

2. Combinations. Take m distinct elements and make up 
Groups of n elements in each but disregard the order of the 
elements in each group. We then have combinations of m 
elements taken n at a time. 

The total number of distinct combinations is denoted 
by Ст. This number (which is integral of course) can be 
represented by the formula * (see Item 1) 

Сп нв (3) 


m= PaPm-a п (m-n) 


By definition we assume Cg, —1 [this value is obtained 
from (3)]. 
The expression GA is often abbreviated to (7). 


It is clear that (7) = (7 4), that is, Ст —Cm ". 
In computations it is often more convenient to make use 
of other expressions for the number of combinations, namely 


ст Pm om (т-1)..Дт-(л- 1)1 
OS аа 17.2-...-п 


ог 


т (m- 1)... (1*1) 
C Pn-n 1-2...(m-n) 


Example 5. Find all the combinations of fixe elements 
abcde taken three at a time. We have C$ = 7777 = 10. These 


ten combinations are 

abc, abd, abe, acd, ace, ade, bed, bce, bde, cde 

Example 6. There are eight candidates for three counters. 
In how many ways can the assignments be made? Since the 
duties of each counter are the same, we have combinations 
and not permutations, as in Example 4 of Item 1. The sought- 


for number is 


8.7.6 
3 = ——56 
Сізттз 


Combinatorial mathematics deals with many more types 
of arrangements than those described above. One of the most 


• There is only one combination containing all m elements and 
so Ст=1. Formula (3) gives this value only if we agree that 01=1. 


16* 


important types is permutations with repetitions of the ele- 
ments. These are defined as follows. Take т elements, 9i 
which m, are identical elements of type опе, m are identica 
elements of asecond kind, еіс. Permute them in all possible 
ways. We then get permutations with repetitions. The number 
of distinct permutations with repetitions is 
Ры т! 
Ра Рту. Раф 00 mn. та 

(тј = ту +. . + тр==т, and k is the number of kinds). 

Example 7. Find the number of distinct permutations о 
the letters aaabbcc with repetitions of the elements. Inter- 
changing the first two letters does not result in a new ар 
tangement. The same occurs when we interchange the ШІМ 
and fifth letters, and іп other cases. But the arrangements 
abaabec, caaabcb and certain others are distinctly new ones- 
In this example, ту==3, ту =2, m4—2; m= m; +m + ms — !* 
The number of distinct permutations is 


71 2.3. -T 910 


3121217 3: 

Example 8. Find the number of distinct permutations made 
up of the signs ++ +———. Here, т, =4, ae 
m=m,--m,=7. The desired number is үш =35. From this 
example it is easy to see that the number of permutations 


of m elements, amon which are repeated m elements О 
she first kind and iis elements of бе second kind, is equa 
о the number of combinations of m elements taken m; ata 
number of combinations of m elements taken mz 
and Galea ced; each permutation is associated with one 
ne nly e selection of positions with the--sign. Thus, ІП 
2 рати ation + +——4— 4 the -signs occupy the 1, 
ee Positions so that the corresponding combination 15 
* => D 7. Hence, there are as many permutations as there 


are distinct combinati 
ne mbinations of seven numbers taken four at a 


136. The Binomial Theorem 


* The term “Ne 's bi + 
because (a+5)" jc HET binomial theorem” is a misnomer. firstly 
for positive integral л was раја! secondly, the isi f Du 
ton goes the credit for the bald Беоге Newton's the But to New: 
ding the expansion to the сазе of negative and m Tia ч 

actional л." 


HE BINOMIAL THEOREM 245 


The binomial formula for positive integral n is 
(a+ by" =a" (ү) an-! b + (2) an-* b24 (3) ат 302+... 
+ („= 1) abn-1 4- bn (1) 
or, what is the same thing (see p. 242), 


Г п! = п! _ ара 
(a+b) DU ату атту Ta- aqn-3p?4-... (2) 
Accordingly, it is assumed that (2) = (л) =1 and also 0!=1 
(see note on page 242). With this convention, the first and last 
terms of the expansion are of the same form as the other terms. 

For computational purposes it is more convenient to use 
the formula 


(a+ b)! =an sna" 1p ди tg 2D 0-2 an-aps 
+... (3) 
Example 1. (a 4-5)? =03- 3% ++ 1-50? + 6° = аз + 3a% 

+ 3ab* 4- U^. 


Example 2. (1-х) = 1--6х + 15x24-20x? + 15x--6x5--x*. 

The numbers I, л, au) У лиги, etc. are ter- 
med binomial coefficients. They may be obtained in the fol- 
lowing manner using only addition. In the top row (see 
accompanying array) write two units. All other rows begin 
and end with unity. The intermediate numbers are found by 
adding adjacent numbers of the row above. Thus, the num- 
ber 2 in the second row is found by adding the two units 
of the first row; the third row is obtained from the second 
this way: 1+2=3, 2--1—3; the fourth row from the third 
as follows: 1+3=4, 3+3=6, 3+1=4, and so forth. The 
numbers in one row are the binomial coefficients of an 
appropriate power. This array is called Pascal's triangle (or 
the arithmetic triangle). 


15 10 10 51 
1615 20 1561 


ЕСТ 


The Binomial Theorem for Fractional and Negative 
Exponents 


у , id 

Suppose we have the expression (а--5)” where л is 
fractional or negative number. Let |a|> [6]. Represent 
(a +b)” as a^ (1-- х)". The quantity x=}; its absolute value 


is less than unity. The expression (1-- x)" may be computed 
to any desired degree of accuracy by formula (3). 


i а -1 = —1. 
Example 1. т+==(1-+х)-1. Негел= 
ince АИ (70.02) _ 
Since “= ae, 
n(a—1) (a= 2) (—1)(—2).(—3) eres | 
1.2.3 XS 1-2-3 
and so оп, we have (lx) = 1—x 4- x1 — x3 4- x1 —.. 


Тһе number of terms in the right-hand. member is Дз 
nitely great, but when |x| <1, the sum of the Te 
their number increases without bound, tends to the li 


А Н 
Tex (the expression in the right member, if |x| < 1, is ап 
infinitely decreasing geometric series). 


Example 2. Compute У/Т.06 to five decimal places. 
1 
Represent VTO аз (140.06)? and apply formula (8): 


1 1 
> коё. шу 
(1 + 0.06) ? — 1 ++ 0.064.227") ы 


+... = 1 + 0.03 —0.00045 
+ 0.0000135— die 
Subsequent lerms do not ан i i imal 
) fect the first five decima 
places and so, summing the four terms written eut, we have 
V 1:06 = 1.02956 


The cube nearest to 130 is 125=53. Represent }/ 130 

1 i Es Ed 
as (125-- 5)? = 125 3 (1+ 0.04) 3 -5(14-0.04)3. Carry the 
answer to seven places (taking note of the fact that the error 
18 accumulative in addition and is then increased fivefold): 


+ i) 
(14-0.04) 3 — 1+5 0.044. 9... 9.04 


, x (+=) (+=) 


P 0.043... 


= 14 0.0133333 — 0.0001778 4- 0.0000040 — . .. = 1.0131595 


The discarded terms do not affect the seventh digit and we 
find 5-1.0131595 = 5.0657975. Accurate to the fifth decimal 


Place, we have }/ 130 = 5.06580. А more precise computation 


(with regard for the next term) yields 5.0657970, all decimals 
correct. 

Using this device we can extract the root of any degree 
of any number rapidly and to any desired degree of accuracy. 


Generalized Binomial Formula 


(а, d- a5 +а,+.. ај)“ => amber а" арт 
Where л is a positive integer. 
The symbol > signifies that we must take the sum of 
all terms of the form 
алт ау" аул... ape 
nd nm, Па, ...злв are arbit- 


where n is the given exponent а! 
rary integers or zeros whose sum is equal to n. The number 0! 


is taken equal to 1. 
Example 
3 
(a--04- edP = У, a, m] nl ml 


ала b": сп d"« 


the number n=3 may be given as the sum of k=4 integral 
sumands thus: 


3=3+0+040, 
З--2--1--0--0, 
3=1+1+1+40 


Accordingly, we have 


@-Е5-Ес--4)%== zr sry (а3восодо + дорасодо 

+ abrcd? азат) Da от (220909 -+ абсоа° 

+ a2b%qo 4694 -|-...) 

+ irm iror (abed?-4- аса + ай 1-а%са) 

=a PE d3 43 (а-а +-a%e-+act-+atd-+ad? 

+ BC+ be? + b*d + bd? сла 4- са) 4- 6 (abe -L- abd + acd + bcd) 


Properties of Binomial Coefficients 


1. The coefficients of terms the same distance from the 
ends of the expansion are the same. 


For example, in the expansion 
(a+b)? =at + баор + 15046 20499 + 15a%b4 -|- баб» +- b° 
the coefficients of the Second and second to the last terms 


are the same, 6; the Coefficients of the third term from the 
beginning and the third from the end are the same, 15. 


| he sum of the Coefficients of the expansion of (а-- 6)” 
is equal to 27, For example, in the expansion above we have 
146+ 15+20+ 15464 1—64—99 
, 3. The sum of the coefficients of terms in odd positions 
15 equal to the sum of the coefficients of terms in even разе 

„°з for example, in the expansion (а + 6) 
the sum of the Coefficients of the Ist, 3rd, 5th and 7th terms 
eu nal to the sum of the Coefficients of the 2nd, 4th and 

erms: 


1--15-- '5+1=6+2046— 3995 


СЕОМЕТВУ 
А. PLANE GEOMETRY 


137. Geometric Constructions 


1. To draw, through a given poi i ine pa- 
It), point C, a straight line pa 
rallel to а given straight line АВ. 


‚ “Реп a pair of compa i i 
(Fig. 02 Mpasses and draw an arbitrary circ 
8. 22), centre C, such that it intersects AB. қа 


akimnb 
8 
0 
Fig. 22. Fig. 24. 


the’ Opening of the compasses lay off on AB from one of 
eitha ints of intersection, say M, a line-segment MN (in 
о the direction) and then describe the arc ab from N. Joint С 
ле point P of intersection of the arc ab with the circle. 
s the desired straight line. 
; То bisect a given line-segment АВ. 
gre teng a pair of compasses with an arbitrary opening (but 
of the than 1/, AB) describe two arcs from the endpoints 
I НЕ line АВ. Join their points of intersection (С and D) 
ie a straight line. The intersection point O of the straight 
ines AB and CD is the midpoint of the line АВ. 
puis To divide a given line AB into a given number of equal 
In Fig. 24 draw a straight line ab parallel to АВ; on it 
lay off as many equal segments of arbitrary length as needed, 
зау ak = = Im — mn — nb. Draw the straight lines Aa, Bb 
n = 
to intersect in the point О. Draw straight lines ОЁ, Ol, Om, 
On. These lines will intersect AB at the points К, 1, М, М, 
which divide AB into the required number (in our case, 5) 


of equal parts. 


4. То divide a given line-segment into parts proportional 
to given quantities. 
и Shis онеш is solved in the same way as Problem » 
but on ab we lay ой segments proportional to given quan 
ties. | 3 

5. То draw а straight line еншш іо a given 
straight line MN from a given point A. | 3 

Кош an arbitrary point О without the given шош. 
line (Fig. 25) draw а circle of radius OA. Draw a diam 


is mode of Construction is particularly useful yhen 
the point A Jies close to the edge of the paper. The metho 
a solving the next problem (first case) has the same advan- 
age. 


6. To drop a per endicular fro iven point C to a 
straight line MN, ^ РЕНИ 4 


| „Тот point C draw ап arbitrary inclined line CB (Fig. 26). 
Find its midpoint О (see Problem 2) and from it describe 
а circle of radius ОВ. The circle also intersects MN at 
point A. Join A and C to get the desired perpendicular. 

When C lies close to MN, this method of construction 
may result in a considerable error, The following is a pre- 
ferable alternative const rom point C as centre 
(Fig. 27), draw an are DF cutting MW at points D and E. 
From D and E as Centres, draw two ares cd, ab of the same 
radius; they intersect at F, Draw FC to obtain the desired 
perpendicular, 


T. For a. given vertex К and 
angle equal to а given angle ABC 


describe from the i i 
e centre К an arc pg. From point p describe 
an arc af of radius equal to PQ. Join to К the intersection 


дү 
Dus! of arcs pg and аф. The angle qKM is the required 


та у 
n 
Fig. 28. 


8. To construct angles of 60° and 30°. 
Я From endpoints A and B (Fig. 29) of an arbitrary line 
B describe two arcs of radius AB. Join their intersection 
points C and D with a straight line which cuts AB at its 
midpoint О. Join A and C with a straight line. Z САО =60°, 
4 ACO=30°. 


8 


a с 
Fig. 30. 


9. To construct ап angle of 45°. А 
Lay off оп the sides of a right angle BAC (Fig. 30) equal 


segments AB and АС and join their endpoints with a 
oe line CB. The line BC forms 45° angles with AC and 


10. To bisect a given angle BAC. f 
From vertex A (Fig. 31) draw am arc DE of arbitrary 
radius. From points D and Е (where DE cuts arms AB and 
AC) draw the arcsab, cd with arbitrary equal radii. (it is 
most convenient to use the original opening of the compas- 
ses). Join their point of intersection to A. The resulting 


straight line AF bisects the angle BAC. 
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iseci a given angle BAC. А 1 TA 

Wann it 5 make this construction у ape 

tedge and compasses alone. Using compasses and аси Е 

tuler (say with centimetre divisions) the cons шег Bue 
carried out as follows (Fig. 32): from point A de. 


Ax iP 8 
—8 х я 
Е АМА 
2 АЯ 7 с any 
Fig. 32. Fig. 33. 


i Place 
circle of arbitrary radius AC. Produce AC beyond. A. 
the ruler so that it Passes through B, then revolve it anoue a 
--- until ED (the line-segment be Vi 
сан the circle and the straight line А |) 
is equal to the radius АС. The ange 
EDF is one third of the angle BA 2 
12. Through two given points 
and В to draw a circle of given ra- 
dius r. d 
From points А and B (Fig. 33) 
describe arcs ab and cd of гасат. 
Fig. 34. Their point of intersection is the centre 
of the desired circle. 
е through three given points А, В, С not 
lying on a single straight line. 


Referring to Fig. 34, draw straight lines ED and KL 
Perpendicular to lines АС and 


У а chord. Draw а perpendi- 
Еһ the midpoint of the chord (see Problem 2). 
! bisects the are (and the chord). 

16 To find the locus from which а given line AB is seen 
at a given angle a. 

The desired locus (Fig. 
equal circles with endpoints at А and B 
and B do not belong to t 
are found as follows: dra 


(The points А 
he locus). The centres of these arcs 
W perpendiculars AD and BK to the 
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endpoints of AB (see Problem 5). Construct an angle KBL=a. 
We find point C at the intersection of BL and AD. The 
midpoint O of line BC is the centre of one of the sought-for 
arcs. The other are is constructed similarly. 


- is То draw through а given point A а tangent to a given 
circle. 


12 

(| B 
А N) | 
© Ç 
Fig. 35 Fig. 36. 


If A lies on the circle (Fig. 36), construct BAC perpen- 


dicular to radius OA (see Problem 5); CB is the required 
tangent line. 


Fig. 38. Fig. 39. 


If A lies without the circle (Fig. 37), bisect AO (see 
Problem 2) and from the midpoint B draw are CD of radius 
BO. Join D and С to A with straight lines. The straight 
lines AD and AC are the required tangent lines. 

. 18. To construct an exterior common tangent to two given 
circles. 

(a) If the radii of the given circles are equal, the problem 
always has two solutions (Fig. 38). Through centres A and B 
draw diameters KK, and LL, perpendicular to the line AB 
of centres. Drawing KL and K,L, we get the required so- 

ions. 

(b) Let the radii of the circles be unequal: R > г; from 
t е centre of the larger circle draw a circle of radius AC=R—pr 
(Fig. 39). Draw to this circle from the centre B of the smaller 
Circle the tangent line BC (Problem 17). Join centre A to 


ircle 
the point of contact C. Produce it to meet e larer o Ter 
at D. Draw BE perpendicular to BC to mee ee the 
circle at E. Join D and E. The straight ues (DE and 
desired tangent. The problem admits two Sol OnE M the 
D,Ei) if the smaller circle does not lie whol y 


É 


M 


4(9 


K 
Fig. 40. Fig. 41. 


Hbi rger 
larger one. If the smaller circle lies wholly within the larg 


i tion. In the 
one (Fig. 40), the problem does not have a solu | i 
Meme diata case when the circles are tangent internally 
L >С 
Uo. 
и >21 
П 
D (> 
De 
K 776, 
Fig. 42. Fig. 43. 


(Fig. 41), ithe Problem has one solution: through the point M 
of internal contact draw KL| AM. . 
0 construct ап ы common tangent to two given 
circles. > lies 
The problem has no solution if one of the circles А 
within the other and also if the circles intersect. In the ЕЕ 
of external contact (Fig. 42) the Problem has one solution: 
draw KL | АВ through M, 


es we have two solutions (DE and Dib 
Fig. 43). From entre A draw а circle of radius equal to 
the sum of the radii of t i i 


a т the constructed circle (Problem 17). 
Join the point of contact С and the centre A; the straight 
line AC cuts the circle (A) at point р i 
BE | ВС. Join its extremity Е to D; ED is the desired tan- 
gent. The other tangent, E i 


20. То circumscribe a circle about а given triangle АВС. 

Draw а circle through vertices A, В, С (see Problem 13). 

21. To inscribe a circle іп а given triangle ABC. 

In Fig. 44 bisect two angles of the triangle, say A and 
C (see Problem 10). From the point O of intersection of the 
bisectors draw OD | AC (see Problem 6). Using radius OD 
describe the Tequired circie. 


Fig. 44, 


22. To circumscribe a circle about a given rectangle (or 
Square) ABCD. 
{ Draw diagonals BD and AC (Fig. 45). From the point 0 
of their intersection draw a circle of radius OA. 


A м 

ANE 2% 
263 (О) 

А) 
Fig. 46 Fig. 48. 


It is impossible to circumscribe а circle about an oblique- 
angled parallelogram. 

23. To inscribe a circle in a rhombus (or square) ABCD. 

From the point O of intersection of the diagonals draw 
ОЕ | AB (Fig. 46). The circle with centre О and radius ОЕ 
is the required circle. 4 и 

It is not possible to inscribe а circle іп а nonequilateral 
Paralleiogram. у 

24. To circumscribe а: circle about a given regular polygon. 

If the number of sides is even (Fig. 47), join any two 
Pairs of opposite vertices by straight lines AB and CD. From 
the point O of their intersection describe acircle of radius OA. 

If the number of sides is odd (Fig. 48), drop perpendi- 
culars KL and MN from vertices Қ and M onto opposite 
sides. From the intersection point O describe a circle of 


radius OK. 


а я 2 Е 5 lygon. 
- To inscribe a circle in a given regular po. КЕП 
в of the circle is found as іп Pezen T: Sides 
the centre drop a perpendicular ON on one ON (or OL. 
(see Fig. 47). Describe the circle using radius 
| i с. 
шыты construct a triangle, given three шй p prs 
Let the longest be a. If a « b--c, then abs (Fig. 49). 
angle can be constructed as follows: lay ой BC = M 
From its extremities B and C describe arcs mn 


i i rcs 
radii c and b. Join the point A of intersection of the а 
to B and C. 


Fig. 51. 
Fig. 49. Fig. 50. Fig: 


7 the 
lf а > b+c, then the problem has no polton А ahs 
intermediate case а=6--с, only a degenerate ri he line: 
the conditions: its three vertices lie on one straig and b and 
27. To construct а parallelogram, given sides a | 
one angle с. у а Ө 
Construct и А-а (see Problem 7); on its sides lay 


usa 
АС=а, АВ--5 (Fig. 50). Draw from B an arc mn of radi 
and from C a 


А inter- 
п arc pq of radius b. Join the point D of in 
section of these arcs to C and В. 

28. To construct a 
tude, 5 

Proceed as in Problem 27; construct the right angle а а 
in Problem 5. 

29. To construct „а square, given a side. 

Proceed as in Problems 27 and 28. 

30. To construct а Square, given its diagonal AB. n 

Through the midpoint oj 45 (Fig. 51), draw a perpe A 
dicular MN to AB (see Problem 2). From О, its point D 
intersection with АВ, lay off on MN lengths OC and O 
equal to OA. ACBD is the Tequired square. 

1 20, а а Га e in a given circle. d CD 

raw two mutually per endicular diameters AB an 

(Fig. 52). ACBD is the required sur 


ti- 
rectangle, given the base and the al 


IONS 


32. To circumscribe a square about a given circle. 

,Draw two mutually perpendicular diameters AB and CD 
(Fig. 53). From their extremities as centres, describe four 
Semicircles of radii OA. The points of their intersection, 
Р, б, Н, and E, are the vertices of the required square. 


D tu i 


Fig. 52. Fig. 53. Fig. 54. 


33. To inscribe a regular pentagon in a given circle. 
Fi Draw two mutually perpendicular diameters АВ and CD 
les 54). Bisect the radius AO to get point E. From E draw 
аге CF of radius EC, cutting the diameter AB at F. 


D 
KP КІЛ 
Е Е C 


214.55. Fig. 56. 


From C draw an arc FG of radius CF cutting the given 

Circle at G; CG (=CF) is one side of the required figure. 
ith the same radius, draw arc mn from centre G to get 

Опе more vertex, Н, of the desired figure, etc. 

4 n To inscribe a regular hexagon and a triangle in a 

circle, 

Opening the compasses to the radius of the circle, strike 
arcs on the circumference at points A, B,C, D, E, F 
(Fig. 55). Join A, B, C, D, Е, F in succession to obtain 
a regular hexagon. Joining alternate points, we get a regu- 
lar (equilateral) triangle. 

35. To inscribe a regular octagon іп a given circle. 

Draw two mutually perpendicular diameters AB and CD 
(Fig. 56). Bisect arcs AD, DB, BC, СА by points Е, F, G, H 
(Problem 15). Join in succession the eight points thus ob- 


tained. M У қ 
36. То inscribe a regular decagon in а given circle, 


17-1303 
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Construct a point F (see Fig. 54) as in Problem 33. OF is 
a side of the required figure. Opening the compasses to the 
length OF, strike 10 consecutive arcs on the circumference. 
These are the vertices of the desired figure. А 9 

Regular polygons inscribed in a circle and having 7 and 
sides are not constructible exactly by means of straightedge 
and compasses, 


37. To circumscribe about а circle a regular triangle, 
pentagon, hexagon, octagon, and decagon. 

Mark on the circumference of а circle (Fig. 57) the ver- 
tices A, B, ..., F of a regular inscribed polygon with the 
Same number of sides (see Problems 33 to 36). Draw radii 
OA, OB, ..., OF and Produce them. Bisect the arc AB by 
the point E (see Problem 15). Through E draw JP | OE. 
The length JP between the extensions of adjacent radii is 
8 side of the required figure. On the extensions of the other 
radii lay off lengths OK, OL, ..., ON equal to OP. Join 
ihe points J, им, Pr dn Succession. The polygon 
JKLM ... NP is the required one, 

38. To construct a regular n-gon, given a side a. 

п а length BK (Fig. 58), equal to 2a, as diameter, 
ivide the semicircle into л equal 
parts by the points C, D, Е, F, G (these are the vertices 
of a regular inscribed n-gon; n=6 in our figure). Connect 
he points obtained, except the last two 
(К and G). From В draw an arc ab of radius AB, marking 
i same radius, from point L 
raw an arc са, Marking point M on the ray AD, etc. Join 
the points B, f, М, N and so on in succession. The polygon 
ABLMNF is the Tequired one. 
he problem is not always solvable by straightedge and 
compasses; for instance, for n=7 and n=9 the figure is 
not constructible Since it js impossible, using straightedge 
pasts OMPasses, to divide а semicircle into 7 or 9 equal 


HSTORIC AL SURVEY OF GEOMETRY 
138. The Subject of Geometry 


Geometry (see Sec. 139 on the origin of the word) studies 
the spatial properties of objects disregarding all other features. 
For instance, a rubber ball 25 cm in diameter differs from 
а cast-iron ball of the same diameter т weight, colour, 
hardness, etc. Geometry disregards all these qualities of the 
balls and states that their spatial properties (shape and di- 
Mensions) are the same. From the viewpoint of geometry, 
both objects represent a sphere of diameter 25 cm. 

_, An object conceptually stripped of all properties except 
its spatial qualities is called a geometric body (solid). A sphere 
15 а geometric solid. 

Extending the process of abstraction, we get the concepts 
of a geometric surface, a geometric /ine and a geometric 
point. We mentally separate the surface of a solid from the 
body it belongs to and divest it of thickness. We deprive 
a line of thickness and width. A point is without any dimen- 
510п5 whatever. We conceive of a point as serving as the 
boundary of a line (or of a part of it), a line, as a boun- 
dary of a surface, and a surface, as a boundary of a solid. 
We visualize ihe point as moving and, in this motion, as 
Generating a line; a line in motion generates a surface, 
а moving surface generates a solid. Ў 

There are.no points in nature devoid of dimensions, but 
here are objects so small that they can conveniently be 
taken for geometric points. Neither are there any geometric 
lines or geometric surfaces in nature, but all the properties 
of lines and surfaces revealed in geometry find multifarious 
applications in science and engineering. This is due to the 
fact that geometric concepts are products of the spatial 
Properties of the real world about us. It is the abstract form 
of geometric concepts which serves to strip these properties 
Of all inessentials and exhibit them in pure form. 


139. Historical Survey of the Dovelopment 
of Geometry 


The notions of geometry originated in remote antiquity. 
hey arose out of the necessity to determine the volumes 
of various objects (vessels, granaries and the like). The most 
ancient written records which contain rules for determining 


areas and volumes were compiled in Egypt and Babylonia 
about 4000 years ago. About 2500 years ago the Greeks took 
over Írom the Egyptians and Babylonians their geometric 
findings. This knowledge was first used mainly in measuring 
land areas, whence the Greek term “geometry”, which means 
“earth measurement”. | 

The Greek scholars discovered numerous geometric pro- 
[Че and set ир a harmonious system of geometric know- 
edge. For the basic starting Principles they took the most 
elementary geometric Properties suggested by experience. 
The other properties were derived írom these by logical 
reasoning. 

About 300 B.C. this system took on a finished form as 
the “Elements” of Euclid, a work which also includes the 
essentials of theoretical arithmetic. The geometric sections 
of the “Elements” hardly differ either in content or rigour 
from present-day school textbooks of geometry. 

But we find nothing there about volume, the surface of 
a sphere, or the ratio of the сігешпіегепсе of a circle to the 
diameter (although there is a theorem stating that the areas 
of circles are in the ratio of the squares of the diameters). 
rhe approximate value of this ratio was known from expe- 
rience long before Euclid's time, but it was only in the 
middle of the third century B.C. that Archimedes (287—212) 
gave a rigorous proof that the ratio of 
a girele с the diameter (our number л) lies between 
3-7 and 34. Archimedes also proved that the volume of a 
sphere is less than the volume of a circumscribed cylinder 


Жн А 
by exactly 1-- times and that the surface of a sphere is 


the circumference of 


ES limes less than t 
cylinder. 


The methods used by Archimedes in the solution of the 
problems menti ‹ 


he total surface of а circumscribed 


T many difficult problems in geometry 
and Mechanics that were Tot impotent to EE Гой 
me апд navigation. For instance, he determined the volu- 
the and the centres of gravity of many solids and studied 
en of the equilibrium of floating bodies of diverse 

The Greek Seometers investigated the roperties of many 
curves that have theoretical and practical Importance. They 
made a particularly deep study of conic sections (see Sec. 167). 


In the second century B.C., Apollonius enriched the theory 
of conic sections with many important discoveries that have 
Temained unsurpassed for eighteen centuries. 

In his study of conic sections Apollonius made use of the 
method of coordinates (see Sec. 211). This method was applied 
to curves in the plane only in the 1630's by the French mathe- 
maticians Fermat (1601—1655) and Descartes (1596—1650). 
The engineering work of that day did not demand anything 
beyond plane curves, It was only one hundred years later, 
when the demands of developing astronomy, geodesy and 
mechanics became urgent, that the coordinate method was 
applied to the study of curved surfaces and lines drawn on 
curved surfaces. 

A systematic development of the coordinate method in 
Space was given in 1748 by the great Euler. А 

For over two thousand years the system of Euclidean 
geometry was regarded as immutable. But in 1826 the celeb- 
rated Russian mathematician N. I. Lobachevsky created a 
new geometric system. The starting propositions of this system 
differ Пот those of Euclid in one point only, yet this dif- 
ference leads to a multitude of very essential peculiarities. 
(In Euclidean geometry, through a point A there can pass 
only one straight line in the same plane as a given straight 
line ВС without intersecting it. In the geometry of Loba- 
chevsky there are infinitely many such straight lines). 

Thus, in Lobachevskian geometry the sum of the angles 
of a triangle is always less than 180° (in Euclidean geometry 
it is equal to 180°), and the defect (the amount less than 180°) 
is the greater, the larger the area of the triangle. It might 
аро that practical experience refutes this and other con- 
clusions made by Lobachevsky. But this is not so. Measur- 
ing the angles of a triangle directly, we find their sum to 
е approximately 180°. The exact value eludes us because 
of the imperfections of our measuring instruments. On the 
other hand, all the triangles that we can measure are too 
small for us to notice the defect in the sum ог the angles 
via direct measurements. 

Subsequent development of Lobachevsky's ideas showed 
that the Euclidean system is insufficient for a study of many 
Problems of astronomy and physics where we have to do 
With bodies of immense proportions. However, it suffices 
fully to handle all practical problems of our mundane life. 
And since, besides, it has the advantage of simplicity, it 
will continue to be used in engineering calculations and it 
will continue to be studied at school. 
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140. Theorems, Axioms, Definitions 


An argument that establishes some property is called a 
proof or demonstration. The property demonstrated is called 
a theorem. In the proof of geometric theorems we proceed 
from earlier established properties, some of which in turn 
are theorems; however some are considered in geometry to be 
basic and are assumed to be true without proof. Such pro- 
perties, or self-evident truths, are called axioms. , d 

Axioms originated from experience, and it is experience 
again that verifies the truth of axioms as a system. This 
verification consists in the fact that all the theorems of 
geometry are in agreement with experiment, which would not 
be the case if the system of axioms were false. я 

Not а single geometric property taken separately is an 
axiom, since it can always be demonstrated on the basis of 
other properties. For instance, the geometric axiom on the pro- 
perty of parallel lines reads: “only one line сап be drawn paral- 
lel io a given line through a given point not on this line 
(the axiom of parallels). Proof is given, on the basis of this 
axiom (and a number of others), that the “sum of angles of 
a triangle is 180°”. Yet we could take this latter property 
for the axiom in place of the axiom of parallels (leaving 
the other axioms unchanged). Then the property of parallel 
straight lines may be demonstrated thus becoming a theorem. 

hus, a system of axioms can be chosen in a variety of 
ways. The sole requirement is that the set of axioms be sul- 
ficient to derive all the other geometric properties. In geo- 
metry, the attempt is made to reduce the number of axioms 
as far as possible. This is done in order to elucidate the 
logical relationships between the separate properties. 

Axioms are preferably chosen from among the most ele- 


mentary geometric properti А ini differ as 
t5 the simplicity ba perties True, opinions may 


is based on earlier d 


d and the same geometric concept may be defined dif- 


tly. For exampl th i fined 
as a chord the, е i diameter of a circle may be de 


of greatest length. W 
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the definition and then prove the other property. Preference 
is given to the most elementary property; here too, inci- 
dentally, it is impossible to ensure complete and general 
agreement, 


141. Stralght Line, Ray, Line-Segment 


A straight line can be mentally extended in either direc- 
tion indefinitely. A straight line that is bounded on one side 
is called а half-line, ог а ray. A straight line bounded on 
both sides is called a line-segment. 


142. Angles 


An angle (symbol: 2) is a figure (Fig. 59) formed by two 
Tays, OA and OB (the arms or sides of the angle), emanating 
from a single point O (vertex of the angle). 8 
An angle is measured by the amount of 
Totation about the vertex О which carries 0 A 
ray ОА to OB. Wide use is made of two 
systems of measuring angles: in terms of 
radians and degrees. They differ in the ЕР 
Choice of the unit of measurement. Radian measure is dis- 
Cussed in Sec. 180. х A 
Measurement of angles in degrees. * The unit here is one 
degree = 1/360 of one complete rotation (symbol: °). Thus, 
опе complete rotation (exemplified by the hand of a clock 
Moving from 0 hrs to 12 hrs) constitutes 360°. A degree 
Consists of 60 minutes (denoted’); а minute consists of 60 
Seconds (". For example, 42°33’21” is read as “42 degrees, 
minutes, 21 seconds". 
, An angle of 90° (i.e., one fourth of a complete revolu- 
л) " called a right angle (Fig. 60) and is denoted by the 
etter d, 


Fig. 59. 


ее 


* The degree unit о! angular measure goes back to remote anti- 
Quity (see Sec, 21, Item 4). During the first French bourgeois revo- 
lution of 1793, a centesimal system of angular measurement was 
introduced in keeping with the decimal (metric) system of measures 
Which was introduced at that time. In that system a right angle was 
divided into 100 degrees (called grades), one degree into 100 minutes, 
and one minute into 100 seconds. This system is still used today but 
not widely, mostly in geodetic measurements. 


An angle less than 90° is called acute (АОВ in Fig. 59), 
an angle greater than 90° is called obtuse (Fig. 61). The 
straight lines that form a right angle are called perpendicu- 
lar lines. 


о 


Fig. 60. Fig, 61. Fig. 62. 


Signs of angles. It is often important to know in ed 
direction a ray is being rotated. In angular measurement, 
it is ordinarily taken that counterclockwise rotation of a ray 
corresponds to positive values, while clockwise rotation = 
cates negative values. For example, if the tay OA moves to 


Fig. 63 Fig. 64 Fig. 65 
8 [4 B 
T i 15007 
us ii D A 
Fig. 66 Fig. 67, Fig 68. 


coincidence with OB, as indicated in Fi . 62, then. Z АОВ 
= +90". In Fig. 63, 2 A08—— 90". TE Fig. 64, Z AOB 
— —270*. One and the same arrangement of rays may сог- 


are always taken to be positive and are considered to mea- 
Sure the smallest rotation 


angles greater than 180°. 
CO. djacent angles, In Fig. 66 the pair of angles AOB and 

В with common vertex’ 0 and common side OB are adja- 
cent angles. The two other sides, OA and OC are extensions 


of one another. The sum of these two adjacent angles is 
180° (2d). In Fig. 70 we have adjacent angles AON and NOB 
which are less than 180°. Angles which have a common ver- 
tex, one common arm and are on opposite sides of the com- 
mon arm, are called adjacent angles. 


с N я 
о" V 
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Fig. 69. Fig. 70. 


Vertically opposite angles (or simply, vertical angles) are 
those which have a common vertex and the sides of one are 
the extended sides of the other. In Fig. 67, Z АОС and 
2 DOB (also / COB and / AOD) are vertical angles. Verti- 
cal angles are equal (2 AOC = Z ВОР). 

When speaking of “an angle between two straight lines”, 

ме mean any one of the four angles produced (usually the 
acute angle). 
Тһе bisector of an angle is the line that divides the angle 
into two equal parts (Fig. 68). The bisectors of vertical angles 
(OM and ON in Fig. 69) form a single straight line. The 
bisectors of adjacent supplementary angles are perpendicular 
to each other (Fig. 70). 


143. Polygons 


A plane figure formed by а closed series of rectilinear 
Segments is called a polygon. Figure 71 depicts a hexagon 
ABCDEF. The points A, B, C, D, E, F, are the vertices of 
the polygon; the angles at these points (the angles of the 
Polygon) are denoted by Z A, Z B, ZC,..., ZF. The lines 
АС, AD, BE, etc. are diagonals: AB, BC, CD, etc. are the sides 
of the polygon. The sum of the lengths of the sides, AB + BC 
+CE+...+FA, is termed the perimeter and is denoted 
by p, sometimes 2p (then p is the semiperimeter). 

Only simple polygons (that is, such that the contour has 
no seli-intersections) are studied in elementary geometry. 

olygons whose contours have seli-intersections are called 
Sar polygons. A star polygon ABCDE is shown in Fig. 72. 
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И all the diagonals of a polygon lie inside the figure, the 
polygon is termed convex. The hexagon shown in Fig. 71 is 
convex; the pentagon in Fig. 73 is nonconvex, or concave 
(the diagonal EC lies without the polygon). 

The sum of the interior angles in any convex polygon is 
equal to 180° (n—2), where n is the number of sides of the 
polygon. * 


A 
CoD " 
CA Y 
Я Е E 8 4 Е 
Fig. 71. Fig. 72, Fig. 73. 


144. Trlanglos 


A triangle (symbols: A, plural As) is а polygon having 
three sides. The sides of a {Чапа are frequently denoted 
y lower-case letters Corresponding to the labels of the op- 


8 2 ~ 
RY 
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Fig. 74, Fig. 75. Fig. 76. 


posite vertices, If al] three angles of a triangle are acute, the 
figure is called an acute-angle els (Fig. ©; if one of the 
angles is a right angle, it js called a right triangle (Fig. 75); 
the sides forming the Tight angle are called legs (a, b); the 
side opposite the right angle is called the Aypotenuse (c). И 


one of the angles is obtuse (say, i ig. 76), then we 
have an obtuse-angle И aem жы 


* In geometry textbooks this 1 
Toperly 15 ordinarlly stated only 
for convex polygons. yet it is valid Tee HT "imple" BOY ons. Note 
180°, Thus, tae jt, Polygon, оре ог several Interior "angles exceed 
are right angles, two are RES Pentagon shown in Fig. 73, two ang 


OF the angles із 180° (5° 327 ales. and one contains 270. The тит 
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,,lriangle ABC (Fig. 77) is an isosceles triangle: two of its 
sides are equal (6=c). When three sides are equal (@=b=0), 
as in Fig. 78, we have an equilateral triangle. 

_, In any triangle, the greater angle is opposite the greater 
Side; if the sides are equal, the opposite angles are equal; 


A 8 8 
/\ 22 
са в ROTER И U 
Fig. 77, Fig. 78. Fig. 79. 


and conversely, if the angles are equal, the opposite sides 
are equal. In particular, equilateral triangles are also equi- 
angular, and conversely. 
_ The sum of the angles of any triangle is 180°. Each angle 
in an equilateral triangle is equal to 60°. А 

Producing опе of the sides of a triangle (AC in Fig. 79), 
We get an exterior angle, Z BCD. An exterior angle is equal 
to the sum of the nonadjacent interior angles: £ BCD 
4644-7 В. 

Any side of a triangle is less than the sum and more than 
the difference of the other two sides (a < b+c; а > b—c). 

The area of a triangle is equal to one-half the product of 
the base and the altitude (see Sec. 146 on the altitude of a 
triangle): 5--1/2 ahg. 


145. Congruenco of Triangles 


Two triangles are congruent if the following elements are 
Tespectively equal: 
(1) two sides and the included angle; for example, 
B-—A'B; AC-A'C; ZA у 
= 4 A' (Fig. 80); C С 
(2) two angles and the 
adjacent side; ` for example, 


4-445 С=С AC 
S act УА Ё 

_,(2a) two angles and the е 
Side opposite опе of them, for 2 в A B 


example, ДАНИА’; B 
SA B5 Acc АС 4 Fig. 80. 


'с", =A; 
ides: AB— A'B'; BC=B C'; AC T 
2 pes Ax i the angle opposite 9S 
for example, AB — A'B’, BC—B'C',/ A—Z Ше Sorosle 
time BC is greater than AB. If equal angles li 


N* 
N 
БОО i 7 М 
Fig. 81. 


i : uent. For 
smaller sides, then the triangles May not be congr пе 
example, the triangles LMN and L'M'N in P ru e M 
congruent although LM — [7M and LN = 

М” 


р ller 
; Here, the angles M, M’ lie opposite the sma 
sides LN, EN 


146. Remarkable Lines and Points 
of the Triangle 


Г 4 Р р dicular 
The altitude (or height) oí a triangle is the perpen ide 
drawn from any vertex of the triangle to the opposite si 


or its extension (the 51 
D 
A 
E с 


is then called th 
Fig. 83. 


ig. 82), two altitudes (др, BE) Тай on 

ides, outside the triangle, and the Ши 
| е the triangle. In an acute-angle l 
angle (Fig. 83), ац three altitudes Це within the triangle. 
In a i triangle, the 


Side 


outside the triangle, in a right triangle it coincides with the 
vertex of the right angle. 

The altitude of a triangle dropped onto side a is denoted 
У Һа. It is expressed іп terms of the three sides by the 
following formula: 


ot Vp (p-a) 2-5 (2-6) 
s a 
where 
а+6+с 


x 2 


t Median, А straight line which joins a vertex of a triangle 
th he midpoint of the opposite side is called a median. The 
ree medians of a triangle (AD, BE, CF in Fig. 84) are 


б 8 
БО 2 AXN 
Я Е В ЕТС 
Fig. 84. Fig. 85. 


Concurrent (that is, intersect in one point: the point is al- 
Ways fret the triangle). This point is the centroid (the 
Centre of gravity of the triangle). It divides each median im 
ign latio 2:1 (reckoning irom the vertex). The median У is 
Jins the vertex А of a triangle to the midpoint of si Ан 
denoted by mg. It is given, in terms of ше see 


Tiangle, by the formula 
та => V 2 2c1— ai 


is the line 
An angle bi triangle (see Sec. 142) is t 
Segment Лр А, ee to its intersection а 
ОрровИе side. The three angle bisectors of a {Пел emni 
CF, in Fig. 85) intersect in опе point G Peles (see 
the triangle) which is the centre of the Шш by B Its 
°С. 156). The bisector of angle A is denoted "Y һо. the 
ength is given, in terms of the sides of the triangle, by 


9llowing formula: 
2 урш 
Вар Үйер(р--а) 


Where р is the semiperimeter. A bisector divides the opposite 


270 GEOMETRY 


Side into parts proportional to the sides adjacent to it. 
In Fig. 85, AE:EC = AB: ВС. 

Example. AB —30 cm, BC — 40 cm, АС == 49 cm. Find AE 
and EC. The two parts (AE and EC) into which AC = 49 cm 
is to be divided are in the ratio 30:40 or 3:4. Taking x 
as the scale unit (x=1/, AE, х=1/, ЕС), we have АС 
= Зх--4х=7х, х= АС:7 =49:7 —7, whence AE =3х = 91; 
EC —4x — 28. 


п an isosceles triangle, the altitude, the median, the 
angle bisector and the perpendicular drawn to the midpoint 
diff tf isosceles triangle is always the side 
B Fi rom the other two) all coincide. The same situation 
th $ true for all three sides of an equilateral triangle. In all 
NOST Cases none of these lines coincides with any other one. 
Ле orthocentre, the centroid, the centre of the inscribed 
triangle. cumcentre coincide only in an equilateral 


147. Orthogonal Pr ectlo 
ix Ware а нық ns. Relationships Betweon 


The orthogonal Projection (or, bri j i 
{ nal pi » briefly, 1 int 
x. straight line 13 ithe {sak of the (ere E RA 
poin ne. In Fig. 89, the Points а, 5 d ro- 
jections of the points A, B D on th siralght line AM 

of t ‚ B, С, i : 
The projection of АВ on MN is the line за uds 


RTHOGONAL PROJECTIONS 


straight line MN bounded by the projections а and 6 of the 
endpoints of AB. The line segment bc is the projection of BC, 
etc. This is denoted as ab=pryyyvAB or, briefly, ab=pr AB. 

The sum of the projections of the segments of a polygonal 
line is equal to the projection of the closing segment. 
In Fig. 89, pr AD= pr АВ + pr BC+prCD. For complete 
generality, we must regard the projection of a line as an 


"mm Be m 
ЕЕ TE {РГ 
NEM 2 > N bacd fe 
Fig. 89 Fig. 90 


algebraic quantity; the projection ab of segment AB is taken 
to be positive if 6 is to the right of a, and negative if b is 
lo the left of a. Thus, in Fig. 90, рг АВ —ab is negative; 
pr BC —bc, pr CD —cd, pr DE =de are positive; pr EF =ef 
is negative. Therefore, the (algebraic) sum of the projections 
of the segments oí the polygonal line ABCDEF is obtained 


8 B 8 

с а ' a a/ |c 
ғ с = с 

EE сы с B A 

Fig. 91. Fig. 92. Fig. 93. 


by adding the lengths of the segments bc, cd, de and subtrac- 
ting the sum of the lengths of the segments ab and ef. The 
result is equal to af, which is the projection of the closing 
Segment AF. 

The square of a side oí a triangle is equal to the sum of 
the squares of the other two sides minus twice the product 
of one of the two sides by the projection, on it, of the other. 
Using the notations of Figs. 91 and 92, we have 


a? = 624.22. prc AB (1) 


If x denotes the length of a projection (a positive number), 
then, when angle A is acute (pr4cAB =x in Fig. 91), 


а? — b? -- c* — 2bx (2) 


and when angle А is obtuse (pr4cAB = — x in Fig. 92), 
а? = 52-і c? 4- 2bx (3) 


lf angle А is a right angle (Fig. 93), then ргдсАВ =0 
and we have 


a=b? с? (4) 
i | the 

the square of the hypotenuse is equal to the sum о 

squares of the legs (this is known as the Pythagorean theorem *). 


The theorem of Pythagoras finds extensive applications in 
both practical and theoretical situations. 


Formula (1) can also be written as 


a? — D? + c? —90ccos А 
(see Sec. 199). 


148. Parallol Stralght Lines 


Two straight lines AB and CD (Fig. 94) are called parallel 
lines if they lie in one plane and do not meei however far 
produced. Symbol: AB || CD. The distance between the lines 
15 everywhere the s 


ame. 
BDF 2/7 
4/3 
a 8 ү M 5/5 
a ACE 877 
Fig. 94. Fig, 95. Fig. 96. 


АП straight 


lines parallel to the straight line AB are 
Parallel among themselves. 


t is considered that two Parallel straight lines form an 
angle equal to zero (t 


here is no angle at all in the direct 
sense of the word). 

If two rays belong to parallel straight lines, then the 
angle between the rays is taken to be zero when the direc- 
tion of the rays is the same, and 180° when the directions 
of the rays are opposite. 

Straight lines (AB, CD, EF, Fig. 95) perpendicular to a 
single straight line MW are themselves parallel. Conversely, 
= — ==» 


* The theorem is credited to Pythagoras, a Greek hliosopher who 
lived in 6th and 5th centuries B. Q О [s theo 


епішгіев B. C. Actually this theorem was known 
in the Ancient East 20 centuries before the Christian Era. 


the straight line -MN perpendicular to one of the parallel 
lines is perpendicular to all others. All lines perpendicular 
to one of two parallel straight lines are perpendicular to the 
other. The lengths of these perpendiculars between the two 
parallel lines are equal. Their common length is the distance 
between the parallel straight lines. 

A straight line (called a transversal) that cuts two parallel 
straight lines forms eight angles (Fig. 96), pairs of which 
have the following names: (1) corresponding angles (/ and 5; 
2 and 6; 3 and 7; 4 and 8); these angles are pairwise equal: 
41=25; 2=/6; ЕЕ, 2-4 

(2) alternate interior angles (4 and 5; 2 and 6); they are 
Pairwise equal; 

(3) alternate exterior angles (/ and 8; 2 and 7), they are 
also pairwise equal; 

(4) interior angles on the same side of the transversal 
(3 and 5; 4 and 6); the sum of these angles is equal to 
180° (Z 3+ 2 5= 180°; Z 4+ Z 6 = 180°); 


“= > pi 


abe 


Fig. 97. Fig. 98. Fig. 99. 


(5) exterior angles on the same side of the transversal 
(/ and 7; 2 and 8); the sum of these angles is equal to 
1809 (Z 14+ 27 = 180°; Z 2+ Z 8= 180°). * Е 

Angles with corresponding sides parallel are either equal 
(if both are acute or both are obtuse) or their sum is equal 
to 180°; in Fig. 97 /1--/ 2; in Fig. 98, 48+ Z 4-180. 
Angles with corresponding sides perpendicular are likewise 
either equal or constitute a total of 180°. 

Parallel straight lines that intersect the sides of an angle, 
as shown in Fig. 99, intercept proportional lengths on the, 
sides of the angle: 


DA OB OC. AB AC АС 


Qa Db Ge ap be on у 606 


* When two nonparallel straight lines are cut by a transversal 
the angles formed bear the same names as (hose given above, but the 
relationships between the angles no longer hold true. 


18-1303 


149. The Parailelogram and the Trapezoid 


i i i ilateral 

A parallelogram (ABCD in Fig. 100) is a quadrila 
in which both pairs of opposite sides are parallel. The onpa 
site sides of a parallelogram are equal: AB=CD, AD=BC. 
Any two opposite sides may be taken as bases. The perpen: 
dicular distance between them is calle 


the altitude (BF). The diagonals of a pa- 
[xT rallelogram bisect each other (40-206. 
BO — OD). 


The opposite angles of a 

ЯҒ m» parallelogram аге equal (7 A=ZC, 
ZB=ZD). The sum of the squares 

Fig. 100. of the diagonals is equal to the sum of 


the squares of the four sides: AC?+ BD? 
= AB? + BC?4.CD?+ AD? =? (AB?+ ВС?). The area S olja 
parallelogram is equal to the product of the base (a) by the 
altitude (йа): 
S=ah, 


Distinguishing features of parallelograms. A quadrilateral 
is a parallelogram provided that: 
(1) the opposite sides are equal (АВ = СР, BC=DA); 
(2) two opposite sides are equal and parallel 
(AB=CD, АВ | Ср); 
(3) the diagonals bisect each other; 
(4) opposite angles are equal (Z A=/C, 28-421?) 
If one of the angles of a parallelogram is a right angle, 
then all angles are tight angles. Such a parallelogram is 


Fig. 101. 


Fig. 102. Fig. 103. 


called a rectangle (Fig. 101). The sides of a rectangle (a, 6) 
Serve as its altitudes. The 


area of a rectangle is equal to the 
product of ils sides: S = ab. | ші Ы 
The diagonals of a rectangle are equal: АС— BD. 

In a rectangle 


» the square of a diagonal is equal to the 
sum of the Squares of the sides: AC? = AD? + DC. 


И а parallelogram has all sides equal, it is called 
a rhombus (Fig. 102). 

In a rhombus, the diagonals are mutually perpendicular 
(AC | BD) and bisect the angles (Z DCA = / ВСА, etc.). 

The area of a rhombus is equal to half the product of 
the diagonals: 
1 
5-- ауға, 
where d; = AC, d, = BD. 
‚ А square is a parallelogram with right angles and equal 
Sides (Fig. 103). A square is a particular type of rectangle 
and also a particular type of rhombus. It therefore has all 


their properties, as given above. 


B с B(C) á Т 
а—к 2 a D A D 
Fig. 104. Fig. 105. Fig. 106. 


‚А trapezoid is a quadrilateral having one pair of opposite 
sides parallel (ВС || AD, Fig. 104). А parallelogram may be 
considered as a particular type of trapezoid. ў 

The parallel sides аге called the bases of the trapezoid, 
the other two sides (AB, CD) are called its nonparallel sides. 
The perpendicular distance (BK) between the bases is called 
the altitude of the trapezoid. The line EF joining the 
midpoints of the nonparallel sides is called the median (or 
midline) of the trapezoid. 

The median of a trapezoid is equal to one-half the sum 


of the bases: EF=4(AD+ BC), and is parallel to them: 
EF || AD. 

The area of a trapezoid is equal to the product of the 
median by the altitude: 


$=4 (a+ b) 


where a— AD, b— BC, h— BK. | 

A triangle is the limiting (degenerate) case of а trapezoid 
when one of the bases shrinks to a point (Fig. 105). A dege- 
nerate trapezoid preserves its properties; for example, the 
line joining the midpoints Е and F of the sides of triangle ABD 


18* 


(the median of the triangle) is parallel to side AD and is 
equal to one-half of it. | қ 

А trapezoid with equal nonparallel sides is called an 
isosceles trapezoid (AB —CD іп Fig. 106). The base angles 
of an isosceles trapezoid are equal (/4 = Z D, ZB = 26). 


150. Similarity of Plane Figures. 
Similar Triangles 


If all the dimensions of a plane figure are changed (increa- 
sed or decreased) in the same ratio (the ratio of similitude), 
then the old and new figures are called similar figures. For 
instance, a picture and a photograph of the picture. А 

In two similar figures, any corresponding angles аге equal ; 
that is, И points А, B, C, D in one figure correspon 

8 to points a, b, c, d of another, then 


ДАВС = /abc, / BCD = / bcd, etc. s 
els Two polygons (ABCDEF and abcdef in 


x D Fig. 107) are similar if they have equa 

angles (ZA = Za, ZB— Zb, .... /Ё =) 

an and their corresponding sides are propor- 
[97 ti AB BO (Ср FA 
onal (==... = р 
ё bc cd fa 


а 

This ensures the proportionality of all other 
corresponding elements of the polygons; for 
example, the diagonals AE and ae have the 
same ratio as the sides A) However, the proportio- 
cut the por polygons does not suffice to m em 

; lor example, in Fig. 10: i t drilatera 
ABCD (square) p Е. 108 the sides of the qua 


are proportional | i f the quadrila- 
ТЕЛЕ ТТ 


the rhombus. But th i i t di- 
tash ia ste e diagonals of the square did no 


; Same proportion (one diminished more than 
twice, the other, less than ма because the angles of the 
thombus abcd are not equal to the angles of the square ABCD. 

In the similarity of triangles, on the other hand, the 
proportionality of the sides is sufficient: /шо triangles are 
similar if their sides are proportional. Thus, if the sides of 
a triangle ABC (Fig. 109) are twice the length of the sides 
of triangle абс, then the angle bisector BD is twice the 
bisector 6d, the altitude BE is twice the altitude be, ctc. 


ae Xu ва“ angles are equal (ДА = Za, В = £b, 


Fig. 107. 


Г the square is twice that of 


If the corresponding angles of two triangles are equal, 
the triangles are similar (it is sufficient to detect the equality 
of two pairs of angles because the sum of the angles of a 
triangle is always 180°). This criterion is not sufficient for 
arbitrary polygons. For example, the square ABCD and the 
rectangle abcd (Fig. 110) have equa! corresponding angles, 
but the figures are not similar. 


8 с д 8 с 
ІШІ; ГТ Ше 
17 А | 
A Dad A DECadec A Da а 


Fig. 108. Fig. 109. Fig. 110. 


Triangles are also similar when two sides of one are рго- 
portional to two sides of the other and the included angles 
are equal (that is, if 42= 2° and ДВ= Zb). 

Right triangles are similar if the hypotenuse and a leg 
of one are proportional to the hypotenuse and a leg of 
the other. 

Any two circles are similar, one being an increased or 
decreased version of the other. 

The areas of similar figures (say, polygons) are proportio- 
nal to the squares of their corresponding lines (sides, for 
example). In particular, the areas of circles stand in the same 
ргорогНоп to one another as the squares of the radii or the 
diameters. It would therefore be a serious mistake to consider 
that the ratio of the areas of two circles is equal to the ratio 
of their diameters. This mistake is often made, however. 

Example 1. А circular metal disk of diameter 20 cm 
weighs 2.4 kg. How much does a disk (of the same material 
and thickness) 10 cm in diameter weigh? 

To reason that the diameter of the small disk is one-half 
that of the large disk and on that basis to say that the small 
disk weighs one-half the large disk, or 1.2 kg, would be 
а grave mistake. 

Неге is the correct solution. Since the material and 
thickness of the disk remain the same, the weights are pro- 
portional to the areas, and the ratio of the area of the small 
disk to the area of the large disk is (+=) =>. Hence, the 
weight of the small disk is 2.4. —0.6 kg. 


Example 2. The population of а country, call it A, is 
iven as 8.2 million, that of some country B, 4.1 million. 
fi the population of B is shown diagrammatically as a square 
with side 10 cm, what will the side of the square depicting 
the population of A be? 

Denoting the required side by a, we have 


(5) ===> че = ИЗ 1.4; ағ 14 ст 


151, Loci and Circles 


The locus (plural, loci) of points having a given property 
is the totality of the points satisfying the given conditions. 

The circle is a locus of points in the plane that are 
equidistant from one point, the centre. Г 

Equal line-segments joining the centre to points of 
the circumference are called radii, (singular, radius, denoted 
Бу r or А). Part of the circumference (say AmD in Fig. 111) 


N 
D 
Ge 
М ОУ, 
B 
Fig. 111, Fig. 112. 


is called an arc. The strai ht li i h two 
points of the ci aight line MN passing throug’ 


of it, KL, lying 
25 it approaches the centre of the circle. The chord BD 


Tangent line. Let the secant PQ (Fig. 112) pass through 
the points A and B of the circle. Let the im B move 
approaching А. The secant line РО 

as it rotates about 4. As В appro- 


aches A, the secant PQ will tend to a certain. imiting posi- 
tion MN. The straight line ММ is called the tangent to the 
circle at the point А. The tangent and the circle have only. 
one point in common. * We may consider a tangent to be a. 
degenerate secant. А 

А tangent to a circle is perpendicular to the radius OA 
drawn to the point A of contact. 


E с 
A 
и fs 
? а D 8 
Fig. 113. Fig. 114, 


From a point without a circle we can draw two tangents 
to the circle; the tangents will be of equal length (see Fig. 120). 

A segment of a circle is the area between a chord and the 
arc subtended by the chord (in Fig. 114 the arc ACB sub- 
lended by the chord AB). 


CS | 
utu a ios 
Fig. 115. Fig. 116. Fig. 117. 


The perpendicular drawn from the midpoint of the chord 
AB to intersection with the arc AB is called the sagitta of 
the arc AB. The length of the sagitta DC (Fig. 114) is the 
altitude of the segment. We 

A sector of a circle is that portion of the circle bounded 
by two radii of the circle and one of the arcs which they 
intercept (Figs. 115 and 116). A sector with radii that form 
an angle of 90° is called a quadrant (Fig. 117). 


—— 


* This property 15 ordinarily taken as a definition of a tangent 
to a circle. For other lines, however, this definition may prove inva- 
lid. For example, MN in Fig. 113 15 tangent to the line CADE at 
Point A, but MN has, besides A, a point № that belongs to CADE 
as well. The definition we give of a tangent as the limiting position 
of а secant is applicable to all lines. 


152. Angles in a Circle. The Length 
of the Circumference and of an Arc 


A i 
A central angle is formed by two radii (Z AOB in 
Fig. 118). CB 
Min V ierit angle is formed by two chords те 
in Fig. 119) issuing from a common point о 
B in Fig. 119). is 
E А - is one formed by two tangen 


| in 
issuing from one point (CA and CB which form Z ACB i 
Fig. 190). 


[А 
с 


as ÂN, 


Fig. 118. Fig. 119. Fig. 120. 


i int of a ra- 
The length of an arc described by the endpoin d 
dius is кокыр to the magnitude of the correspond aE 
central angle; for this reason, the arcs of one and the 142). 
circle may be measured like angles, by degrees (see Sec. 


Namely, 1° of are is taken to be == of the circle (that 
an arc whose central angle is equal ng | 
2 A The entire circle contains 360°, one ha 
180°. 
2—7 7 To avoid errors that occur frequently: 
note that the value of the central meN 
Fig 121, quite independent of the length of the га 


ius whereas the magnitude of the corresponding 
are is proportional to the 


central angle preserves the 5 һ 
we form it with the radii OC and OD or OA and ОВ, which 

gth. the arcs AB and CD are of une 
qual length although they 


have the same number of degrees: 
arc АВ is shorter than arc CD. 


Generally, the length of an are is proportional to ии 
radius and (2) the magnitude of the corresponding centra 
angle. 


The length of the circumference p constitutes 


1 
about 3 
the length of the diameter: pz 3T 


d. In other words, the 


гаНо of the lengths of circumference and diameter is аррго- 
ximately at: 
1 


P ы 
тт 


The exact ratio + is denoted by the Greek letter pi (x): 
Я 
Ta (1) 


3+ is an approximate (too high) value of the number л. 


The number л is irrational (see Sec. 91), which means it 
cannot be written exactly as а fraction. To five decimal pla- 
ces, pi is given as 3.14159. For practical purposes it suffices 
to take the value л z 3.14, which is slightly less (the dif- 
ference is inessential) than л 34. 


Formula (1) yields 


р=ла (2) 
ог 

p=2ar (3) 

The length of 1° of arc is 

2nr лг 
Pie = 366 = 186 % 
An arc length of ле is 
arn 

Pro = 180 (5) 


Formulas (2) to (5)—all of them аге гега у derived from 
(1)— аге of great theoretical and practical value. 

Example 1. A 2.4-metre strip of steel is used to make a 
hoop; 0.2 metre is taken up at the ends for riveting. What 
is the radius of the hoop? 

The length of the circumference р = 2.4 —0.2 = 2.2 metres. 
By formula (3) 


r= x == = 0.35 т 
2л Т 
Example 2. The diameter of the driving wheel of а lo- 


comotive is 1.5 metres. How many rotations per minute does 
the wheel make when the train’s speed is 30 km/hr? 


The wheel covers per minute a distance of 30:60 = (km), 
or 500 metres. In one rotation, it covers a distance equal to 


the length of the circumference p; p=ad = 3.14-1.5 ~ 4.71 

ТЕ desired number of rotations is 500:4.71 ~ 106. 
Example 3. A railway line has a track curvature of 800 me- 

tres radius. The track length on this curvature is 60 metres 

How many degrees are there in the arc of the curvature 
By formula (5), 


__180р. _, 180:60 aapi 
=- "54480 * 4°20 (rounded) 


The area of a circle is equal to the product of half the 
circumference by the radius: 


A 
GA: S=4 pr or 5--л/? 


Fig. 122. The area of a sector of a circle (Ssect) 15 


equal to the product of half the arc lengt 
(Psect) by the radius (r): 


n 


1 
Ssect =F Psect! 
The area of a sector with an arc of n° is 


arèn 
Sae = 360 
The area of a segment of a circle is found as the diffe- 
rence between the area of the sector AOBm (Fig. 122) and 
the triangle AOB 


162a. Huygens’ Formula for Arc Length 


In practical situations, one oíten has to find the length 
of an arc 


Eiven in a drawing (or full-size) when it is nol 
known what part of the circle the arc dud and what 


A 


Fig. 122a. 


the radius of the circle is. 1 
the following device. 


„Mark the midpoint M (Fig. 122a) of a given arc АВ (this 
point lies on the perpendicular CM drawn to the midpoint C 


n such cases, use can be made of 


of chord AB). Then measure the chord AB and the chord 


AM which intercepts half the arc. The length p of arc AB is 
given (approximately) by the following formula of Huygens: * 


рж21--4-(Ш-1) 


where [= AM апа Г = АВ. 
This formula admits of а relative error of about 0.5%, 


when AB subtends 60°. The percent of error falls off sharply 
as the angular measure of the arc decreases. Thus, for an arc 
of 45° the relative error constitutes approximately 0.02%. 


Example. Figure 122a depicts an arc AB for which 
1=AM=34.0mm, [=АВ=67.1 mm 
Huygens’ formula yields 
p= 2-34.0+ + (2-34.0—67.1) = 68.3 (mm) 


Here, all figures are correct since the arc AB subtends 
about 45° (this can be gauged by eye) and, hence, the error 
Ки formula comes to roughly 0.02%, which is less than 

:05 тт. 


153. Measuring Angles In a Circle 


An inscribed angle constitutes one-half the central angle 
of the intercepted arc. In Fig. 123, Z АСВ--- 2 АОВ. 


4 с 


\ 
A) «Әр. 
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Fig. 123. Fig. 124. Fig. 125. 


Therefore all inscribed angles intercepting the same arc are 
equal. In Fig. 124, Z ACB=Z ADB= Z AEB. In other 
words, the chord АВ 15 seen from the same angle from all 
points of the intercepted arc. We say that arc ACDEB sub- 
tends an angle of adefinite magnitude. For example, a semi- 
circle subtends an angle of 90° (Fig. 125). 


• Christian Huygens (1629-1695), Dutch scientist noted for 
works in the fields of optics and mechanics. 


Since the central angle contains as many angle degrees 
as arc degrees, it follows that an inscribed angle (Z ACB И 
Fig. 123) is measured by one half the intercepted arc ТЕ 
An angle formed by two chords (say, 4 АОВ in Fig. 126) 
is measured by half the sum of the arcs, — (CD -- АВ), con- 


tained between its two sides (produced in both directions). 
An inscribed angle is a special case of the one under consi- 
deration (one of the arcs is equal to zero). 


св 


Fig. 126 Fig. 127. Fig. Fig. 129. 


An angle formed by two secant lines (Z AOB, Fig. 127) is 
measured by one-half the difference of the ares lying between 


its two sides: + (48—65). An inscribed angle is a particu- 
lar case of the angle between two secant lines (CD =0). Б 
Regarding a tangent line as a degenerate secant line 


(Sec. 151), we find that the angle formed by a tangent line 
and a chord (say, ABC in Fig. 128), is measured by one-half 


the intercepted arc zu AnB ; ап angle formed by a tangent 


line and a secant tine (say, 2 BOA in Fig. 129) is measured 
by one-half the difference of the аг ds its sides: 


А); a circumscribed angle (/ COA in Fig. 129) is 
егепсе of the arcs between its 


The absolute value of. the power of a point, | 4*— г? |, is 
denoted by р? so that for an exterior point, p? — d?— r?, and 
for an interior point, p?— r?— d?. The quantities p? and p 
(the latter is assumed to be positive) play an important role. 

, Let there be drawn through O (Figs. 130 and 131) all 
kinds of secant lines (AB, D£, FG, etc.). The product of the 
length of a secant from О to its point of intersection with 
the circle (04.08 ог OD. OE or ОР-06, etc.) is a constant 
equal to р2. Of particular importance is the case when the 
Secant line passes through the centre C (see examples below). 
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Fig. 130. Fig 131. 


If point O is external (Fig. 130), then, regarding the tan- 
gent line as a degenerate secant line, we have OT? = p?, or 
the absolute value of the power of a point is the square of 
the length of the tangent line. Thus, the quantity p is equal 
to the length of the tangent line OT. 

If point O is internal (Fig. 131), then, drawing through O 
the chord L,L, perpendicular to the diameter DE, we have 
OL,=OL, so that 011 = р?, or the power of a point is equal 
to the square of the least semichord passing through the 
point. Thus, the quantity p is equal to the length of the 
semichord OL,. 

Example 1. What is the range of sight from an aircraft 
flying over the sea at an altitude of 2 km? Take the dia- 
meter of the earth at 12,700 km. 

Figure 132 gives a schematic vertical cross section of the 
earth with О as the location of the aircraft, OE =2 km, 
Ер ғ:12,700 km. The point farthest away on the earth's sur- 
face as seen from the airplane is T; OT is the tangent line 
to the circle ETD; OT=p. On the other hand, p? 
= OE-OD = 2.12,700 (we take OD = 12,700 km, dropping 
2 km as a quantity definitely less than the limiting error 
of the approximate value of 12,700 km). We thus get 


p= V 25,400 = 160 (km) 


1 tres; it 
le 2. The span of a masonry vault is 6 me 
Mas ка није of 04 metre. Determine the radius of the 
arc of the vault. 
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Fig. 132. Fig. 133. 


See Fig. 133 (schematic): L,L,—6 m, E0—04 m. Тр 
power of the point O is p= OLi = (os =9. On 


other hand, p?— ЕО-ОР; since EO is small compared with oD, 
we can take OD=2r and we get 9 = 0.4-2r, whence 


9 1 
r= gg ~ Из (m) 
155. Radical Axis. Radical Centre 


The locus of points М (Figs. 134, 135, 136, 137, m) 
having equal powers with reference to two given circles He 
0, (MK,—MK;) is a straight line AB perpendicular to 
line of the centres. 


This straight line is с 
О; and 0,. Т 
centres 01, О 


alled the radical axis of the circles 
he distances dı, d, of the radical axis from the 
2 of the given circles may be computed by the 


formulas 


d,— №, = $+ 


where d is the distance O,0, between the centres of the 
circles, and г, and ғ; are the radii of the circles. It is much 


Fig. 138. Fig. 137 


easier to find the radical axis by means of a construction. 
lf the circles O, and O, intersect at points C and D, then 
each of these points has power zero with respect to both 
Circles and, hence, the radical axis passes through C and D 
(Fig. 136). If the circles touch at point C (Fig. 137, 138), 
then the common tangent serves as their radical axis. For 


Fig. 138. 


nonintersecting circles, the radical axis may be found thus. 
Construct (Fig. 139) an auxiliary circle Оз to intersect circle 
O, in points C and D and circle O, in points E and F. The 
Straight lines CD, EF are the radical axes of the two pairs 
of circles Оу, O and Os, Оз. For this reason, their point Р 
of intersection has the same power with respect to 0,, 0; 
as it has with respect to О,, Оз. Hence, it has the same powers 


i it li the ra- 
i t to 0, and 0,, that is to say, it lies on FN 
dical PS, of the two given circles. Finding ag ДЫ 
in the same manner ог dropping а perpendicular 
P to 0,02, we find the required radical axis. 


i es 

The foregoing reasoning shows that the three Ru 

of any three circles O,, Оз, Оз (taken in pats) inter of the 
one point. This point is termed the radical centre chords 
circles Оу, 0,, 0,. In articular, the three common tersect 
of the three pairwise in ersecting circles in Fig. 140 р ihres 
in a single point. The three common tangent lines o i 


; ingle 
pairwise tangent circles (Fig. 141) also intersect in a sing! 
point. 


156. Inscribed and Clrcumscribod Polygons 


A polygon inscribed im a circle is one in which all the 
vertices lie on the 


circumference (Fig. 142); a polygon cir 
cumscribed about 


а circle is one in which the sides are 
tangent to the circle (Fig. 143). 


Ф 


Fig. 142. Fig. 143. 

А circle circumscribed about a polygon is one that passes 
through the vertices (Fig. 142); а circle inscribed in а polygon 
is one which touches the sides of the polygon (Fig. 143). 4 
we take an arbitrary Polygon, a circle can neither be inscribe 


in it nor circumscribed about it. In the case of а triangle, 
it is always possible to inscribe a circle in it and circum- 
scribe a circle about it (see Sec. 137 Problems 20, 21 and 
Sec. 146). 

The radius г of an inscribed circle is given in terms of 
the sides a, 6, с of a triangle by the formula 


pea E (p-5» (2-0 
р 


__ а+б+с 
масти 


where 


The radius R of a circumscribed circle is given by the 
formula 
R= abe 
4 Ир (p-a) (р-Б) (р-с) 


А circle can be inscribed in a quadrilateral only when 
the sums of the opposite sides are equal; of all parallelog- 
rams, only the rhombus (or square, as a special case) admits 
inscribing a circle. Its centre lies at the intersection of the 
diagonals. 

À circle can be circumscribed about a quadrilateral only 
when the sum of the opposite angles is equal to 180° (ii 
this is true for one pair of opposite angles, then the sum of the 
other pair of angles will definitely come to 180°). Of all paralle- 
lograms only the rectangle (square, as a special case) admits 
circumscribing a circle; its centre lies at the intersection of 
the diagonals. = 

A circle can be circumscribed about a trapezoid only 
when it is an isosceles trapezoid. | 

In a convex quadrilateral inscribed in a circle, the рго- 
duct of the diagonals is equal to the sum of the products 
of the opposite sides (Ptolemy’s theorem). In Fig. 142 


AC-BD=AB-DC+AD-BC 


157. Regular Polygons 


A regular polygon is a polygon with equal sides and 
angles. Figure 144 shows a regular hexagon and Fig. 145 
a regular octagon. A regular quadrilateral is a square, and 
a regular triangle is an equilateral triangle. Each angle of a 


й ° (n-2 
regular n-gon is equal to 1800-2. 


19-1303 


i i У lygon has 
to Fig. 144 we see that a regular poly Dm d 
a epp 16. it hat is equidistant from all um venice 
(04 — 0B — OC. etc.). This is the centre of the regular poy 
gon. The centre is also equidistant from all the sides 
ly OP =0Q=OR, etc.). 

= Wie oe 0Q, p are called apothems p 
radii), and the lines OA, OB, etc., are called the ra 
a regular polygon. 


Fig. 144. Fig. 145. 


The area of a regular polygon is equal to the product of 
the semiperimeter by an apothem: 


S=ph 
where 


P=+(AB+BC+CD+ wes), A= ОР 


d in a regular polygon or circum- 
ntres of the inscribed and SE 

at the centre of the regular polygon. T e 
radius of a circumcircle is the radius of the regular polygon: 
inscribed circle is the apothem. (For t T 
construction of inscribed and circumscribed circles 0 
polygons see Sec. 137, Problems 30-38). A side 6, of a regu- 
аг circumscribed Polygon can be expressed in terms of the 


side a, of a regular inscribed polygon with the same number 
of sides by the formula 


ба = Ras y. ва — а, 


scribed about it, The cel 


where R is the radius of the circle. 

The side a,, of a regular inscribed polygon with double 
БЕ. number of sides is expressed in terms of c, by the for- 
mula 


Еа 
а= У зуе т ай 


URES 39] 


The following formulas express relationships between the 
sides of certain regular inscribed polygons and the radius of 
the circle: 


а= R Y 3 ~ 1.73218, 
a,—R V 2 ~ 1.4142, 


a,=R y? = ж 1.1755R, 


ag=R, 
a,— R V 2— Y == 0.76542, 
ао RIT x 0.6180R, 
а= RV 2— х 0.51768, 
2, — TRV 101-2 Y $8 — V 3 (V 5 —1)] 0.41588 


The expressions for аз, а, and аз are frequently used in 
Practical computations; it is best to remember them. The 
most convenient method for computing the sides of the other 
polygons is by means of the formulas of 


trigonometry (see Sec. 190) using tables. For 8 
Most polygons, the relations a,:R cannot be ИА 
expressed as algebraic formulas even И we A 

use nested radical signs (radicals within ra- 1 


dicals). 

Example. Is it possible to obtain a square 
beam (36cm on a side) Нот a log 40cm in 
diameter? 

We can take the cross section of the log as a circle of 
radius 


Fig. 146. 


R = $ = 20 (ст) 


The largest square in this circle is the square that is 
inscribed in it. Its side AB (Fig. 146) is equal to 20V 2 
== 20-1.41 => 28 (ст). Hence, we cannot obtain а 36x36 cm 
beam from this log. 


188. Areas of Plane Figures 


, In this section we give the most important formulas for 
finding the areas S of plane figures (some of them have 
already been given in appropriate sections). 


19% 


Square (Fig. 103, page 274): a is a side, d, a diagonal: 
S= =Ë 
Rectangle (see Fig. 101, page 274): a and b are sides: 
З=ађ 
Rhombus (see Fig. 102, Page 274): а is a side, а, ang 2 
are diagonals, and @ is one of the angles (acute or obtuse): 
$ = Фа, =a’sing 


Parallelogram (see Fig. 100 page 274): а and 6 are sides, 


о: is one of the angles (acute or obtuse) and A is 
the altitude: 


S=ah=absina 


Trapezoid (see Figs. 104, 106, page 275): 
Fig. 147. а and b are bases, h, altitude, and c, the median: 


E 
Any quadrilateral: di, dy, dia, onals, о, the angle between 
them (Fig. 147): аА 
5 = T did,sina 


А circumscribable quadrilateral (Sec. 137, Problem 22) 
а, b, c, d are the sides: 


p=ttbserd 


S=V(p—a (2—2) (р--с)(р 


uo P "Папі (же Fig. 75, рде 266): а and are the 
egs: 

1 
S=} a 


An isosceles trian, le Fig. : base, 
Be side gle (see Fig. 77, Page 267): a, the 


1 REED мы 
S —a yi — 
langle (see Fig, 78, Page 267): a, a side: 
1 2 
5 =- 2 Уз 


An equilateral tr 


Ап arbitrary triangle with a, b, c the sides, a the base, 
^ the altitude, and А, B, C the angles opposite the sides a, 
b. с, respectively; p — -2+2+с (Fig, 148): 


1 1 ; ? sin В sin С Ап A 
5---ай---- __ a? sin В sin sj 
а= y absinC = oe eee 


= Vp (p—a) (p—) (p—c) 


Fig. 148 Fig. 149. 


A polygon whose area is sought is partitioned into trian- 
gles in any manner (say by diagonals). It is convenient to 
Partition a polygon, circumscribed about a circle, by straight 
ines from the centre of the circie to the vertices of the 
polygon (Fig. 149). We then get 


S=rp 


where г is the radius of the circle and р is the semiperi- 
meter, 


In particular, this formula is valid for any regular polygon. 
A regular hexagon in which a is a side: 
5 == У 3a? 


A circle in which 4 15 the diameter, г the radius, С the 
length of the circumference: 


S =- Сг = nr? (a 3.14272) = a & (es 0.78542) 


A sector of radius г; п is the degree measure of the cen- 
tral angle and Риз is the arc length (Fig. 150): 


1 arin 
S = "Рл ="360 


2 Ап annulus (Fig. 151) where R and г are the outer and 
Inner radii, respectively; D and d, the outer and inner dia- 


meters, respectively; 7 the mean radius; and & the width of 


^94 GEOMET 


the annulus: 


S=n (82—72) == (Dt — d’) = 2ark 


i is found as the 
Segment. The area of a segment (Fig. 152) is the 
aitierence between the area of the sector OAmB and 
triangle АОВ. 


ze 


Fig 150. Fig. 151. Eig, 194% 


158a. Approximate Formula for the Area of a Segment 


1 of 

In practical situations, one often has to find te prea a 

a segment given natural-size or in a drawing when i cone 
known what part of the circle the arc of the segmen 


stitutes and what its radius is. In such cases the following 
approximate formula may be used: 


Sx ал 


where a= АВ (Fig. 152a 


) is the base of the segment, л = СМ 
is its altitude. In oth 


er words, it is taken that the area of 
a segment is equal to E the rectangle ADEB. Actually, the 


D 


Fig. 152a. 


area of the segment is Somewhat greater, For ДВ —60? the 
rel 


ative error of the formula comes to 1.5%, for AB=45°, 
it is half as much, for АВ —30? it is 0.3% and continues to 
fall off even more rapidly. 


Example. Find the area of the segment АМВ (Fig. 1522) 
whose base а=60.0 mm and altitude h=8.04 mm. 


Solution. 5 ду 2..60.0-8.04 ~ 321 (mm). However, the 


third digit is definitely incorrect since the arc AB contains 
60° (this is visibly so) and, hence, the error of the formula 
comes to 1.5%, which is roughly 5 square millimetres. Making 
the appropriate correction, we find $ = 326 mm?; all digits 
are true. 


B. SOLID GEOMETRY 
159. General 


Solid geometry studies the geometric properties of objects 
and figures in space. When solving problems in solid geometry, 
ап important technique is the consideration of plane lines 
and figures (both those in the solids under study and also 
lines and figures constructed as auxiliary elements). It is 
therefore very important to learn to recognize and isolate 
diverse plane figures in spatial images. 


160. Basle Concepts 


As in plane geometry the most elementary line is the 
straight line, so in solid geometry the most elementary sur- 
face is the plane suríace — (ће plane. Planes and straight lines 
are the basic elements of solid geometry. 

One and only one plane can be drawn through any three 
Points of space not all on one straight line. Through three 
Points of one straight line, it is possible to pass an infini- 
tude of planes, called a pencil of planes; the line through 
Which all the planes pass is called the axis of the pencil. 
‚ One and only one plane can be drawn through any straight 
line and a point external to the line. It is not always pos- 
Sible to draw a plane through two straight lines. Two straight 
lines through which it is impossible to draw a plane are 
termed skew lines. 

Example. A horizontal line drawn on one wall of a room 
and a vertical line drawn on the opposite wall are skew lines. 

Skew lines are nonintersecting lines no matter how far 
Produced, but they are not parallel. 

Parallel lines аге nonintersecting lines such that a plane 
can be passed through them (cf. Sec. 148). 


